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CHAPTER 7

ANALYTICAL PROPERTIES OF SEMI-STATIONARY
SUBDIVISION SCHEMES

Hongxin Zhang and Guojin Wang

State Key Laboratory of CADECG, Zhejiang University, Hangzhou, China
E-mail: zhzQ@cad.zju.edu.cn

Based on the viewpoint of topological and geometrical operators, we pro-
pose a novel class of subdivision schemes named semi-stationary subdi-
vision for freeform surface design. Compared with traditional stationary
methods, their main advantage lies in the use of a parameter changing
rule during the subdivision iterations. This facilitates shape control by
the user. Local revolving surfaces, directional and bumpy effects can be
generated. For practical and theoretical importance, we strictly analyze
the convergence properties of cubic subdivision schemes by employing
Discrete Fourier Transform and matrix computing techniques to deal
with the dynamic subdivision matrix. Additionally, we generalize its ba-
sic algorithms by selecting multi-kernel functions. The resulting surfaces
are similar to Catmull-Clark subdivision surfaces and have G2 continuity
except at irregular points. The simplicity in mathematical theory and
practical implementation further enhance the usefulness of these schemes
in computer aided design and computer graphics.

1. Introduction

In an earlier paper,'? we presented a novel class of discrete curve/surface
construction schemes as an extension of stationary subdivision methods.?*
In these new schemes, subdivision stencils are modified regularly during
the subdivision operations to generate special surfaces. The main purposes
of this chapter are to analyze the convergence properties of the derived
high-order subdivision surfaces and to offer several practical extensions.

We will first describe the semi-stationary schemes in Section 2. Section 3
presents the convergence analysis of the basic algorithm. The algorithmic
generalizations, and several typical examples are shown in Section 4. Finally,
conclusions are offered in Section 5.
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2. Semi-stationary Schemes

About twenty years ago, Catmull and Clark introduced the first subdivision
surface method.? This method is applied on an arbitrary space polyhedron,
also called control mesh, denoted by MP°. By splitting every face of the
control mesh into a group of quadrilateral sub-faces, the first level mesh M
is obtained. Specifically, an n-side face is divided into n spatial quadrangles.
The positions of the vertices on the mesh M are computed by some weight-
averaging method. This procedure is called subdivision. The subdivision
procedure is repeated to obtain finer and finer meshes, and the subdivision
surface is defined as the limit of the mesh sequence M°, M, M?,.... With
appropriate averaging method (or stencil, mask), the subdivision surface
can achieve certain order of continuity. The early schemes?*:%
magsk in every subdivision step; thus they are called stationary subdivision
schemes.

In one of our former papers,'? we have presented a non-stationary
scheme. The main idea is to decompose the subdivision procedure into
a combination of basic subdivision operators and a subsequence of neigh-
borhood convolutions. We first define some operations over a given mesh

use the same

M.
L- EV YV AFV L-
’/.‘/ \. {} {}
|:> ------- 4 .
(a) (b)
Fig. 1. Operations over mesh: (a) is the up-sampling operation, and (b) is the dual
convolution.

Definition 1: (Up-sampling). Let M be a mesh. For each edge E in M we
insert an edge-vertex (abbreviate as EV):

1
e = §(VI + V),

where v, and vy are the two end points of edge E. For each face F' in M,
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we create a new face-vertex (abbreviate as FV) on its central
1
f'=— vi.
|F| Z ?
v;eF

Corresponding to each vertex v in M, we define v/ = v as the new vertex-
vertex (abbreviated as VV). By connecting VV to EV and EV to FV, we
obtain a new mesh M'. We denote this up-sampling operation as M' = UM.

Definition 2: (Dual convolution). Let M be a mesh generated by up-
sampling operation. For each face in M, if it is a quadrangle, then create a
dual point as follows:

f(@)?v + f(a)(er +ez) + 1

d= - ; 1
T+ f(@) g
otherwise the dual point is defined by
1
d=— V. (2)
P

Here f(-) is the kernel function with parameter «. By connecting the dual
points lying on adjacent faces, we obtain a dual mesh M’ from the original
mesh M. We denote this dual convolution operation as M' = D(f,a)M.

Henceforth, we call a continuous function f(-) a kernel function if there
exists a constant ¢ > 0 such that

|f(a) = fF(B)| < cla—B|, Vo, €[]

The simplest case is when f(-) = 1. In this case, equation (1) is equivalent to
equation (2) with n = 4 and the dual convolution is just the dual averaging.
Moreover, we do not need to know whether the vertices of the given input
mesh are FV, EV or VV. Thus we denote D(1,-) as D; and relax the
condition that the input mesh must be generated by up-sampling operation.

Definition 3: (Semi-stationary subdivision). The semi-stationary subdi-
vision Sy, (f,a) (n > 2) is defined by

{SZ(f;a) :D(f)a)UJ
Sp(f,@) = D1Sp—1(f,@)  (n>2).

Thus we can obtain a generic class of subdivision algorithms by recur-
sively applying S, (f, @) over a mesh and letting @ < a/2 each time, i.e.,
Mt = S, (f,277a)M’. Note that our schemes are equivalent to Zorin
and Schréder’s!® when f(-) = 1. But in our basic subdivision operator Sy,
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the weights are dynamically modified due to the properties of the kernel
function f(-). Hence we call the derived rules semi-stationary subdivision
schemes.

Fig. 2. Catmull-Clark subdivision: f, e and v are the face-vertices, edge-vertices and
vertex-vertices respectively. The subscripts indicate the subdivision level, and the vertices
around a vertex-vertex are marked with superscripts in counter-clockwise.

In a former work,'? we have already defined and analyzed one special
case Sa(f,a) = D(f,a)U. According to this framework, we can easily ob-
tain an extended Catmull-Clark subdivision method by combining Sy with
one more step of dual convolution, i.e., S3(f,a) = D1S2(f,a), which is
also reported by Warren and others” when f(-) = cos(-). We construct the
averaging masks as follows. As mentioned before, every vertex on M7+ cor-
responds to a topological element which may be a face, an edge or a vertex
on M7; thus they are called face-vertex, edge-vertex and vertex-vertex re-
spectively. In Fig. 2, fi, e}, v% are face-vertex, edge-vertex and vertex-vertex
respectively, where the subscript j represents the subdivision mesh level.
With simple computations, one can check that FV is the averaging of the
corresponding face vertices, i.e.,

£l = (vj+ef +1 +eft)/4. (3)

The equation of edge-vertex is
ej._H = pi(v; + e;) +v; (e;_1 + f;_l + f; + ej-‘*'l)7 (4)

where the superscript ¢ € Z,,, Z, := Z mod n, and n is the vertex valence
which is equal to the number of connected edges. The new vertex-vertex
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equation is
= (=B —vi+ 2y e 1 LY g
VJ+1—( ,31 'YJ)VJ+ n e; + n G

Here the accessorial coefficients are

(i =f2 7 a),
2f; +1 1
Fi=ap v "T85+
\ (2f; +1)? 4f; 42 1 (5)
TS VTR 9T g+ e
(B = 48, v = 4G

The vertices with valence 4 are called regular vertices, since its local area
properties are the same as tensor product spline surface. Otherwise, they
are irreqular vertices.

3. Convergent and Continuity Analysis

In this section, we mainly discuss the convergence properties of the S sub-
division case around irregular vertices. This is because in the neighborhood
of regular vertices, the generated surfaces by S3 have similar properties as
tensor product cubic spline. That is, the surface continuity in regular cases
can be derived from the continuity of the corresponding curve subdivision
method (please refer, e.g., to our former papers'!12 for details). In an earlier
work of Dyn and Levin,® they proved for curves that if a non-stationary
scheme mask converges to the stationary mask sufficiently fast, then the
non-stationary curve has the same continuity properties as the stationary
scheme. Then applying Theorem 8 in their paper, our S, curve case is C*
when the sufficient condition f(0) > 1/2 for the kernel function f(.,.) is
satisfied.!? Since the subsequence subdivision curve scheme S,, is obtained
by combining the convolution operator n — 2 times, they can achieve C™ 1.
Thus, as a special case, the S3 surface scheme is C? continuous except at
irregular vertices.

3.1. Local Subdivision Structure

After one step of subdivision, all faces in the new mesh are quadrangles
and the number of irregular vertices is fixed. If we subdivide the mesh fur-
ther, irregular vertices will be isolated; in other words, each face contains at
most one irregular vertex. In the following subdivision surface analysis, we
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shall assume that we have done sufficient steps of subdivision to generate
the local subdivision structure shown in Fig. 3. The vertex marked as 0 is
an irregular vertex with valence n. Its neighborhood is separated by inci-
dent edges into n sub-regions, which are called segments and are marked in
counterclockwise order. In each segment, from center to outside, the con-
trol vertices are also numbered in counterclockwise order. After j times
subdivision, we denote the vertex sequence around the irregular vertex as
P; := [PY;PL.. ;P !|T, where P := [P0 Ph! . PE™THT s the
vertex sub-sequence in segment k with m = L(L + 1) 4+ 1 for L-level neigh-
borhood. For convenience, we also define O; := P?’O = P}’O e = P?_I’O.
To analyze the first order continuity, we consider the 3-level vertex neigh-
borhood of the irregular vertex, i.e., m = 13.

Segment &

Segment A+1

u

. '..chment k2 >

Fig. 3. Local subdivision structure

3.2. Subdivision Matriz

Based on the subdivision schemes described in the last section, two succes-
sive vertex sequences have the following relationship

P; =S,P; ;.
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Here S; is an mnxmn matrix related to the subdivision level index j.
Obeying the former segmented control vertices coding rules, the subdivision
matrix S; is made up of nxn matrix blocks S;"J whose size is mxm. Thus
we have

n—1
Ph=> sPi |, kez, (6)

i=0

The subdivision matrix has the following properties:

1. the sum of elements of each row is equal to 1;
2. the cyclic symmetry:

i 1,0 i+ i .
Si:=8" =81 Qi € Z,.

By property 2, equation (6) can be re-written as
n—1
Ph=Y 8Pl | keZ,.
=0

Furthermore, noting property 2, we introduce the DFT (Discrete Fourier

Transform):
n—1
ik = Zw;ikxi, ke Z,.
=0
Here wy, := ¢, +is, = exp(2mi/n), and z = (z°,2!,... ;2" 1) is an n-tuple

whose elements can be scale value, vector or matrix. Applying DFT on both
sides of equation (6), we obtain

S; = Wdiag(S%,8%, ..., S Hhw, 7
J J J J

with W = (W) nxn, Wij = wiLyxm, 4,5 € {0,1,...,n — 1}. After several
computations, one finds that the mxm matrix blocks S;? have the following

structure
_ Af 0 0
Sy=|Af, BF 0],
Ao A5, 0
where the sub-matrices in the diagonal line are
(1—=8; =%)0ko B i
A? = 2 2ujen + v vi(1+ Qfl)

20k,0 11+ wh) i
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and
& G 0 Gk
J GA+wh) & ¢ &

ok .
vjw, 00 vy

In the last two equations, §; ; is the Kronecker delta. The eigenvalues of
the sub-matrix B is

[rbet b2 ks rha) ={ L ; 1 1 }
ro ey 16(1+ f5)" 8(1+ £5)?" 8(1 + f;) " 4(1 + f5)
®8)

When f; > 0, the four eigenvalues are all less than 1/4. For sub-matrix A;?,
if k=0, and let o; =1 — B; — ;, its three eigenvalues are 1 and

0 _ 1 fi )
= —40; —1+,/(40; —1)2 28; — 1 =1,2.
)\] 8(0'] \/(U] ) —{—8(,8.7 )1+f] ) 1 )

By equation (5), we can obtain /\2’1 = fi%(2+2f;)"%? < 1/4 and )\2’2 =
fi(24+2f;)7t <1/2.If k # 0, then the two none-zero eigenvalues are

1

)\I?’i =
7 8(1+fy)

(Cn,k +2+3f;+ \/Cik +cn k(4 +6f)+(2+ fj)z) ;
i=1,2,
with ¢, ; = cos(27k/n). Denote
A=Ayt =
_ 1
8(1+ ;)

(Cn+2+3fj+ c%+cn(4+6fj)+(2+fj)2);

we can get 1 > \; > 1/2>)\;‘?’2 >0(k=1,2,...,n—1) and \; >)\f’1 >
1/8 (k=2,3,...,n —2) for every n.

3.3. Convergence of Semi-stationary Subdivision Schemes

We analyze the convergence of semi-stationary subdivision schemes in this
subsection. Denote T; = S;S;_; ---S; and T§ = S¥S¥ ,...S}. By equa-
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tion (7), we have

P]' = Sij,l

Il

= Sij_l"'Slp(] (9)
= T;Po
= Wdiag(T9, T},... T} " YW~'P,.

By induction, we can conclude that the sum of each row of T; is equal to
1. Thus (1,1,...,1)7 must be its eigenvector corresponding to the largest
eigenvalue 1. Thus, we obtain the following theorem.

Theorem 4: If f; > 0 (j = 1,2,...), the spectrum radius of matrix
T, is equal to the largest eigenvalue 1, and the other eigenvalues will be
convergent to 0 when j — oo, then the subdivision schemes are convergent
and continuous.

Proof: If f; >0 (j =1,2,...), then the elements of T; are non-negative.
In other words, the transpose of T; is a stochastic matrix, so the spectrum
radius of T; is 1. By equation (9), the eigenvalues of T; are the same as
the blocked diagonal matrix dia,g(’i“]?,... ,’i‘;‘*l). Based on the analysis
in the last section, one can show that for every j, when k # 0, there
exists a positive real number ¢ such that the spectrum norm of S;c satisfies
||§f||2 < ¢ < 1. By the matrix norm properties, we have

5] < S5 5ol - [t <

So, when j — oo, ||T¥|| — 0. It follows that the eigenvalues of T# (k # 0)
are all convergent to 0.

When k = 0, from the last section, we know that all eigenvalues of B? are
less than 1/4. Similarly, one can verify that all eigenvalues of BYBY , ... B}
are convergent to 0. For g?’s sub-block A‘;, its Jordan decomposition is

A9 =V diag(1, A0, A3)V; ! with

L (1+f)7 =1+~
Vi={1-1+f)" @2+2f)" |,
1 1 1
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and
1 (fi = fi+1)? fi—=fin
I+ f3)?(2+ f41)? I+ £)2+ fim)

1y C+ £+ fi)?
e N ARCE AN
0 2@+ f)(fs = fir)A + fiva) @+ f)A + fiva)

1+ )22+ fi41)? 1+ £)2+ fiz)

Thus, the eigenvalues of AJA?_, ... AY are convergent to (1,0,0) with j —
00. So there is a T which is the limit of T; and whose eigenvalues are
(1,0,...,0). Since T, = Rydiag(1,0,...,0)Rs, we have rank(T) = 1.
Furthermore, it follows that there exists an nxm-dimensional vector a =
[a1,a2, ... ,amn] such that Ty, = [a,a,...,a]T and Py, = T, Po. Hence
the subdivision schemes are convergent. |

0

u

=

1 2

(a) Parametric domain (b) Ring surface layers

Fig. 4. The strict convergence definitions of subdivision surface

3.4. Continuity of Semsi-stationary Subdivision Surface

In the continuity analysis of stationary subdivision surfaces,"?:® the tan-
gent plane continuity around an irregular vertex is defined by the limit of
the tangent plane of the tensor product patch. Similarly, we strictly de-
fine the continuity of semi-stationary subdivision surfaces as follows. On a
mesh, surrounding a single irregular vertex, the regular part of the control
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polygon corresponds to the tensor product surface y; defined by the corre-
sponding curve subdivision scheme.'? By applying the subdivision operator,
it produces an ascending surface sequence

YoCy1 Cy2C---

which converges to the limit surface y = Ufil yi- Then we introduce the
ring surface layers

r; := closure(y;+1\y;)-
So we can define the limit surface as the union of non-intersected sets
y=(J ) Uy
JEN
Thus r; are just defined on the parameter area UxZ,, with U :=

[0,2]°\[0,1]%. And every layer r; can be represented as a linear combination
of piecewise continuous functions N* with control points Pf, ie.,

L
rj: (u,v,k) €U X Z, — r?(u,v) = ZNl(u,v,k)Pé-.
1=0

Furthermore, all the N! can be represented as a row vector N and the
control points P¥ form a column vector P;. Then we have the following
matrix form

rj(u,v,k) = rf(u,v) = N(u,v,k)P;.
So we can more strictly give the convergence definition of subdivision sur-
faces (see Fig. 4).

Definition 5: A subdivision procedure S is convergent, if there exists a
unique point p such that for any point sequence p; € rj,

lim p; =p.

j—oo

Since r;(ug,vo) is the convex linear combination of control points, the

method we used to prove the control points convergent in Theorem 4 is
equivalent to Definition 5. Note that the surface defined by Definition 5 is
also continuous. We introduce the tangent plane continuity as follows.

Definition 6: A subdivision procedure S is tangent plane continuous, if
S is convergent, and there exists a unique vector n(p) such that for any
normal vector sequence n(p;), p; € rj,

lim n(p;) = n(p).

J—0
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The vector n(p) is called the subdivision surface normal limit at p.

Note that it is not necessary to be the true normal at p, since it may not
exist. Obeying the former definitions, we can prove the following theorem.

Theorem 7: If f(0) > 1, then the subdivision surfaces defined by scheme
S3 are tangent plane continuous.

Proof: By the definition, let p; be an arbitrary point on the j-th layer
ring surface with correspond parameters (ug, vo, ko), and its normal vector is
n(p;) which is paralleled to r, XTJ | (uq,v0,ko) - Obviously, there is an mnxmn
matrix Dj such that rf = DIP; = DIT;P, with z € {u,v}. By the
analyze in Subsections 3.2 and 3.3, T; has the eigen-structure (V;, A;) in
the complex domain such that there exists a diagonal decomposition T; =
V;A; Vi with Vi = (vi,v2,...,vi"™) and A; = diag(1,683,...,04,,).

FEALERRRERL
Here v;-“ are mxn-dimension vectors, and we assume that

1> ‘5;" > ‘6§| >0, vi=1/ymn(,1,... 1)
Denote

-1 1 2
i =V; Po:=(Q;,Qj,...,Qj"");

we have
mn—1 mn
x,xxy= %" > 85 [(DLvE)(Div)) — (DLv))(DIv))] Q) x Q).
k=1 I=k+1
Note that the subdivision schemes we have defined are all linear precision.
So, the sum of each row elements of D7 are 0 and Djvj = 0. From the
last theorem and because of the symmetry properties of T, diagonalizing
it with DFT, we see that all eigenvalues of T; except 1 are convergent
to 0. But the convergent speeds of different eigenvalues are different. By
Lemmas A.1 and A.2, 67 and 67 are generated from the matrix blocks A}
and A?il, and

: k52 _ 07k7é37
lim 6j/6;_{c, k=3.

j—oo
Furthermore, the limits of Q} and Q3 exist. It follows that
lim (o) = lim ] xx o) xx2] = Q2 x @2/ Q% x QL]

By the definition, the subdivision schemes can reach tangent plane conti-
nuity. O



October 9, 2003 20:47 WSPC/Trim Size: 9in x 6in for Review Volume zhangWang

Properties of Semi-Stationary Subdivision Schemes 203

Remark 8: Reif? pointed out that it is not enough to only check the nor-
mal vector convergence for tangent plane continuity. He proved that if the
characteristic map of a given stationary subdivision scheme is regular and
injective, then it is G! at an irregular vertex. However, it is impossible in our
semi-stationary case to directly define a characteristic map via the dynamic
subdivision matrices. Fortunately, in the proof of Theorem 7, Qi_ (i = 2, 3)
exist, which correspond to the eigenvectors in the stationary case to define
the characteristic map. Note that Q!_ can be viewed as continuous vector
functions with subdivision parameter a, and a = 0 defines the stationary
case, which is well researched by Reif® and Zorin.'3 So we conclude that at
irregular vertices the S3 scheme can achieve G*.

(a) (b) (c) (d)

Fig. 5. Examples of semi-subdivision surfaces with local revolving part: (a) is the
original control mesh; (b) shows revolving result created by typical settings with
f(-) = cos(+),a = 2x/6; (c) produces special effect with f(-) = cos(-),a = 10; (d) is
an example of applying non-uniform parameter selection over the vertices. All the ex-
amples are generated based on S3 schemes.

4. Examples with Discussions

In this section, we give several examples of surfaces generated by our sub-
division schemes.

Revolving surfaces are very important in CAD/CAM. In our algorithmic
framework, it is very easy to create subdivision surfaces with local revolving
part. We can simply select S3(cos,«) as the subdivision scheme. In the
revolving part, we construct several regular n-sided planar polygons along
an axis and set a@ = 27 /n. The results demonstrate that our technique can
be an alternative solution for representing circular shape exactly, though it
is also possible to use non-uniform rational subdivision techniques.!® In our
framework, we can also change the value of a to modify the shape, which
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resembles rational-based techniques (see Fig. 5). To generate a complete
surface of revolution, we apply the same method described by Morin and
others” — use collapsed quads and alter the rules of linear subdivision
S3(1,0) to generate exact surfaces of revolution. We wish to point out that
it is not necessary for the whole mesh to use the same kernel function
f(-) and parameter a. We have implemented a scheme with non-uniform
parameters which can tag different o over a given mesh.

Some surfaces are anisotropic. For example, surfaces of revolution and
sweeping can be viewed as a kind of anisotropic feature of surfaces. Further-
more, in the case of tensor product spline surfaces, one can choose differ-
ent bases in different directions. However, traditional subdivision schemes
are cyclic symmetric. Thus it is not powerful enough for certain geometric
modelling applications. Researchers have employed the techniques of tag-
ging special sharp features on meshes to enhance the classical stationary
schemes.? Following these cues, we have developed a technique to create a
directional fields over meshes by tagging the edges when applying semi-
stationary subdivision schemes.!> We call them longitude-latitude tags.
Thus a new extension scheme can be easily obtained. The basic idea is
to apply different kernel functions and a’s along the longitude and latitude
tagged edges (see Fig. 6).

5. Conclusion

We have presented a novel set of subdivision schemes in this chapter. Al-
though they have dynamic subdivision matrices, we have shown that it is
still possible to apply DFT-like techniques to analyze the geometric conti-
nuity properties. Compared with stationary schemes, our schemes are more
flexible though less efficient. They can be used to create local revolving sur-
faces and anisotropic features. In the future, we will study the analytical
properties of the anisotropic extended schemes.

Acknowledgements

We thank the reviewers for their comments which helped us to improve
the content and the presentation of the chapter. Special thanks go to
Professor Chiew-Lan Tai for her careful proof reading. This work is sup-
ported jointly by the National Natural Science Foundation of China (Grant
No.60173034), National Natural Science Foundation for Innovative Re-
search Groups (No.60021201) and the State Key Basic Research Project
973 (Grant No.2002CB312101).



October 9, 2003 20:47 WSPC/Trim Size: 9in x 6in for Review Volume zhangWang

Properties of Semi-Stationary Subdivision Schemes 205

(d) (e)

Fig. 6. Example of subdivision surfaces with anisotropic feature: (a) is the original
control mesh with tags; (b) and (c) are the latitude and longitude tags respectively after
three subdivision steps; (d) and (e) are two resulting surfaces by applying different kennel
functions. Both examples are based on the extended S3 schemes.
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Appendix A. Proofs of the Two Lemmas

A* A Ak
Lemma A.1: Let KF = T2 4=1 ... 21 - then:
J Aj Aj-1 A1

(a) The eigenvalues of K? except 1 are convergent to 0, when j — 0.

(b) If k # 0,1,n — 1, then the eigenvalues of Kf convergent to 0, when
j — oo.

(¢) If k = 1,n — 1, then the matriz limit Jlig)lo Kt =Kk, and |KE || >0

when j — oo. In other words, they have a unique non-zero eigenvalue.

Proof: Firstly, one can directly compute out all three eigenvalues of K?;
they are

)\‘(;’1)\?&1 [P )\(1]71 )\‘(;12)\2’721 - )\(1)’2
’ A]AJ_I"'AI ’ AJA]-l"'Al )

This proves case (a).
When k # 0,1,n — 1, we have the following spectrum norm estimation

A A ] Ad] _ ATA At
AAjo1 oM AAjo1- M

Then for a given scale M such that a € [0, M), we have

lim A$'/X; = A5(0)/X;(0) < 1,

j—oo
where A%(0) are the eigenvalues of K(0). It follows that |K¥|| — 0 when
j — 00. Thus case (b) is verified.
Note that K;?(oz) is determined by parameter a. When k = 1, we denote

Si(0) =8

51| <
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and assume that the Jordan decomposition S = YAY ! exists. Consider
Aj; = V7H(Sj(a) —Sj(0))V
When [|A;|| < 277Ca, we have the following estimation
|8 - Si@)si_i(@) - st(@)|

= [[Y[A — (A+A)A+A 1) (A+ AD]Y Y

S Cla.
Let A 2 );(0) = --- = A\ (0); it follows that

jlifgo)‘})‘}_l AN =02 > 0.
So, there is a real number C3 > 0 such that
HKf(a) - Kf(O)” < Csa.

Since the limit, of sequence K} (0) = Ydiag(1, (AZ(0)/A)7) Y1 is KL (0),
it follows that K;“ (a) is continuous near the zero point. Note that K} (a) =
K} (of 2)S!(a)/A1(a), so we can analyze the continuous property just in
the neighborhood of the zero point. Furthermore, by the continuity, we have
||K(1)o(a) || € (1—e,1+¢) with € > 0, i.e., the largest eigenvalue is non-zero.

For
SISt ...sl  ARAALZ a2
det(K}) = det(-Ll———) =L == 0
when j — 00, it is shown that other eigenvalues tend to zero. With a similar
procedure, we can prove the case (c) when k =n — 1. O
r_ B;Bj_, B} k .
Lemma A.2: LetLj = )‘J =t -+ 5-. Then LY tend to zero when j — oco.
j Aj—1 1 J

Proof: By direct calculation, one can verify that the eigen-vectors of B;?
are

bl = {07 07170}7
- 1 _1 _ (464+457) (14+w)
by ={-zmz @~ apeme U

b3 = {O; _w_la 2(1 - w_l)a 1}7

by = {w hw L 1+w 1}
Denote t; = T]'-“" - and B(j,k) = BYB% | ---Bf, where TJ’“ (i =
1,2,3,4) are defined by equation (8). Note that b; (i =1, 3,4) are indepen-
dent of f;, so B(j,k)b; = t;b; (i = 1,3,4). Let #, be the forth eigenvalue
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of B(j, k). Since
det(B(j, k)) = t1tatsty
and
det(B(j, k)) = det(BY) - - det(B]}) = t1tatsts,

ty = t,. Thus the eigenvalues of B;?B;[l ---BF are

k1 kl k2 k2 k3 k3 kA k4
LT A R o R CHRIE AARRY ol

Furthermore, since lim Tf’i /A; <1/2, the eigenvalues of L¥ are
j—oo

k.1 k,1 k,2 k,2 k,3 k.3 k4 k.4
TJ ---Tl 7'] ---Tl T] ---Tl TJ ---Tl
)

NA—1 A NN 1AL A1 A A A1 - AL

which tend to 0. O



