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Abstract

In this paper, we proposea novel shapeinterpolationapproach
basedon Poissonequation. We formulatethe trajectoryproblem
of shapeinterpolationas solving Poissonequationsde�ned on a
domainmesh. A non-lineargradient�eld interpolationmethodis
proposedto take both vertex coordinatesand surfaceorientation
into account. With proper boundaryconditions, the in-between
shapesarereconstructedimplicitly from the interpolatedgradient
�elds, while traditionalmethodsusuallymanipulatevertex coordi-
natesdirectly. Besidesof globalshapeinterpolation,our methodis
alsoapplicableto local shapeinterpolation,andcanbefurtheren-
hancedby incorporatingwith deformation.Our approachcangen-
eratevisual pleasingand physical plausiblemorphingsequences
with stableareaandvolumechanges.Experimentalresultsdemon-
stratethatour techniquecanavoid theshrinkageproblemappeared
in linearshapeinterpolation.

CR Categories: I.3.5 [ComputerGraphics]:ComputationalGe-
ometryandObjectModelling—objectrepresentations

Keywords: ShapeInterpolation,Trajectory Problem,Domain
Mesh,PoissonEquation,GradientFieldManipulation

1 Intro duction

Shapeinterpolation,also known as shapeblendingor morphing,
hasbeenwidely appliedto variousaspectsof computergraphics
industry. Giventwo inputmodels,shapeinterpolationcangenerate
asequenceof intermediateshapeswhichgraduallychangefrom the
sourceshapeto thetargetone.It is oneof thebasictoolsto enhance
visualeffectsin computeranimation.Shapeinterpolationcanalso
beappliedin industrialdesignto forecastnew productshapesfrom
knowns[ChenandParent1989].

It is well-understoodthat there are two major issuesin B-rep
(boundaryrepresentation)basedshapeinterpolation[Alexa 2002;
LazarusandVerroust1998]. The�rst is how to �nd a featurepre-
servingcorrespondencemapbetweenthegivenmodels,known as
thecorrespondenceproblem.Thesecondis how to interpolatethe
positionsfor eachpair of correspondingverticesalong predeter-
minedpaths,known asthe trajectoryproblem. Most of previous
B-repbasedalgorithms(e.g.[Kanaietal. 2000;Kraevoy andShef-
fer 2004; Praunet al. 2001]) aremainly concernedwith the �rst
issuewhile simply adoptinglinear interpolationto generatevertex
trajectories. However, as illustratedin Figure1, the linear shape
interpolationmay suffer the shrinkage problemeven though the
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correspondencemap hasbeencorrectly established.The reason
is that the large scalerotations,as non-linearfactors,can not be
correctlyexpressedby linearinterpolation.Furthermore,undesired
local wrinklesmayappeardueto the inconsistentdisplacementof
neighboringvertices.

In this paper, we focuson thetrajectoryproblemof 3D meshmor-
phing. We assumethe correspondencemaphasbeenestablished
using existing methods[Kraevoy and Sheffer 2004; Praunet al.
2001;Schreineret al. 2004]. Our key observation is that the uni-
form changeof surfaceorientationplaysan importantrole in the
quality control of morphingprocess.Therefore,local orientation
shouldbeexplicitly consideredwhenshapeinterpolationmethods
aredesigned.Althoughsurfacenormalis a local differentialprop-
erty, which can be easily determined,it is nontrivial to generate
optimalglobalshapeswith surfacenormalconstraints.

ThePoissonequationpossessesanelegantcharacteristicto bridge
amonglocal differential propertiesand global effects. Recently,
it has been successfullyapplied in computergraphicsapplica-
tions [Peŕez et al. 2003; Stam1999]. Yu et al. [2004] proposea
meshediting techniquewith Poisson-basedgradient�eld manip-
ulation. Inspiredby their work, input modelsin our shapeinter-
polationapproachare treatedasdifferentscalar�elds de�ned on
a commondomainmesh. The gradient�eld manipulationis then
appliedto controldesiredvertex positionsandsurfaceorientations
implicitly in themorphingprocess.

This papermakestwo majorcontributions.First,we formulatethe
trajectoryproblemas gradient�eld interpolation,and proposea
novel shapeinterpolationapproachbasedon thePoissonequation.
Thein-betweenshapesarereconstructedfrom theinterpolatedgra-
dient �elds. As a globaloptimizer, thePoissonequationcaneffec-
tively attenuatethegradient�eld inconsistency introducedby local
interpolation,which avoids theappearanceof local wrinkles. Sec-
ond,we proposea non-lineargradient�eld interpolationalgorithm
basedonpolardecomposition,whichexplicitly considerslocalsur-
faceorientationsandstretch.

We show the effectivenessof our methodby several aestheticand
physical plausiblemorphingsequences,which outperformthe re-
sultsgeneratedby linearshapeinterpolation.Moreover, wedemon-
stratetheapplicationof our methodto local controlof shapemor-
phing. Incorporatingwith deformation,our shapeinterpolation
methodprovidesadditionalusercontrols,yielding versatilevisual
effects.

1.1 Related work

Theconsiderationof trajectoryproblemcandatebackto thework
of Sederberg and Greenwood [1992], which provides a physical
basedapproachof polylinemorphing.In thatwork, thedeformation
of in-betweenshapesaredecomposedinto stretchandbend.Based
on this observation, their methodinterpolatesedgelengthandan-
gles betweenadjacentedgesrather than vertex location. Later,
Sederberg et al. [1993] proposea geometricalgorithmwith global
optimizationto ensuretheseblendedpolylinesareclosewithout lo-
cal self-intersection.A generalizationfor 3D meshesis given by
[Liu and Wang 1999]. However, the �nal morphing resultsare



Figure1: Shapeinterpolationcomparisons.The left mostcolumn
shows thetwo input models.Thetop row lists theresultantimages
of linearinterpolation,andthebottomrow showsour results.

dependentof the computationorder of dihedralangelsand edge
length.

As awell-known fact,it is uneasyto handlelargescalerotationsin
B-repbasedmorphing.Many practicaltoolsusuallyrequireheavy
userinteractionsto achieve thisgoal. In literature,Leeetal. [1999]
provide a multi-resolutionbasedframework that decomposesthe
shapeinformation into different level of detailsfor interpolation.
However, it needsadditionalcost to build hierarchicalstructures
andcomplex correspondencemaps.Alternatively, Hu et al. [2004]
proposean automaticapproachto computethe vertex pathesby
minimizing thestrainenergy with a complex non-linearoptimiza-
tion process.

To addressthis problem,several researchersconsiderthe interior
information of given shapesand proposemethodsto control lo-
cal volumesdistortions. Shapiraand Rappoport[1995] propose
a 2D morphingmethodbasedon star-skeletonrepresentation.By
usingthe polar decomposition[Shoemake andDuff 1992], Alexa
et al. [2000] introducea genericshapeinterpolationapproachbe-
tweentwo compatible2D triangulationsor 3D tetrahedralizations.
It requiresadditionalcomputingcost for interior constraintsand
it is nontrivial to obtainsatis�ed compatibletetrahedralizationsof
givenmeshes.Recentwork of Surazhsky andGotsman[2003] in-
terpolatesthemeanvaluebarycentriccoordinatesfor 2D morphing.

Alternatively, localshaperepresentationis agoodchoiceto control
local orientationand stretchfor shapeinterpolation. Sheffer and
Kraevoy [2004] proposea local representation,calledpyramidco-
ordinates,which is invariantunderrigid transformation.Basedon
it, they presentamorphingmethodby linearinterpolatingthecom-
ponentsof pyramidcoordinatesandachieve comparableresultsto
ours. However, the reconstructionprocessfrom pyramid coordi-
natesto vertex coordinatesis time-consuming,sincethis method
requiesto solveanon-linearsystemiteratively.

Recently, differentialmeshrepresentations, suchasLaplacianco-
ordinates[Lipmanetal. 2004;Sorkineetal. 2004]andthePoisson
equationbasedmethod[Yu et al. 2004], aresuccessfullyapplied
to meshediting. ThesePDEbasedmethodssharethecommonas-
pectthat targeteditedmodelsarereconstructedfrom least-squares
minimizationof modi�ed differentialproperties.Sincedifferential
propertiesare sensitive to non-translationaltransformation,[Lip-
manet al. 2004;Sorkineet al. 2004;Yu et al. 2004] proposedif-
ferentapproachesto translateuserinteractioninto local transforms
to obtaindesireddifferentialproperties.In [Yu et al. 2004], local
transformsis speci�ed by userto control uniform scaleandrota-
tion. [Lipman et al. 2004] estimatesrotationsof the local frames
from the underlyingsmoothsurface,but doesnot considerscale.

[Sorkineet al. 2004] implicitly �ts an optimal local transformfor
eachvertex from thelocal coordinatesof controlpoints. Basedon
properly-de�nedlocal frame,we uniquelydeterminea local trans-
form for eachtrianglepair, includingrotationandanisotropicscale.
In [Alexa 2003], Laplaciancoordinatesareappliedto local mesh
morphingwhich indicatesthe possibility to usedifferentialmesh
representationsto solve the trajectoryproblem. However, [Alexa
2003]proposesto interpolateLaplaciancoordinateslinearly while
weinterpolategradient�elds via non-linearinterpolationalgorithm
(Seesection4.2for detailedcomparison).

To deal with modelsof different topological structure,volume-
basedapproachesareproposedby several authors. Typical work
includedistance�eld-basedmorphing[Cohen-Oret al. 1998],di-
mensionlifting [Turk andO'Brien 1999]andthelevel-setbasedap-
proach[BreenandWhitaker 2001]. Thesemethodsarestableand
have strongtheoreticalbackgroundfrom imageprocessing.The
volume-basedapproacheswork well for (nearly)closedshapes,and
do not needto explicitly constructtopologicalcompatiblestruc-
tures. However, sharpfeaturesarenot easily retaineddue to the
samplingor quantizationissues.

2 Framework of Poisson Shape Interp ola-
tion

OurproposedPoissonshapeinterpolationapproachisaB-repbased
one.It is outlinedasfollows:

1. Compute correspondencemap and generate compatible
meshesfrom two input3D meshes.

2. For eachcorrespondingtrianglepair of compatiblemeshes,
determinethe local transformfrom sourcetriangle to target
one; and decomposethe transforminto rigid rotation and
stretchpart.

3. Given time t, computeinterpolatedgradient �elds by lo-
cal transformsinterpolation;andreconstructtheintermediate
shapeby Poissonequationsolver.

In therestof this section,wepresenttheframework in details.

2.1 Preliminaries

ThePoissonequationis asecond-orderpartialdifferentialequation.
RecallthatÑ = ( ¶

¶x ; ¶
¶y ; ¶

¶z)> is thegradientoperatorin R3. Then

wedenoteD= Ñ2 = ¶2

¶x2 + ¶2

¶y2 + ¶2

¶z2 astheLaplacianoperator, and

Ñ � w = ¶wx
¶x + ¶wy

¶y + ¶wz
¶z is thedivergenceover a vector�eld w =

(wx;wy;wz) 2 R3. The Poissonequationwith Direchletboundary
conditionsis formulatedas

Df = Ñ� w; f j¶W = f � j¶W ; (1)

where f is an unknown scalarfunction, f � providesthe desirable
value on the boundary¶W. From the viewpoint of variational
method,the Poissonequationis equivalentto the following least-
squaresminimization:

argmin
f

Z

W
(Ñ f � w)2dW: (2)

It is not straightforwardfor theoreticalanalysisandpracticalcom-
puting to discretizePoissonequationde�ned on an irregular do-
main,suchasona3D triangularmesh.PolthierandPreuss[2002],



andTong et al. [2003] proposedwell-de�ned discretedifferential
operatorsof scalarandvector�elds onirregulardomains.Basedon
their results,thediscretePoissonequationon triangularmeshesis
formulatedasfollows.

Domain mesh.Theinputof ouralgorithmaretwo or moretriangu-
lar meshmodelssharingthesamevertex connectivity. Eachmodel
canbeinterpretedasthreescalar�elds (vertex positions)de�nedon
a commondomainthat is actuallyan abstractmeshstructure.We
call this structuredomainmesh. A domainmeshmaintainsits own
vertex positionsto providemetricinformationfor discretedifferen-
tial operatorsin ourmethod.Without lossof generality, weassume
the input modelsanddomainmeshesareall single-connectedand
2-manifoldtriangularmeshesthroughoutthispaper.

Meshscalar (or vector) �eld. Let fi bethescalar(or vector)value
attachedto vertex vi of domainmeshM . A meshscalar(orvector)
�eld f onM is de�nedto beapiecewiselinearcombinationf (v) =
å i fi f i(v) (v is apointonM ), wheref i(�) is piecewiselinearbasis
functionde�ned on domainmeshvalued1 at vertex vi and0 at all
othervertices.It is obvious thatM itself is a specialmeshvector
�eld of M .

Discrete differ ential operators. The discrete gradient of mesh
scalarfunction f on thedomainmeshM is expressedas

Ñ f (v) = å
i

fiÑf i(v): (3)

Givenapiecewiseconstantvector�eld w, whichhasconstantvalue
in eachtriangleof M , thediscretedivergenceof w at vertex vi is
de�ned as

(divw)(vi) := å
T2NT (vi )

w(T) � Ñf i jT AT : (4)

whereAT denotesthe areaof triangleT. Therefore,the discrete
Laplacianoperator ondomainmeshM is

Df (vi) = å
v j 2Nv(vi )

1
2

(cota j + cotb j )( fi � f j ); (5)

wherea j and b j are the two anglesoppositeto the edge(vi ;v j )
(Figure2).

Finally, thediscretePoissonequationis expressedas

Df � div(Ñ f ) = divw: (6)

With speci�ed boundaryconditions,theabove equationcanbere-
formulatedasasparselinearsystem

A x = b: (7)

wherethe unknown vector x representscoordinatesto be recon-
structed. The coef�cient matrix A is determinedby Eq. (5) and
dependson M . Thevectorb correspondsto known vector�eld as
well astheboundaryconditions.

2.2 Poisson Shape Interp olator

The fundamentalof our algorithmis a Poissonshapeinterpolator.
Two modelsM0 andM1, given as input of our algorithm,are re-
ferredasthesourceandthetarget,respectively. Notethatthis is not
a restrictionsinceour methodis alsoapplicableto multiple input
models.In thepre-processingstep,theone-to-onecorrespondence
mapis established.After that,thedomainmeshM is determined.
There-sampledversionsof M0 andM1, treatedasmeshscalar�elds
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Figure2: The1-ringneighborhoodsetup.

de�nedonM , aredenotedasSi
0 andSi

1(i = x;y;z), respectively. We
denotethecorrespondinggradient�elds asGi

j = ÑSi
j (i = x;y;z; j =

0;1).

Most of previous vertex interpolationmethodsareposition-based.
They interpolatevertex coordinatesdirectly, i.e.,

Si
t = Interpolate(Si

0;Si
1;h(v;t)) : (8)

Onthecontrary, ourmethodis gradient�eld-basedinterpolation.It
is formulatedas

�
Gi

t = Interpolate(Gi
0;Gi

1;h(v;t);M );
Si

t = Poisson(Gi
t ):

(9)

wherev denotesa point on thedomainmeshM ; t representstime
whosevaluelies in [0;1], Interpolate(�) is theinterpolationopera-
tor, andPoisson(�) indicatesthePoissonequationsolver for recon-
structingin-betweenshapes.The function h(v;t) is the so-called
transitionstatefunctionwhosevaluealsolies in [0;1], andsatis�es
h(�;0) = 0 andh(�;1) = 1. Thesimplesttransitionstatefunctionis
h(v;t) = t. The transitionstatefunction is usedto provide �e xible
non-uniformcontrols,whichwill bediscussedin Section4.3.

There are two motivations of applying gradient-basedmethod,
which arealsoemphasizedin [Yu et al. 2004]. First, asa differen-
tial property, thegradientcanbemodi�ed locally, whichallows the
local analysisandinterpolationto becarriedout in a morecanoni-
calway(Section2.3).Second,theprocessof reconstructingshapes
from theinterpolatedgradient�elds Gi

t canberegardedasperform-
ing Helmholtz-Hodgedecomposition[Tongetal. 2003]onGi

t . The
gradientof Si

t is curl-freepartof Gi
t . Notethatthediscreteform of

Poissonequationis equivalentto thefollowing least-squaresmini-
mization

min
Si

f

å
T2M






 ÑSi

f � Gi
f








2
AT (10)

Sincetheleast-squaresminimizationtendsto distributeerrorsuni-
formly acrossthe function, the reconstructionprocesscan effec-
tively attenuatetheinconsistency evokedby local gradientinterpo-
lation. Therefore,thelocalwinklesaresmoothed.

One questionarousedimmediatelyis whetherour Poissoninter-
polatorcanproducesmooth-changingresultsalongtime t, sincea
nonlinearreconstructionis involvedin ouralgorithm.Accordingto
Eq. (7), the vertex coordinatesx(t) areobtainedby A� 1b(t). It is
clearthatthematrixA is constantbecausethedomainmeshis �x ed
duringmorphing,andb(t) comesfrom thesmoothlychanginggra-
dientsand boundaryconditions. It follows that x(t) is smoothly
changed.

A well-de�ned shapeinterpolationmethodmusthold thefollowing
two properties.Oneis uniquenessproperty, i.e., the reconstructed
meshmodelshouldbeunique. Anotheris end-pointinterpolation
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Figure3: Thematrixpolardecomposition.

property, i.e.,thereconstructedmeshmodelshouldbeequivalentto
the input modelswhentransitionstatefunctionh = 0;1. Provided
the domain meshM is a non-degenerated,single-connected,2-
manifoldoneandatleastonevertex coordinatesare�x edasDirich-
let boundarycondition,we canprove a suf�cient conditionfor the
uniquenesspropertywith similardeductionsto [Floater1997].This
suf�cient conditionis, for every edge(vi ;v j ) in M, thesumof two
oppositeanglesa i andbi is lessthanp (seealsoFigure2). Under
thiscondition,it is easyto show thattheend-interpolationproperty
alsoholds.

2.3 Nonlinear Gradient Field Interp olation

In general,any gradient�eld interpolatorsatisfyingend-pointcon-
ditionsGi

0 andGi
1 canbeusedin our framework. For example,di-

rectvertex linearinterpolatoris equivalentto applying(1� h)Gi
0 +

hGi
1, sinceboth the gradientoperatorandthe divergenceoperator

arelinearon a givendomainmesh.It workswell for well-aligned
objects.However, accordingto theanalysisabove, thenaive linear
interpolationmay causeshapeshrinkagewhenobjectswith large
orientationdifference. Therefore,we designa nonlineargradient
�eld interpolationmethod.

One possiblesolution is to employ additionalnonlinearwarping
along with linear interpolation,which is commonlyusedin im-
agebasedmorphingtechniques[Cohen-Oretal. 1998;Lazarusand
Verroust1998]. In thesetechniques,warpingis appliedto globally
align objectsby combiningrotation,stretchingandtranslationfac-
tors. Differentfrom this two-stepsolution,we directly interpolate
thesetransformationfactorsfor eachtriangle,andoverallglobalef-
fectsareensuredby thePoissonsolver. Thedetail of our solution
is describedasfollows.

To determinetransformation,localaf�ne framesarede�ned for ev-
ery trianglepair, which areserved asthe canonicalbasisfor local
movementanalysis.Let T0 andT1 beapairof correspondingtrian-
glesin S0 andS1, respectively. We denotevi

0 andvi
1(i = 1;2;3) as

correspondingvertices,n0 andn1 ascorrespondingunit facenor-
mals,asshown in Figure3. For gradientsaretranslationinvariant,
wechoosethe�rst vertex v1

j ( j = 0;1) of eachtriangleastheorigin,

andthethreeaxesof af�ne framesFj arev2
j � v1

j , v3
j � v1

j andn j .

We can determinea unique transformmatrix H such that F1 =
H(F0). Thematrix H canberegardedasthedeformationgradient
relatingthereferencecon�gurationF0 andthepresentcon�guration
F1. Inspiredby continuummechanics[Gurtin 1981],we factorize
thedeformationgradienttensorinto therigid rotationpartandthe

purestretchpart with the polar decomposition.That is, H = RS,
whereR is theclosestrotationmatrix to H in Frobeniusnorm,Sis
asymmetric,positivede�nite matrix.

Therotationpartandthestretchpartareinterpolatedindependently.
Our experimentalresultsindicatethat this canavoid shapeshrink-
age(seeFigure1 andthe attachedvideo). Sincethereis no prior
knowledgeof movementsin morphingprocess,it is reasonableto
assumethat the rotationangleandthescalingcomponentschange
linearly. Similar to [Alexa et al. 2000;Shoemake andDuff 1992],
we de�ne the local continuoustransformfunction Ht for a given
transitionstateh(v;t) = h as

Ht = Rh((1� h)I + hS) (11)

whereRh is therotationmatrixde�ned by linearly interpolatingthe
rotationangleof Rusingquaternion,andI is theidentitymatrix.

Sincethethreescalar�elds comefrom thethreevertex coordinates
of meshmodel,manipulatingthemindependentlymaycauseunde-
siredreconstructionresults.Therefore,we computethe local con-
tinuoustransformHt for eachtriangleusingthe above algorithm.
We thenapply Ht to threesourcegradientvectorssimultaneously
for generatinginterpolatedgradientvectors.Thatis,

Gi
t = Ht (Gi

1) (i = x;y;z): (12)

In somesense,ourshapeinterpolationalgorithmcanbeconsidered
asamixtureof [Alexaetal. 2000]and[SumnerandPopović 2004].
All threemethodsadoptlocal af�ne transformationmatrix to de-
scribethe relationshipbetweentwo compatibleshapes.However,
thereareseveraldifferencesamongthem.In [Alexaetal.2000],the
local af�ne transformationmatricesaredeterminedbetweensim-
plicial complexes. In a 3D space,a simplicial complex is a tetra-
hedralmesh,while we only dealwith triangularmeshesfor better
computationalef�ciency. Sameas[SumnerandPopović 2004],we
alsoconsiderthe correspondingfacenormalswhende�ning local
transformsbetweentrianglepairs.But [SumnerandPopović 2004]
aimsathow to transferthetransformationmatricesfrom thesource
modelto thetargetone,insteadof interpolatingbetweenthem.The
otherdifferenceis theformulationof opimizationproblem.[Alexa
etal. 2000;SumnerandPopović 2004]reconstructmeshesby min-
imizing the differencesamongtransformationmatricesusing the
Frobeniusnorm,while ourmethoddirectlyminimizesleast-squares
differencesbetweenvectorsusingtheL2 normwhich is aninherent
propertyof Poissonequationitself.

After gradient�elds interpolation,eachtriangle is locally trans-
formed by the transformationHt . The trianglesof sourcemesh
becomedisconnected,i.e., yielding a triangularsoup.ThePoisson
equationstitchestogetherthetrianglesin the�nal step.

3 Implementation Issues

In Section2, we presentour basic framework of Poisson-based
shapeinterpolation.Fromtheimplementationaspect,therearesev-
eralissuesthatneedto beelaborated.Obtainingcompatiblemeshes
requiresbuilding correspondencemap. During the interpolation
procedure,boundaryconditionsarespeci�edto determinecontinu-
ousmovementsof in-betweenshapes.Ourmethodis robustfor the
choiceof domainmeshes.With betterselectionsof domainmesh,
ourmethodwill providemoresatis�edresults.Thedetailsof these
issuesarediscussedin thefollowing paragraphs.

Obtain compatible meshes.Our methodrequiresthat thesource
model and the target one should be representedby compatible



meshes,i.e. mesheswith thesameconnectivity. In general,thein-
put modelsdo not satisfythis requirement.Recently, Kraevoy and
Sheffer [2004] have presenteda novel feature-preservingremesh-
ing methodthatcangeneratehigh quality outputmesheswith sig-
ni�cantly fewer numberof verticescomparedto previous tech-
niques.We adopta variantof their methodto generatecompatible
meshesfrom input models.Our methodis independentof compat-
ible meshesgeneratingmethods.Othermethods,suchas [Praun
et al. 2001;Schreineret al. 2004],arealsosuitablefor our frame-
work.

In our implementation,severalpairsof correspondingfeaturever-
ticesaremanuallyselected.Then,basedomainis constructedbased
on thesefeaturevertices.Both modelsareparameterizedonto the
commonbasedomainand relaxationis performedto reducethe
parametrizationdistortion. Finally, the target model is remeshed
usingthe connectivity of the sourcemodel. Iterative error-driven
vertex relaxationandedgesplittingareperformeduntil approxima-
tion erroris underuser-speci�edthreshold.

Specifyboundary conditions. Sincethegradient�elds aretransla-
tion independent,Poissonequationsrequirespecifyingat leastone
vertex coordinatesasthe boundaryconditions.Note that, in most
cases,input modelsto be interpolatedhave more thanonecorre-
spondingfeaturevertex pairs. We canselectoneof thesevertex
pairs and specify their coordinatesby linear interpolationas the
boundaryconditions. Alternatively, we cansetthe coordinatesof
an arbitraryvertex asboundaryconditionsandsolve the Poisson
equation�rst, andthentranslatetheseintermediatemodelsso that
their barycenterslinearly interpolatethe barycentersof the source
andthetargetmodels.

Determinedomain mesh.In principle,any meshsharingthesame
connectivity with M canbeselectedasthedomainmesh.Different
domainmeshesgenerallygiveriseto differentinterpolationresults,
sincethedomainmeshaffectsthecoef�cients of thelinearsystem.
Dueto thenatureof theleast-squaresminimizationin Eq.(10), the
interpolatedgradientvectorsassociatedwith large trianglesin the
domainmeshare betterapproximatedthan thoseassociatedwith
small ones. The areaof the trianglesserves as the weight coef-
�cients. In practice,either the sourcemodelor the target model
canbeselectedasthedomainmesh.In all our experiments,we do
notobservesigni�cant differencebetweentwo morphingsequences
generatedwith differentchoicesof thedomainmesh. In casethat
someverticesin the domainmeshviolate the suf�cient condition
of theuniquenessproperty, local adjustmentof vertex coordinates
will beperformedsothatthis conditioncanbesatis�ed.

Figure4: Shapeinterpolationbetweena fandiskandacube.

Figure5: Humanposemorphing

Figure6: Shapeinterpolationbetweenabunny anda rabbit.

4 Results and Discussions

Our framework can be applied in various scenarios,including
globalshapeinterpolation,local controlof shapeinterpolationand
morphingincorporatingwith deformation.

4.1 Global Shape Interp olation

In orderto presenttheadvantagesof our method,severalexamples
aredemonstratedin Figure4-8 andattachedvideosequences.Fig-
ure4 depictsthemorphingprocessbetweenafandisk(CAD model)
andacube.As shown in thisexample,thesharpfeaturesof fandisk
arepreservedduring thewholemorphingprocess.The transitions
from a bunny to a rabbit areillustratedin Figure6. Note that the
naturalgluing of earsand the rotationof the headand tail. Fig-
ure 5 shows that our methodcanalsowork well on humanpose
interpolation. Humanposeinterpolationarecommonlygenerated
by skeleton-drivenskinningin computeranimation,which mayre-
quiremassive userinteractionsfor tuning in�uence region param-
eters. In our example,no explicit boneinformationarespeci�ed.
However, the armsand legs are smoothlytransited,respectively.
Meanwhileglobal rotationsandlocal muscledeformationsareall
well generated.In Figure8, morphingamongmultiple modelsis
demonstrated.The threeheadmodelshave differentorientations.
Our methodcanautomaticallyproducethe rotationeffectsduring
morphing.

Table1 lists the computationtime for the examplesin this paper.
Thedataareobtainedon a standardPCwith an Intel PIV 2.6GHz
CPUand512MBmemory. In thethird column,runningtimerefers
to theaverageexecutivetimeof computingoneintermediatemodel,
which is dominatedby solving threePoissonequationsfor each
coordinatecomponentsto reconstructmeshmodels. In our im-
plementation,we adoptconjugategradient(CG) methodto solve
sparselinearsystemsderivedfrom Poissonequations.In thefourth
columnof Table1, theprecisionis refersto theconvergencetoler-
anceof our CG method,which is relative to thediagonallengthof
the model's boundingbox. Our morphingtechniquecangenerate
in-betweenmodelsin interactive speedfor moderatedatasetsus-
ing our non-optimizedC/C++code.As shown in [Yu et al. 2004],
pre-computingcanbe appliedto the Poissonmatrix to accelerate
generatingspeedwhenmassive in-betweenmodelsarerequired.

4.2 Local Shape Interp olation

Local shapeinterpolation, also known as spatially non-uniform
shapemorphing, is usually carried out by specifying region-
dependenttransition states. This topic is also studied by
Alexa [2003]. Unlike globalmorphing,linear interpolationof ab-
solutecoordinateswill causesigni�cant artifacts. To addressthis
problem,Alexa proposesblendingof two shapesby linearly inter-
polating the Laplaciancoordinatesinstead. Laplaciancoordinate
is de�ned by thedifferencebetweengivenvertex positionandthe



Morphingmodels #Unknowns Per-frameRunning Precision
Time(sec)

Fandiskvs. Cube 6583 1.633 1.0e-6
Bunny vs. Rabbit 7862 3.626 1.0e-6
Igea,ManandPlanck 10139 5.252 1.0e-6
Horsevs. Dinosaur 10993 7.440 1.0e-6
Womanvs. Man 25172 22.912 1.0e-5
Womanvs. Man (local) 2900 1.039 1.0e-6

Table1: Computationtime for theexamplesusedin thispaper.

averagepositionof its 1-ring neighbors.Although Laplacianco-
ordinateis translationinvariant,it is sensitive to rotationandnon-
uniformscaling.As pointedoutby Alexa,theresultis equivalentto
thoseof linearinterpolationof absolutevertex coordinates,if global
morphingusinglinearinterpolationof Laplaciancoordinatesis per-
formed.

Therefore,when local morphingis performedbetweentwo parts
which arenot well aligned,the methodof Alexa [2003] hassimi-
lar drawbackaslinearly interpolatingabsolutevertex coordinates,
suchasshapeshrinkage.Figure7 givesthe comparisonbetween
themethodproposedin [Alexa 2003](in thebottomrow) andours
(in thetop row). We setregion of interest(ROI) to bethe left arm
of thehumanmodel,thenchangethetransitionstateof verticesin
ROI graduallyfrom 0 to 1,andkeeptherestunchanged.Ourresults
arevisually pleasinganddo not suffer shapeshrinkage,which is
supportedby thevolume-changingcurve plot in thebottomof Fig-
ure 7. Our local interpolationalgorithmachievesnearlyconstant
volumechangingrate.For similararticulatedobjectswith different
poses,ourgradient�eld interpolatorcanpreserve theshapelocally
in the meansof leastareadistortion. Note that the Poissonsolver
is a global vector �eld optimizer to keeplocal geometricproper-
ties. Therefore,with additionalsurfaceorientationconstraints,the
super�uousvolumevariationscanbeattenuated.

4.3 Incorporating Deformation into Shape Interp o-
lation

The basicshapeinterpolationprocessfocuseson how to change
theshapegraduallyfrom a sourcemodelto a targetone.Common
approachesto enrich morphingeffects are de�ning different ver-
tex paths,or region-sensitive transitionstates. Intuitive waysare
desiredto provide useradditionalfreedomon generatingcreative
morphingsequences.In our point of view, deformationresultscan
becastasself-morphingsequencesif theeditingprocessdoesnot
changethe original vertex connectivity. Basedon this idea, our
framework incorporatesuser-de�ned deformationinto the morph-
ing sequence.Hence,interestingvisualeffectscanbeobtained.

The usersspecify desireddeformationby manually editing the
sourcemodelwith mesheditingtools.Thedeformationis encoded
locally into onetransformationmatrix for eachtrianglepair, which
is calleddeformationmatrix. Similar to Section2.3,weapplypolar
decompositionto thisdeformationmatrix. Usersspecifyhow much
deformationwill beblendedby settingoneweightrangedin [0;1].
Deformationmatrixandmorphingmatrixarecomposedtogetherto
computethe intermediategradient�eld. Finally, the intermediate
meshesarereconstructedby thePoissonsolver.

Figure 9 demonstratesan exampleof combiningmorphingwith
deformation.The top row shows the original morphingsequence
from a horseto a dinosaur. We interactively edit the horseand
graduallypropagatesuchdeformationinto thewholemorphingse-
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Figure7: Local shapeinterpolation.In this example,usersexpect
to graduallydeformthearmpartof thewomanmodelto thecorre-
spondingpartof themanmodel.Theupperrow is generatedby our
algorithm,while the lower row is generatedby Alexa's algorithm.
Thecomparisonof correspondingvolumechangesis illustratedin
thebottomplot.

quence.Themiddleandthebottomrows areresultswith 50%and
100%deformationincorporated,respectively.

5 Conclusions and Future Work

In this paper, we have proposeda novel shapeinterpolationap-
proach,which is basedon the discretePoissonequationon trian-
gularmeshes.Themain ideais to interpolatevector�elds in gra-
dientdomainandto reconstructin-betweenshapesfrom the inter-
polatedgradient�elds. Basedon thepolardecompositionof local
transformations,a non-lineargradient�eld interpolationmethodis
designedto graduallychangebothvertex coordinatesandfacenor-
mals. We demonstratethe superiorityof our approachby versa-
tile results,rangingfrom globalmorphing,localmorphingto those
combiningwith deformation.

Themorphingresultsdependon thequality of compatiblemeshes
in our current implementation. The computingspeedis affected



Figure9: An exampleof incorporatingdeformationinto morphing.The�rst row is original morphingsequence.Thesecondandthird row
areresultswith 50%and100%deformationincorporated,respectively.

Figure8: Shapeinterpolationamongthreeheadmodels.

by theconditionnumberof Poissonmatrix, which is relatedto the
qualityof thedomainmesh.To improve theperformanceof oural-
gorithms,multi-resolutiontechniquesmaybeemployed.Changing
object topologyduring shapeinterpolationis a challengingprob-
lem. We will investigateit in the future. Threedimensionalmesh
morphing without self-intersectionis a valuable researchtopic.
Sinceour methodprovidesa generalframework to dealwith shape
interpolation,asimilar2D contourmorphingcanbederivedby for-
mulatingdiscretePoissonequationona2D simplepolygon.
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sistentmeshparameterizations.In Proceedingsof ACM SIG-
GRAPH2001, ACM Press,179–184.

SCHREINER, J., ASIRVATHAM , A., PRAUN, E., AND HOPPE, H.
2004. Inter-surfacemapping. ACM Trans.Graph.23, 3, 870–
877.

SEDERBERG, T. W., AND GREENWOOD, E. 1992. A physically
basedapproachto 2-D shapeblending. In ComputerGraphics
(SIGGRAPH'92 Proceedings), E. E. Catmull,Ed.,vol. 26, 25–
34.

SEDERBERG, T. W., GAO, P., WANG, G., AND MU, H. 1993.2-d
shapeblending:An intrinsicsolutionto thevertex pathproblem.
In ComputerGraphics(SIGGRAPH'93 Proceedings), vol. 27,
15–18.

SHAPIRA , M., AND RAPPOPORT. 1995. A. shapeblendingusing
thestar-skeletonrepresentation.IEEE ComputerGraphicsand
Application15, 2, 44–51.

SHEFFER, A., AND KRAEVOY, V. 2004. Pyramidcoordinates
for morphinganddeformation.In Proceedingsof the2ndInter-
nationalSymposiumon 3D Data Processing, Visualization,and
Transmission(3DPVT04).

SHOEMAKE, K., AND DUFF, T. 1992.Matrix animationandpolar
decomposition.In Proceedingsof the conferenceon Graphics
Interface'92, 258–264.

SORKINE, O., L IPMAN, Y., COHEN-OR, D., ALEXA , M.,
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