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Abstract

In this paper we proposea novel shapeinterpolationapproach
basedon Poissonequation. We formulatethe trajectoryproblem
of shapeinterpolationas solving Poissonequationsde ned on a
domainmesh. A non-lineargradient eld interpolationmethodis
proposedto take both vertex coordinatesand surface orientation
into account. With proper boundaryconditions, the in-between
shapesarereconstructedmplicitly from the interpolatedgradient
elds, while traditionalmethodsusuallymanipulatevertex coordi-
natesdirectly. Besidesof global shapanterpolation,our methodis
alsoapplicableto local shapeinterpolation,andcanbe furtheren-
hancedy incorporatingwith deformation.Our approacttangen-
eratevisual pleasingand physical plausiblemorphing sequences
with stableareaandvolumechangesExperimentatesultsdemon-
stratethatour techniquecanavoid the shrinkageproblemappeared
in linearshapéanterpolation.

CR Categories: 1.3.5 [ComputerGraphics]: ComputationalGe-
ometryandObjectModelling—objectrepresentations

Keywords:  Shapelnterpolation, Trajectory Problem, Domain
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1 Intro duction

Shapeinterpolation,also known as shapeblendingor morphing,
hasbeenwidely appliedto variousaspectof computergraphics
industry Giventwo input models shapenterpolationcangenerate
asequencef intermediateshapesvhich graduallychangdrom the

sourceshapdo thetamgetone. It is oneof thebasictoolsto enhance
visual effectsin computeranimation.Shapeinterpolationcanalso

beappliedin industrialdesignto forecastnew productshapegrom

knowns[ChenandParent1989].

It is well-understoodthat there are two major issuesin B-rep
(boundaryrepresentationlpasedshapeinterpolation[Alexa 2002;
LazarusandVerroust1998]. The rst is how to nd afeaturepre-
servingcorrespondencmapbetweerthe given models,known as
the correspondenceroblem. The seconds how to interpolatethe
positionsfor eachpair of correspondingrerticesalong predeter
mined paths,known asthe trajectory problem. Most of previous
B-repbasedalgorithms(e.g.[Kanaietal. 2000;Kraevoy andShef-
fer 2004; Praunet al. 2001]) are mainly concernedwith the rst

issuewhile simply adoptinglinearinterpolationto generatevertex

trajectories. However, asillustratedin Figure 1, the linear shape
interpolationmay suffer the shrinkage problem even thoughthe
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correspondencenap hasbeencorrectly established. The reason
is that the large scalerotations,as non-linearfactors,can not be

correctlyexpressedy linearinterpolation.Furthermoreundesired
local wrinkles may appeardueto the inconsistentlisplacemenof

neighboringvertices.

In this paper we focuson the trajectoryproblemof 3D meshmor-
phing. We assumehe correspondenceap hasbeenestablished
using existing methods[Kraevoy and Shefer 2004; Praunet al.
2001; Schreineret al. 2004]. Our key obsenation is thatthe uni-
form changeof surfaceorientationplaysanimportantrole in the
quality control of morphingprocess. Therefore,local orientation
shouldbe explicitly consideredvhenshapeinterpolationmethods
aredesigned Althoughsurfacenormalis alocal differentialprop-
erty, which can be easily determined,t is nontrivial to generate
optimalglobalshapesvith surfacenormalconstraints.

The Poissonequationpossessean elegant characteristi¢o bridge
amonglocal differential propertiesand global effects. Recently
it has been successfullyapplied in computergraphicsapplica-
tions [Peez et al. 2003; Stam1999]. Yu et al. [2004] proposea
meshediting techniquewith Poisson-basedradient eld manip-
ulation. Inspiredby their work, input modelsin our shapeinter

polation approachare treatedas differentscalar elds de ned on

a commondomainmesh. The gradient eld manipulationis then
appliedto controldesiredvertex positionsandsurfaceorientations
implicitly in themorphingprocess.

This papermakestwo major contributions. First, we formulatethe
trajectory problemas gradient eld interpolation,and proposea
novel shapenterpolationapproactbasedon the Poissorequation.
Thein-betweershapesrereconstructedrom theinterpolatedyra-
dient elds. As aglobaloptimizer the Poissonequationcaneffec-
tively attenuatéhegradient eld inconsisteng introducedby local

interpolation which avoidsthe appearancef local wrinkles. Sec-
ond,we proposea non-lineargradient eld interpolationalgorithm
basedn polardecompositionwhich explicitly considerdocal sur

faceorientationsandstretch.

We shaw the effectivenessof our methodby several aesthetiand
physical plausiblemorphingsequencesyhich outperformthe re-

sultsgeneratedby linearshapenterpolation.Moreover, we demon-
stratethe applicationof our methodto local control of shapemor-

phing. Incorporatingwith deformation,our shapeinterpolation
methodprovidesadditionalusercontrols,yielding versatilevisual
effects.

1.1 Related work

The consideratiorof trajectoryproblemcandatebackto the work
of Sederbay and Greenwood [1992], which provides a physical
basedpproactof polylinemorphing.In thatwork, thedeformation
of in-betweershapesredecomposethto stretchandbend.Based
on this obsenation, their methodinterpolatesedgelengthandan-
gles betweenadjacentedgesratherthan vertex location. Later,
Sederbay et al. [1993] proposea geometricalgorithmwith global
optimizationto ensureheseblendedpolylinesareclosewithoutlo-
cal self-intersection.A generalizatiorfor 3D meshesds given by
[Liu and Wang 1999]. However, the nal morphingresultsare
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Figurel: ShapeinterpolationcomparisonsThe left mostcolumn
shavs thetwo input models.Thetop row lists theresultanimages
of linearinterpolation,andthe bottomrow showvs ourresults.

dependenbf the computationorder of dihedralangelsand edge
length.

As awell-known fact, it is uneasyto handlelarge scalerotationsin
B-repbasedmorphing.Many practicaltools usuallyrequireheary
userinteractiongo achieve thisgoal. In literature Leeetal. [1999]
provide a multi-resolutionbasedframavork that decomposeshe
shapeinformationinto differentlevel of detailsfor interpolation.
However, it needsadditionalcostto build hierarchicalstructures
andcomple correspondencmaps.Alternatively, Hu etal. [2004]
proposean automaticapproachto computethe vertex pathesby
minimizing the strainenegy with a comple non-linearoptimiza-
tion process.

To addresghis problem, several researchersonsiderthe interior
information of given shapesand proposemethodsto control lo-
cal volumesdistortions. Shapiraand Rappoport[1995] propose
a 2D morphingmethodbasedon starskeletonrepresentationBy
usingthe polar decompositiofShoemalk and Duff 1992], Alexa
et al. [2000] introducea genericshapeinterpolationapproachbe-
tweentwo compatible2D triangulationsor 3D tetrahedralizations.
It requiresadditionalcomputingcost for interior constraintsand
it is nontrivial to obtainsatis ed compatibletetrahedralizationsf
givenmeshesRecentwork of Surazhsi andGotsman2003]in-
terpolategshe meanvaluebarycentriccoordinategor 2D morphing.

Alternatively, local shapeepresentatiois a goodchoiceto control
local orientationand stretchfor shapeinterpolation. Shefer and
Kraevoy [2004] proposea local representatiorgalledpyramid co-
ordinateswhich is invariantunderrigid transformation.Basedon
it, they presenaamorphingmethodby linearinterpolatingthe com-
ponentsof pyramid coordinatesandachieze comparableesultsto
ours. However, the reconstructiorprocessfrom pyramid coordi-
natesto vertex coordinateds time-consumingsincethis method
requiesto solve anon-linearsystemiteratively.

Recently differentialmeshrepresentationssuchasLaplacianco-
ordinatedLipman etal. 2004;Sorkineetal. 2004]andthe Poisson
equationbasedmethod[Yu et al. 2004], are successfullyapplied
to meshediting. ThesePDE basedmethodssharethe commonas-
pectthattamgeteditedmodelsarereconstructedrom least-squares
minimizationof modi ed differentialproperties.Sincedifferential
propertiesare sensitve to non-translationatransformation [Lip-
manet al. 2004; Sorkineet al. 2004; Yu et al. 2004] proposedif-
ferentapproacheto translateuserinteractioninto local transforms
to obtaindesireddifferential properties.In [Yu et al. 2004], local
transformsis speci ed by userto control uniform scaleandrota-
tion. [Lipman et al. 2004] estimategotationsof the local frames
from the underlyingsmoothsurface, but doesnot considerscale.

[Sorkineet al. 2004] implicitly ts an optimallocal transformfor
eachvertex from the local coordinate®f control points. Basedon
properly-de nedlocal frame,we uniquelydeterminea local trans-
form for eachtrianglepair, includingrotationandanisotropicscale.
In [Alexa 2003], Laplaciancoordinatesare appliedto local mesh
morphingwhich indicatesthe possibility to usedifferentialmesh
representationto solwve the trajectoryproblem. However, [Alexa
2003] proposedo interpolateLaplaciancoordinatedinearly while
we interpolategradient elds via non-linearinterpolationalgorithm
(Seesectiond.2for detailedcomparison).

To deal with modelsof different topological structure,volume-
basedapproachesre proposedby several authors. Typical work
includedistance eld-basedmorphing[Cohen-Oret al. 1998], di-
mensionlifting [Turk andO'Brien 1999]andthelevel-setbasedap-
proach[Breenand Whitaker 2001]. Thesemethodsare stableand
have strongtheoreticalbackgroundirom image processing. The
volume-basedpproachework well for (nearly)closedshapesand
do not needto explicitly constructtopological compatiblestruc-
tures. However, sharpfeaturesare not easily retaineddueto the
samplingor quantizatiorissues.

2 Framework of Poisson Shape Interp ola-
tion

OurproposedPoissorshapénterpolatiorapproactis aB-repbased
one.lt is outlinedasfollows:

1. Compute correspondencemap and generate compatible
meshegrom two input 3D meshes.

2. For eachcorrespondingriangle pair of compatiblemeshes,
determinethe local transformfrom sourcetriangle to target
one; and decomposehe transforminto rigid rotation and
stretchpart.

3. Given time t, computeinterpolatedgradient elds by lo-
caltransformdnterpolation;andreconstructhe intermediate
shapeby Poissorequationsolver.

In therestof this sectionwe presenthe frameawvork in details.

2.1 Preliminaries

ThePoissonequatioris asecond-ordepartialdifferentialequation.

RecallthatN = (ﬂX ﬂy 172)> is the gradientoperatorin R3. Then

wedenoteD= N2 = #% + 7,1’? + 7,”? astheLaplacianoperatorand
771‘7’;’; + ”1‘7’;'} + ”1‘;;1 is thedivergenceover a vector eld w =
(Wi Wy W) 2 RS. The Poissonequationwith Direchletboundary
conditionsis formulatedas

N w=

Df = N w; ijZ f jﬂW; 1)

where f is anunknavn scalarfunction, f providesthe desirable
value on the boundary fW. From the viewpoint of variational
method,the Poissonequationis equivalentto the following least-
squaresninimization:

z

agmin  (Nf  w)2dw 2)
f W

It is not straightforvard for theoreticalanalysisandpracticalcom-
puting to discretizePoissonequationde ned on an irregular do-
main,suchason a 3D triangularmesh.PolthierandPreus§2002],



and Tong et al. [2003] proposedwell-de ned discretedifferential
operatorof scalarandvector elds onirregulardomains.Basecdon
their results,the discretePoissonequationon triangularmeshess
formulatedasfollows.

Domain mesh. Theinputof ouralgorithmaretwo or moretriangu-
lar meshmodelssharingthe samevertex connectvity. Eachmodel
canbeinterpretedasthreescalarelds (vertex positions)de nedon
a commondomainthatis actuallyan abstractmeshstructure. We
call this structuredomainmesh A domainmeshmaintainsits own
vertex positionsto provide metricinformationfor discretedifferen-
tial operatorsn our method.Withoutlossof generalitywe assume
the input modelsand domainmeshesreall single-connectednd
2-manifoldtriangularmesheghroughouthis paper

Mesh scalar (or vector) eld. Let f; bethescalar(or vector)value
attachedo vertex v; of domainmeshM . A meshscalar(orvector)
eld f onM isde nedtobeapiecaviselinearcombinationf (v) =

&; fifi(v) (visapointonM ), wheref;( ) is piecaviselinearbasis
functionde ned on domainmeshvalued1l at vertex v; andO at all
othervertices. It is obviousthatM itself is a specialmeshvector
eld of M .

Discrete differ ential operators. The discrete gradient of mesh
scalarfunction f onthedomainmeshM is expresseds

Nf(v) = § fiNfi(v): (3)
i
Givenapiecaviseconstanvector eld w, whichhasconstanvalue

in eachtriangleof M , the discretedivegenceof w at vertex v; is
de nedas

a w() Nfijr Ar: (4)
T2Nr ()

(divw)(vi) :=

where At denoteghe areaof triangle T. Therefore,the discrete
Laplacianopemator ondomainmeshM is

Df(v)= @& %(cotaj+cotbj)(fi f); (5)
Vi2Ny(vi)

wherea;j and bj arethe two anglesoppositeto the edge(vi;vj)
(Figure2).

Finally, thediscretePoissorequationis expresseds
Df div(Nf) = divw: (6)

With speci ed boundaryconditions the abose equationcanbere-
formulatedasa sparsdinearsystem

Ax= b (7)

wherethe unknavn vector x representsoordinateso be recon-
structed. The coefcient matrix A is determinedby Eg. (5) and
depend®nM . Thevectorb correspond$o known vector eld as
well astheboundaryconditions.

2.2 Poisson Shape Interp olator

The fundamentabf our algorithmis a Poissonshapeinterpolator
Two modelsMgp and M, given asinput of our algorithm, arere-
ferredasthesourceandthetarget,respectiely. Notethatthisis not
a restrictionsinceour methodis alsoapplicableto multiple input
models.In the pre-processingtep,the one-to-onecorrespondence
mapis establishedAfter that,the domainmeshM is determined.
There-sampledrersionsof Mg andM3, treatecasmeshscalar elds

Figure2: The1-ring neighborhoodetup.

de nedonM , aredenotedasS}) andS| (i = x;¥;2), respectiely. We
denotethecorrespondingradientelds asG'j = NSj(i =XYzj=
0;1).

Most of previous vertex interpolationmethodsare position-based.
They interpolatevertex coordinateglirectly, i.e.,

§ = Interpolate(Sh; S;;h(v1)): ®)

Onthecontrary our methodis gradient eld-basedinterpolation.It
is formulatedas

G
S —

wherev denotesa pointonthedomainmeshM ; t representsime
whosevalueliesin [0; 1], Interpolate( ) is theinterpolationopera-
tor, andPoissor{ ) indicatesthe Poissorequationsolver for recon-
structingin-betweenshapes. The function h(v;t) is the so-called
transitionstatefunctionwhosevaluealsoliesin [0; 1], andsatis es
h(';0) = 0andh( ;1) = 1. Thesimplesttransitionstatefunctionis
h(v;t) = t. Thetransitionstatefunctionis usedto provide e xible
non-uniformcontrols,which will bediscussedn Sectior4.3.

Interpolate(Gl; Gi; h(vit);M ); ©)
Poissor{G}):

There are two motivations of applying gradient-basednethod,
which arealsoemphasizedh [Yu et al. 2004]. First, asa differen-
tial property thegradientcanbemodi ed locally, which allows the
local analysisandinterpolationto be carriedoutin a morecanoni-
calway (Section2.3). Secondthe proces®f reconstructinghapes
from theinterpolatedyradientelds G} canberegardedasperform-
ing Helmholtz-HodgalecompositiofiTongetal. 2003]on G}. The
gradientof § is curl-freepartof G}. Note thatthe discreteform of
Poissorequationis equivalentto the following least-squaremini-
mization 5

min & NS G; Ar (10)

S T2m

Sincethe least-squareminimizationtendsto distribute errorsuni-
formly acrossthe function, the reconstructiorprocesscan effec-
tively attenuateheinconsisteng evoked by local gradientinterpo-
lation. Thereforethelocal winklesaresmoothed.

One questionarousedimmediatelyis whetherour Poissoninter
polatorcanproducesmooth-changingesultsalongtime t, sincea
nonlineamreconstructioris involvedin ouralgorithm.Accordingto
Eq. (7), the vertex coordinates(t) areobtainedby A 1b(t). It is
clearthatthematrix A is constanbecaus¢he domainmeshis x ed
duringmorphing,andb(t) comesfrom the smoothlychanginggra-
dientsand boundaryconditions. It follows that x(t) is smoothly
changed.

A well-de ned shapdnterpolationrmethodmusthold thefollowing
two properties.Oneis uniquenesgroperty; i.e., thereconstructed
meshmodelshouldbe unique. Anotheris end-pointinterpolation
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Figure3: Thematrix polardecomposition.

property, i.e.,thereconstructetheshmodelshouldbeequialentto
the input modelswhentransitionstatefunctionh = 0;1. Provided
the domain meshM is a non-dgyenerated single-connected?-
manifoldoneandatleastonevertex coordinatesire x edasDirich-
let boundarycondition,we canprove a sufcient conditionfor the
uniguenespropertywith similardeductiondo [Floater1997]. This
sufcient conditionis, for every edge(vi;vj) in M, the sumof two
oppositeanglesa; andb; is lessthanp (seealsoFigure2). Under
this condition,it is easyto shaowv thattheend-interpolatiorproperty
alsoholds.

2.3 Nonlinear Gradient Field Interp olation

In generalary gradienteld interpolatorsatisfyingend-pointcon-
ditions G andG}; canbeusedin our framework. For example,di-

rectvertex linearinterpolatoris equivalentto applying(1 h)G}) +

hG,, sinceboth the gradientoperatorandthe divergenceoperator
arelinearon a givendomainmesh. It workswell for well-aligned
objects.However, accordingto the analysisabove, the naive linear
interpolationmay causeshapeshrinkagewhen objectswith large
orientationdifference. Therefore , we designa nonlineargradient
eld interpolationmethod.

One possiblesolutionis to employ additional nonlinearwarping
along with linear interpolation,which is commonlyusedin im-

agebasedmorphingtechnique$Cohen-Oretal. 1998;Lazarusand
Verroust1998]. In thesetechniqueswarpingis appliedto globally
align objectsby combiningrotation,stretchingandtranslationfac-
tors. Differentfrom this two-stepsolution,we directly interpolate
thesetransformatiorfactorsfor eachtriangle,andoverall globalef-

fectsareensuredoy the Poissonsolver. The detail of our solution
is describedasfollows.

To determindransformationlocal af ne framesarede ned for ev-
ery triangle pair, which are sened asthe canonicalbasisfor local
movementanalysis.Let Ty andT; bea pair of correspondingrian-
glesin § andSy, respectiely. We denotevy, andv (i = 1;2;3) as
correspondingertices,ng andny ascorrespondinginit facenor
mals,asshavn in Figure3. For gradientsaretranslationinvariant,
we chooseéhe rst vertex vjl(j = 0;1) of eachtriangleastheorigin,
andthethreeaxesof afne framesFj arev? v}, v? viandn;.
We can determinea unique transformmatrix H suchthat F; =
H(Fp). ThematrixH canberegardedasthe deformationgradient
relatingthereferencecon gurationFy andthepresenton guration
F1. Inspiredby continuummechanicgGurtin 1981], we factorize
the deformationgradienttensorinto therigid rotationpartandthe

pure stretchpart with the polar decomposition.Thatis, H = RS
whereR is the closestrotationmatrix to H in Frobeniushorm,Sis
asymmetric,positive de nite matrix.

Therotationpartandthestretchpartareinterpolatedndependently
Our experimentalresultsindicatethat this canavoid shapeshrink-

age(seeFigure 1 andthe attachedvideo). Sincethereis no prior

knowledgeof mavementsn morphingprocessit is reasonabléo

assumehattherotationangleandthe scalingcomponentghange
linearly. Similarto [Alexa etal. 2000; Shoemak and Duff 1992],

we de ne the local continuoustransformfunction H; for a given

transitionstateh(v;t) = has

Hi= Ry((1 h)lI+h9 (11)

whereR;, is therotationmatrix de ned by linearly interpolatingthe
rotationangleof R usingquaternionandl is theidentity matrix.

Sincethethreescalar elds comefrom thethreevertex coordinates
of meshmodel,manipulatinghemindependentlynay causeunde-
siredreconstructiorresults. Therefore we computethe local con-
tinuoustransformH; for eachtriangle usingthe above algorithm.
We thenapply H; to threesourcegradientvectorssimultaneously
for generatingnterpolatedgradientvectors.Thatis,

Gi = H(Gh) (i = x ¥ 2): (12)

In somesenseopur shapdnterpolationalgorithmcanbeconsidered
asamixtureof [Alexaetal. 2000]and[SumnerandPopwi€t 2004].
All threemethodsadoptlocal af ne transformatiormatrix to de-
scribethe relationshipbetweentwo compatibleshapes.However,
thereareseveraldifferenceamonghem.In [Alexaetal. 2000],the
local af ne transformationmatricesare determinedbetweensim-
plicial complees. In a 3D space a simplicial comple is a tetra-
hedralmesh,while we only dealwith triangularmeshedor better
computationaéf ciency. Sameas[SumnerandPopawi¢ 2004],we
alsoconsiderthe correspondingacenormalswhende ning local
transformsbetweertrianglepairs.But [SumnerandPopai € 2004]
aimsathow to transferthetransformatiormatricesfrom the source
modelto thetargetone,insteadof interpolatingoetweerthem.The
otherdifferences the formulationof opimizationproblem.[Alexa
etal. 2000;SumnerandPopwit 2004]reconstructneshedy min-
imizing the differencesamongtransformationmatricesusing the
Frobeniusrorm,while ourmethoddirectly minimizesleast-squares
differencedetweenvectorsusingthe L2 normwhichis aninherent
propertyof Poissorequationitself.

After gradient elds interpolation,eachtriangleis locally trans-
formed by the transformationH;. The trianglesof sourcemesh
becomedisconnected,e., yielding a triangularsoup. The Poisson
equationstitchestogetherthetrianglesin the nal step.

3 Implementation Issues

In Section2, we presentour basic framevork of Poisson-based
shapénterpolation.Fromtheimplementatioraspecttherearesev-
eralissueghatneedo beelaboratedObtainingcompatiblaneshes
requiresbuilding correspondencenap. During the interpolation
procedurepoundaryconditionsarespeci edto determinecontinu-
ousmovementsof in-betweershapesOur methodis robustfor the
choiceof domainmeshesWith betterselectionsof domainmesh,
our methodwill provide moresatis edresults.Thedetailsof these
issuesarediscussedn thefollowing paragraphs.

Obtain compatible meshes.Our methodrequiresthatthe source
model and the target one should be representedy compatible



meshesi.e. meshewith the sameconnecwity. In generalthein-

put modelsdo not satisfythis requirement Recently Kraevoy and
Shefer [2004] have presentedh novel feature-preservingemesh-
ing methodthat cangeneratéigh quality outputmesheswith sig-

ni cantly fewer numberof verticescomparedto previous tech-
nigues.We adopta variantof their methodto generatecompatible
meshedrom input models.Our methodis independentf compat-
ible meshegeneratingnethods. Othermethods suchas [Praun
etal. 2001; Schreineret al. 2004], arealsosuitablefor our frame-
work.

In our implementationseveral pairsof correspondindeaturever-
ticesaremanuallyselectedThen,basedomainis constructedbased
on thesefeaturevertices. Both modelsare parameterizednto the
commonbasedomainand relaxationis performedto reducethe
parametrizatiordistortion. Finally, the target modelis remeshed
usingthe connectiity of the sourcemodel. Iterative errordriven
vertex relaxationandedgesplitting areperformeduntil approxima-
tion erroris underuserspeci edthreshold.

Specifyboundary conditions. Sincethegradientelds aretransla-
tion independentPoissorequationgequirespecifyingat leastone
vertex coordinatesasthe boundaryconditions. Note that, in most
casesjnput modelsto be interpolatedhave more than one corre-
spondingfeaturevertex pairs. We can selectone of thesevertex

pairs and specify their coordinatesby linear interpolationas the
boundaryconditions. Alternatively, we cansetthe coordinatesf

an arbitrary vertex as boundaryconditionsand solve the Poisson
equationrst, andthentranslatetheseintermediatenodelssothat
their barycenterdinearly interpolatethe barycenterof the source
andthetametmodels.

Determine domain mesh.In principle,ary meshsharingthesame
connectity with M canbeselectedisthedomainmesh.Different
domainmeshegyenerallygive riseto differentinterpolationresults,
sincethedomainmeshaffectsthe coefcients of thelinearsystem.
Dueto the natureof theleast-squaresinimizationin Eq. (10), the
interpolatedgradientvectorsassociatedvith large trianglesin the
domainmeshare betterapproximatedhan thoseassociatedvith
small ones. The areaof the trianglessenes as the weight coef-
cients. In practice,eitherthe sourcemodel or the tamget model
canbe selectedasthe domainmesh.In all our experimentswe do
notobsenesigni cant differencebetweertwo morphingsequences
generatedvith differentchoicesof the domainmesh.In casethat
someverticesin the domainmeshviolate the sufcient condition
of the uniquenesgroperty local adjustmenbf vertex coordinates
will beperformedsothatthis conditioncanbesatis ed.

1 1

Figure4: Shapeanterpolationbetweera fandiskanda cube.
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Figure5: Humanposemorphing

Figure6: Shapenterpolationbetweera bunry andarabbit.

4 Results and Discussions

Our framavork can be applied in various scenarios,including
globalshapeinterpolationlocal control of shapenterpolationand
morphingincorporatingwith deformation.

4.1 Global Shape Interp olation

In orderto presenthe advantage®f our method severalexamples
aredemonstrateth Figure4-8 andattached/ideo sequencedrig-
ure4 depictsghemorphingprocesdetweerafandisk(CAD model)
andacube.As shavn in this example the sharpfeaturesof fandisk
arepresered duringthe whole morphingprocess.The transitions
from a bunry to arabbitareillustratedin Figure6. Notethatthe
naturalgluing of earsandthe rotation of the headandtail. Fig-
ure 5 shaws that our methodcan alsowork well on humanpose
interpolation. Humanposeinterpolationare commonlygenerated
by skeleton-drven skinningin computeranimationwhich mayre-
quire massve userinteractionsfor tuningin uence region param-
eters. In our example,no explicit boneinformationare speci ed.
However, the armsand legs are smoothlytransited,respectiely.
Meanwhileglobal rotationsandlocal muscledeformationsareall
well generated.In Figure 8, morphingamongmultiple modelsis
demonstratedThe threeheadmodelshave differentorientations.
Our methodcanautomaticallyproducethe rotation effects during
morphing.

Table 1 lists the computationtime for the examplesin this paper
The dataareobtainedon a standard®C with an Intel PIV 2.6GHz
CPUand512MB memory In thethird column,runningtime refers
to theaverageexecutive time of computingoneintermediatenodel,
which is dominatedby solving three Poissonequationsfor each
coordinatecomponentdo reconstructmeshmodels. In our im-
plementationwe adoptconjugate gradient(CG) methodto solve
sparsdinearsystemsierivedfrom Poissorequationsin thefourth
columnof Table1, the precisionis refersto the corvergencetoler-
anceof our CG method,which is relative to the diagonallengthof
the model's boundingbox. Our morphingtechniquecangenerate
in-betweenmodelsin interactive speedfor moderatedatasetsus-
ing our non-optimizedC/C++ code. As shavn in [Yu etal. 2004],
pre-computingcan be appliedto the Poissonmatrix to accelerate
generatingspeedvhenmassie in-betweermodelsarerequired.

4.2 Local Shape Interp olation

Local shapeinterpolation, also knowvn as spatially non-uniform
shape morphing, is usually carried out by specifying region-
dependenttransition states. This topic is also studied by
Alexa [2003]. Unlike global morphing,linearinterpolationof ab-
solutecoordinateswill causesigni cant artifacts. To addresghis
problem,Alexa proposeslendingof two shapedy linearly inter-
polating the Laplaciancoordinatednstead. Laplaciancoordinate
is de ned by the differencebetweengiven vertex positionandthe



Morphingmodels #Unknovns | PerframeRunning | Precision
Time (sec)
Fandiskvs. Cube 6583 1.633 1.0e-6
Bunry vs. Rabbit 7862 3.626 1.0e-6
Igea,Man andPlanck 10139 5.252 1.0e-6
Horsevs. Dinosaur 10993 7.440 1.0e-6
Womanvs. Man 25172 22.912 1.0e-5
Womanvs. Man (local) | 2900 | 1.039] 1.0e-6

Table1: Computatiortime for the examplesusedin this paper

averageposition of its 1-ring neighbors. Although Laplacianco-
ordinateis translationinvariant,it is sensitve to rotationandnon-
uniformscaling.As pointedoutby Alexa, theresultis equivalentto
thoseof linearinterpolationof absolutevertex coordinatesif global
morphingusinglinearinterpolationof Laplaciancoordinatess per
formed.

Therefore,whenlocal morphingis performedbetweentwo parts
which arenot well aligned,the methodof Alexa [2003] hassimi-
lar dravbackaslinearly interpolatingabsolutevertex coordinates,
suchasshapeshrinkage. Figure 7 givesthe comparisorbetween
themethodproposedn [Alexa 2003](in the bottomrow) andours
(in the top row). We setregion of interest(ROI) to betheleft arm
of the humanmodel,thenchangethe transitionstateof verticesin
ROI graduallyfrom Oto 1, andkeeptherestunchangedOurresults
arevisually pleasingand do not suffer shapeshrinkage which is
supportedy the volume-changingurve plot in the bottomof Fig-
ure 7. Our local interpolationalgorithm achieves nearly constant
volumechangingate.For similar articulatedobjectswith different
posespurgradienteld interpolatorcanpresere the shapdocally
in the meansof leastareadistortion. Note thatthe Poissonsolver
is a global vector eld optimizerto keeplocal geometricproper
ties. Therefore with additionalsurfaceorientationconstraintsthe
super uousvolumevariationscanbe attenuated.

4.3 Incorporating Deformation into Shape Interp o-

lation

The basicshapeinterpolationprocessfocuseson how to change
the shapegraduallyfrom a sourcemodelto a targetone. Common
approacheso enrich morphingeffects are de ning differentver

tex paths,or region-sensitre transitionstates. Intuitive ways are
desiredto provide useradditionalfreedomon generatingcreatve
morphingsequencedn our point of view, deformationresultscan
be castasself-morphingsequence# the editing processloesnot
changethe original vertex connectvity. Basedon this idea, our
frameawork incorporatesiserde ned deformationinto the morph-
ing sequenceHenceinterestingvisualeffectscanbe obtained.

The usersspecify desireddeformationby manually editing the
sourcemodelwith mesheditingtools. The deformationis encoded
locally into onetransformatiormatrix for eachtrianglepair, which
is calleddeformatiomrmatrix. Similarto Section2.3,we applypolar
decompositiorto this deformatiormatrix. Usersspecifyhowv much
deformatiorwill be blendedby settingoneweightrangedin [0; 1].
Deformationmatrixandmorphingmatrix arecomposedogetheto
computethe intermediategradient eld. Finally, the intermediate
meshesrereconstructetby the Poissorsolver.

Figure 9 demonstratesn example of combining morphing with
deformation. The top row shaws the original morphingsequence
from a horseto a dinosaur We interactiely edit the horseand
graduallypropagtesuchdeformationinto thewhole morphingse-

Poisson shape

26 interpolation e’ Method proposed  /
rae by Alexa (2003) =/

Figure7: Local shapeinterpolation.In this example,usersexpect
to graduallydeformthe armpartof thewomanmodelto the corre-
spondingpartof themanmodel. Theupperrow is generatedby our
algorithm,while the lower row is generatedy Alexa's algorithm.
The comparisorof correspondingolumechangess illustratedin
thebottomplot.

quence.The middle andthe bottomrows areresultswith 50%and
100%deformationincorporatedrespectiely.

5 Conclusions and Future Work

In this paper we have proposeda novel shapeinterpolationap-
proach,which is basedon the discretePoissonequationon trian-

gularmeshes.The mainideais to interpolatevector elds in gra-
dientdomainandto reconstrucin-betweenshapedrom the inter

polatedgradient elds. Basedon the polardecompositiorof local

transformationsa non-lineargradienteld interpolationmethodis

designedo graduallychangebothvertex coordinategndfacenor

mals. We demonstratehe superiorityof our approachby versa-
tile results,rangingfrom globalmorphing,local morphingto those
combiningwith deformation.

The morphingresultsdependon the quality of compatiblemeshes
in our currentimplementation. The computingspeedis affected



Figure9: An exampleof incorporatingdeformationinto morphing. The rst row is original morphingsequenceThe secondandthird row

areresultswith 50%and100%deformationincorporatedrespectiely.

Figure8: Shapednterpolationamongthreeheadmodels.

by the conditionnumberof Poissormatrix, which is relatedto the
quality of thedomainmesh.To improve the performancef our al-
gorithms,multi-resolutiontechniquesnay beemplo/ed. Changing
objecttopology during shapeinterpolationis a challengingprob-
lem. We will investigateit in the future. Threedimensionamesh
morphing without self-intersectionis a valuable researchtopic.
Sinceour methodprovidesa generaframevork to dealwith shape
interpolationa similar 2D contourmorphingcanbederivedby for-
mulatingdiscretePoissorequationon a 2D simplepolygon.
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