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Abstract
This paper presents a hybrid method for creating three-dimensional shapes by sketching silhouette curves. Given a
silhouette curve, we approximate its medial axis as a set of line segments, and convolve a linearly weighted kernel
along each segment. By summing the fields of all segments, an analytical convolution surface is obtained. The
resulting generic shape has circular cross-section, but can be conveniently modified via sketched profile or shape
parameters of a spatial transform. New components can be similarly designed by sketching on different projection
planes. The convolution surface model lends itself to smooth merging between the overlapping components. Our
method overcomes several limitations of previous sketched-based systems, including designing objects of arbitrary
genus, objects with semi-sharp features, and the ability to easily generate variants of shapes.

Categories and Subject Descriptors(according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling; I.3.6 [Computer Graphics]: Interaction techniques

1. Introduction

In this paper, we present a method for designing prototype
models from sketched silhouette curves based on a new en-
hanced convolution surface model. Prototype design aims at
fast and intuitive creation of 3D shapes. In the conceptual de-
sign stage, prototype is designed to test and consolidate ideas
before actual models are created for computer graphics and
CAD applications. Existing 3D design software packages
mainly provide powerful precise shape controls, but they are
not always suitable for conceptual stage of design.

Despite today’s highly computerized world, design artists
still love to express their ideas and imagination on paper be-
cause the principle of drawing is simple and intuitive. The
popularity of hand-held devices, such as PDA and Tablet
PC, also contributes to the shift in the user interface pref-
erence. So in recent years, there have been many efforts in
developing more intuitive interfaces for interactive design,
facilitating conceptual stage design11, 12, 15, 16, 19, 20, 22, 27, 33.

† This author is partially supported by the National Natural Science
Foundations (No. 60021201, 60203014) and the National Key Basic
Research and Development Program (No. 2002CB312102)

Figure 1: A mouse shape designed using our method and
rendered by POVRAY.

A popular strategy for providing intuitive user interface
is to accept input in the form of freeform sketches, drawn
by the user using a mouse or a pen-like device on a graphic
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tablet. For instance, Teddy is one such system developed for
designing freeform polygonal shapes16.

Inspired by these previous systems, we developed a sys-
tem, namedConvMo, for designing prototype by generat-
ing convolution surfaces from silhouette curves. Our goal is
to perform free-form implicit surface design by sketching
curves; but, unlike Teddy system, we use menus and slid-
ers as well. To enable more versatile design, we propose a
new enhanced convolution model that allows users to design
the cross-section shape by either sketching a closed profile
curve or specifying shape parameter values. By incorporat-
ing the parametric curve formulation into the implicit model,
our hybrid approach can easily produce interesting variants
of shapes. Compared with the Teddy system, our method al-
lows the user to more freely design objects with high topo-
logical complexity due to the nature of implicit surfaces.
And our system supports the following additional features:
shapes with holes, semi-sharp features, and free-form cross-
section shapes. The proposed method is very useful for en-
tertainment graphics applications, such as fast modeling and
animation in cartoon styles.

Our main contributions are

• a method for creating convolution surface models from
silhouette curves—it extracts a skeleton comprising of
line-segments and convolves the skeleton with polyno-
mial weight distribution;

• an enhanced convolution surface model that supports
cross-section design.

2. Related Work

The term sketch methods usually refer to methods that at-
tempt to infer or retrieve 3D information from strokes drawn
on 2D interfaces. The most direct and popular goal is to re-
construct 3D shapes, however sketch methods have also been
adopted to solve other problems. For example, a system by
Tolba et al.30 is a tool for perspective drawing. It projects
2D strokes on the unit sphere centered at the eye point and
then views them in perspective. Bourguignonet al.5 present
an approach that directly uses the user-drawn strokes to in-
fer the sketches representing the same scene from different
viewpoints. These methods focus on illustrating 3D effects
rather than actual 3D shapes, which is our area of interest.

Earlier sketch systems aimed at fast design of mechanical
parts. They usually interpret the user’s 2D sketches into ex-
act geometric elements (e.g., lines, circular arcs, or B-spline
curves), generate geometric constraints (such as right angles,
tangencies, symmetry, and parallelism) possibly aided by the
user’s explicit selection11, 26, and attempt to recover missing
depth information14.

Most of the recent freeform sketch methods can be
roughly divided into two categories according to the ob-
ject representation:boundary-basedandvolume-basedap-
proaches.

The Teddy16 system is a typical boundary-based method.
From a sketched silhouette, a polygonal mesh is generated,
which can then be rotated using a virtual track-ball interface,
and interactively edited using extrusion, bending, cutting op-
erations, all controlled by strokes. Its innovative interface in-
spired many later sketch systems. However, typical of polyg-
onal representation, it has limitations on surface smoothness
and fairness, as well as design of structures with complex
topology.

Michalik et al.22 proposed a sketch- and constraint-based
approach by using standard parametric curves and surfaces.
They introduced auxiliary surfaces that allow for a reliable
interpretation of the user’s pen-strokes and achieved the goal
of B-spline surface sculpting. Parametric representations are
more compact and have higher degree of smoothness than
polygonal meshes. However, it is well-known that paramet-
ric surfaces are cumbersome for representing objects with
arbitrarily topology, and surface trimming has high compu-
tation price. These drawbacks limit the modeling ability of
parametric surface approaches.

For the purpose of sculpture modeling, volume-based
methods are more natural. The approach of Owadaet al.24

employed a similar interface as the Teddy system but used
volumetric representation. Volumetric representations relax
the topological limitation of boundary representations, but
they are not as compact; moreover, achieving smooth result
requires both higher storage and computation price.

Our implicit surface-based approach can be viewed as a
mixture of surface and volumetric approaches. Implicit sur-
face representations are robust and compact for designing
topologically complex objects. An implicit surfaceScan be
defined in the following general form:

S= {x|
n

∑
i=1

Fi(x)−T = 0}

whereFi are the primitive field functions, andT is the thresh-
old value of the iso-surface.

Convolution surface is a type of implicit surface obtained
by convolving a kernel along a skeleton, composed of points,
lines and polygons. Generally, convolution surface methods
produce rotund shapes due to the nature of the kernel func-
tions. Grimm proposed an approach that can sweep out im-
plicit surfaces of different cross sectional shapes13, but the
resulting surface is a variation of distance function surfaces.
With the same objective of providing more design freedom
in mind, we propose an extended convolution surface model
by incorporating a parametric component. Our approach im-
plicitly controls the cross-section via space transform, sup-
ported by an intuitive user interface. The output is compati-
ble to the original convolution surface model.

More recently, implicit surfaces based on radial basis
function (RBF) are widely used in point cloud data interpo-
lation and approximation problems6, 31. These methods are
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Figure 2: Method overview

more efficient and produce better quality shapes. However,
due to their isotropic property, they are inflexible for creating
special feature shapes, such as darts and sharp edges. Dinh
et al.10 proposed a surface reconstruction method by using
anisotropic basis functions, but their approach does not solve
the feature representing problem completely.

Free-form design with sketching interface based on im-
plicit surfaces has been investigated by other researchers as
well. Karpenkoet al.19 proposed a system based on vari-
ational implicit surfaces method. They presented an ele-
gant way to obtain 3D constraint points required by the
RBF interpolating method. The RBF method, however, has
high computation cost, both in solving the linear system
of constraints and in the evaluation step. The authors of
Teddy proposed an enhancement to their well-received sys-
tem based on quadratic surface fitting15. This two-step ap-
proach can obtain polygonal meshes of higher fairness. But
such a hybrid representation requires saving extra intermedi-
ate meshes. In contrast to these approaches, our convolution
surface method has a compact representation, avoids solv-
ing a large-scale global constrained problem and computes
the surface parameters in a more natural way.

3. Method Overview

The main steps of our convolution surface-based prototype
design system are as follows (Figure2):

1. The user draws a silhouette curve on a projection plane
and the system automatically extracts the skeleton struc-
ture consisting of line segments (Section5.1).

2. The system determines the parameters for each skeletal
line segment, and generates a rotund generic convolution
surface model that fits the silhouette curve (Section5.2).
The system outputs a polygonal mesh using the marching
tetrahedra polygonization algorithm2.

3. The user modifies the circular cross-section of the generic

shape by either sketching a cross-section profile or by
specifying shape parameter values provided by our en-
hanced convolution surface model (Section4.2).

4. The user may perform further component-based editing
operations, such as soft carving and hole making (Section
6).

5. The user rotates the partially designed shape to obtain a
new projection plane, and repeats steps 1-4 to design an-
other surface component, which can be merged smoothly
with, or simply attached to, an existing component.

Furthermore, steps 3 and 4 can be repeated on any com-
ponent at any time.

4. Convolution Surface Model

Convolution surfaces were introduced by Bloomenthal and
Shoemake4 as a natural extension to point-based field sur-
faces to include higher-dimensional geometric elements.

A modeling skeleton setS⊂ IR3 can be represented as a
field functiong : IR3 7→ IR , defined as follows:

{
g(p) > 0, p ∈ skeletonS;
g(p) = 0, otherwise;

(1)

wherep is a point inIR3 Euclidean space. Letf : IR3 7→ IR
be akernel functionrepresenting the field generated by a
single point in the skeleton, andx be a point in the skeleton
S, then the total field contributed by the skeleton at a pointp
is the convolution of the functionsf andg as follows:

F(p) = ( f ⊗g)(p) :=
∫

S
g(x) f (p−x)dx (2)

A convolution surface with thresholdT is then defined by

S= {p|F(p)−T = 0,p ∈ IR3} (3)

Although Bloomenthal and Shoemake demonstrated their
results using a cubic approximation to a Gaussian, we utilize
the Cauchy kernel and its closed-form solution as presented
by McCormack and Sherstyuk21, 28

f (p) =
1

(1+s2r2)2 (4)

wherer = ‖p‖ ands is a parameter for controlling the kernel
width. This allows us to develop an analytical polynomial-
weighted model in the next section; the model can, however,
be used with any kernel.

The model proposed by McCormack and Sherstyuk is
of uniform distribution, i.e., the resulting surface has con-
stant radius of influence along the skeletal element. To fa-
cilitate the design of generalized cylindrical shapes with
fewer skeletal elements, Jinet al.17, 18 proposed a polynomial
weighted model and derived analytical solutions for line seg-
ments, arcs, and quadratic curves.

For efficiency and robustness, we choose to use line seg-
ment as the skeleton element in our system. To reduce the
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number of segments required, which is critical in interac-
tive design, we adopt the polynomial-weighted convolution
model. This model is briefly reviewed in the next subsection,
and an enhanced model is presented in Section4.2 for more
versatile cross-sectional design.

4.1. Polynomial-weighted convolution model

Let the skeletonS be an arc-length parameterized curved
segmentc(t) (0≤ t ≤ l). A convolution surface with a poly-
nomial weightw(t) distribution can be defined as

F(p;c(·),w(·)) =
∫ l

0
w(t) f (p−c(t))dt. (5)

For a line segmentL(t) = b + t~a, 0≤ t ≤ l , the squared
distance from a pointp to the lineL(t) is given byr2(t) =
‖b + t~a− p‖2 = d2 + t2− 2ht, where~d = p− b, d = ‖~d‖,
andh=~d ·~a. Thus, for Cauchy kernel, equation (5) becomes

F(p;L ,w) =
∫ l

0

w(t)
(1+(d2 + t2−2ht)s2)2 dt. (6)

In particular, we use linear weight distribution: varying from
w0 to w1 along the line segment, the field function is

F(p) = w0F1(p)+
w1−w0

l
Ft(p), (7)

where

F1(p) := F(p;L ,1) = 1
2p2 [ h

s2h2+p2 + l−h
s2(l−h)2+p2 ]

+ 1
2sp3 [tan−1( sh

p )+ tan−1( s(l−h)
p )],

(8)

and

Ft(p) := F(p;L , t) =
1

2s2 [ 1
s2h2+p2 − 1

s2(l−h)2+p2 ]+hF1(p) (9)

with p being a distance termp2 = 1+s2(d2−h2).

4.2. Enhanced convolution model

The polynomial-weighted model still produces only circular
cross-section shapes. Since many objects in the real world
have anisotropic shapes, it motivates us to enhance the orig-
inal convolution model to achieve more versatile design.

We refer to the initial polynomial-weighted convolution
surface with circular cross-section as thegeneric surface.
The user designs atarget surfaceby modifying the generic
surface. Thus the main issue is how to define a mapping
from the field function of the generic surface to the field
function of the target surfaceM : Fgeneric 7→ Ftarget. For
the purpose of interactive design, the mapping procedure
should be intuitive and have low response time. Based on
the idea of spatial deformation, we assume that the mapping
between the two field functions is effected by a transform
T : Ωgeneric 7→ Ωtarget, whereΩ∗ is the domain of function

F∗. That is, if Fgeneric and the correspondingT transform
function of a line segment are given, then

Ftarget(·) =M(Fgeneric) = Fgeneric(T −1(·)). (10)

To evaluate a target surface, the implicit function evaluator
first transforms a point back to the generic surface space and
then evaluates the original convolution surface model to ob-
tain a field value for the target surface.

To find a suitable representation for the transformT , we
define a local coordinate system for each line segmentl as
shown in Figure3. Let the y-axis be normal to the reference
plane supporting the silhouette curve, the z-axis be along
the line segment direction, and the x-axis be in the direction
l × n. Without losing generality, let the origin be the start
point of the line segment. We can then decompose a spatial
transformation into three scalar mappings along these axis
directions

T = Tx · Ty · Tz, (11)

whereTx, Ty andTz are transform functions defined on the
y-z plane,z-x plane, andx-y plane, respectively. In general,
they can be curves defined in the B-spline form for achieving
complex design; but for simplicity of interface, we adopt the
following decomposition:

T = Sx · Sy · Tz (12)

where the mappingTz defines the cross-section shape per-
pendicular to the silhouette supporting plane, and the map-
pingsSx andSy expand or contract the cross-section in thex
andy directions, respectively. We defineTz in terms of polar
coordinate as follows:

Tz : (r,θ) 7→ (r ′,θ′)

and define the scaling mappings as

Sx : x 7→ βxx Sy : y 7→ βyy.

Our system provides two ways for the user to specifyTz:
sketch a closed profile curve or specify a parameter defining
a super-quadric. The scaling factorsβx and βy are usually
equal to 1 in the first case, but are useful in the second case.

X

Y

Zn

Silhouette

Skeleton
Reference

Plane

Figure 3: Local coordinate system of a line segment

Class 1. Bezier curve model in polar coordinates.We
consider the mapping image of the unit circle, i.e.,R(θ) =
Tz(1,θ). Then a class of transform functionsTz is given by

Tz : (r,θ) 7→ (r ·R(θ),θ), (13)
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with the inverse ofTz easily found as follows:

T −1
z : (r ′,θ′) 7→ (r ′/R(θ′),θ′). (14)

Our system allows the user to sketchR(θ) as the cross-
section shape and automatically converts it to a Bezier curve
in polar coordinates. The closed curve is constrained to be of
a star shape. For completeness, we include here some deriva-
tions on polar-form Bezier curves. Ann-degree polar-form
Bezier curve segmentb(θ) with θs≤ θ≤ θe is defined as

b(θ) =
n

∑
i=0

r iBn,i(
θ−θs

θe−θs
). (15)

where

Bn,i(t) =
(

n
i

)
(1− t)n−it i , 0≤ t ≤ 1 (16)

are the Bernstein polynomials,r i are the control radii.
Clearly, whenr0 = · · · = rn = R0, the curve represents an
arc of radiusR0. A closed curveR(θ) (0 ≤ θ ≤ 2π) can
be constructed by stitching together several curve segments,
with each segmentbk(θ), θk≤ θ≤ θk+1 (0≤ k< m) defined
by the control radiirk,0, rk,1, . . . , rk,n. In our implementation,
we letn = 3, m= 12, andθk = 2kπ/m. The system samples
points on the sketched curve and fits the points with a closed
polar-form Bezier curve. By the endpoint interpolation prop-
erty of Bezier curves,bk(θk) = rk,0 and bk(θk+1) = rk,n.
To ensure that the segments connect up at their endpoints,
rk,n = rk+1,0 (0≤ k < m) must be satisfied. The radiirk+1,0
(0≤ k < m) are simply computed by averaging the nearest
two sampling points at the angleθk, and the remainingrk, j
are obtained by solving a least-squares problem (see Ap-
pendixA). To achieve tangent continuity, the control radii
can be modified according to the following sufficient condi-
tion (see AppendixB for detail derivation)

rk,n = rk+1,0 =
1
2
[rk,n−1 + rk+1,1]. (17)

Class 2. Super-quadrics model.For simplicity of design-
ing the commonly used elliptic and squarish cross-section
shapes, our system provides an alternative way of specify-
ing Tz in terms of super-quadrics. In parametric form, super-
quadrics can be represented as

{
x = r sign(cosθ) |cosθ|1/α

y = r sign(sinθ) |sinθ|1/α (0 < θ < 2π)
(18)

Here sign(a) is the sign function, i.e., sign(a) = 1 whena >
0,otherwise sign(a) =−1. And α > 0 acts as a shape control
parameter. Whenα = 1, we get a circle; the shape becomes
star shape with sharper corners whenα < 1; it converges to
a square whenα →∞. Hence, the advantage of the super-
quadrics model is that only one parameter value has to be
specified. The mappingTz is then given by:

Tz : (r,θ) 7→ (r[|cosθ|α + |sinθ|α]−1/α,θ). (19)

Many objects have components that are of 2.5-dimension,

i.e., which can be defined by extruding a curve to some
uniform thickness (Figure4(b)). However, such components
are not within the modeling domain of Equation19 because
the field function is not uniform along the line segment. To
achieve the extrusion effect along the y-axis direction, we
introduce the following extrusion mapping by modifying the
previous equation:

Tz : (
√

(r ′ cosθ′)2 + |r ′ sinθ′|α,θ′) 7→ (r ′,θ′). (20)

Hereα ≥ 2 controls the stiffness of the shape just as in the
case of generic super-quadric. Since the term(r ′ sinθ′)α acts
as a soft threshold function at 1 along the y-axis, the result-
ing shape has nearly uniform thickness of 2 for large values
of α, sayα = 50. Other extrusion thickness can be obtained
by combining the effect with the scaling mappingSy.

Figure4 shows an example of designing the tail of a car-
toon style dinosaur. Sub-figures (b) and (c) use the super-
quadrics model, and (d) illustrates the freeform cross-section
design. In our experimental system, the shape parametersα,
βx andβy are directly controlled through sliders.

5. Convolution Surface From Silhouette Curve

With our system ConvMo, the user designs a prototype shape
by incrementally adding new components by sketching sil-
houette curves of different viewing directions. The system
generates a convolution surface from each silhouette, and
then allows the user to sculpt the surface into a more inter-
esting shape by modifying its cross-section and performing
other component-based editing.

To design an object, the user sketches the silhouette of a
component as a simple curve with no self intersections in
the input canvas. The system then converts the curve into a
simple polygon by sampling the input device movement. To
obtain stable input, filtering is required. LetW be the canvas
width. We sample such that the length of each polygon edge
is at mostµ0W, and at leastµ1W if the edge forms an angle of
more than 20 degree with the previous edge (we letµ0 = 0.05
andµ1 = 0.01). If the polygon is self-intersecting, the user
is requested to sketch another curve.

To generate a convolution surface from this simple poly-
gon, two major issues have to be addressed:

• find a suitable skeleton with a small number of primitives;
• determine the parameters of the field contribution of

skeletal primitives.

Briefly, our approach finds an approximate medial axis com-
prising of line segments, and determines the weight at each
end of a line segment as a function of the segment length and
the distance to the silhouette polygon.

5.1. Skeleton extraction

There are many algorithms reported in the literature for
finding skeletons7, 23. A well known class of algorithms
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(a) (b) (c) (d)

Figure 4: Designing the tail of dinosaur. (a) is the generic dinosaur shape. (b) uses Equation20for Tz with α = 100andβy = 2,
and (c) uses the standard super-quadric model forTz with α = 2 andβy = 3. (d) uses the sketching method to obtain a Bezier
curve forTz.

finds the medial axis using Voronoi diagram or Delaunay
triangulation8. A simple method is to find a rough skeleton
by applying the constrained Delaunay triangulation (CDT)29

and connecting the midpoints of the internal edges16, 25.
Since this skeleton is not a medial axis (i.e., the locus of the
centers of maximally inscribed circles inside the 2D shape),
additional computation is needed to find the proper radii of
influence to produce a good-fit convolution surface. In con-
trast, we determine an approximate medial axis, comprising
of line segments, so that the parameters of the convolution
model can be more directly determined. Our algorithm in-
volves two steps: (1) apply the CDT to the simple polygon,
with the polygon edges constrained to be in the triangula-
tion, and link up the circumcenters of all the triangles ac-
cording to their connectivity (Figure5(a)-(c)); (2) prune re-
dundant circumcenters to obtain a simplified skeleton with
fewer line-segment primitives (Figure5(d)-(e)).

(a) initial stroke (b) CDT result (c) circumcenters

(d)influence circles(e) filtered skeleton(f) result surface

Figure 5: Generating convolution surface from silhouette

We refer to the initial polygon edges as theexternal edges,

and refer to the edges added by the Delaunay triangulation
as theinternal edges. A triangle in the CDT is then called
a junction triangle, sleeve triangle, or terminal triangleif it
has three, two or one internal edges, respectively25.

To prune the redundant circumcenters, we process the tri-
angles in order, starting from a junction triangle until a ter-
minal or another junction triangle is reached. Letp, q, r be
three most-recently-found circumcenters obtained in that or-
der. The pointr is pruned if its associated triangle is a sleeve
triangle and it satisfies one of the following two criteria (Fig-
ure6).

Overlapping criterion The circumcircle ofr lies mostly
inside the circumcircle ofq. We test this criterion using

‖q− r‖+ τRr ≤ Rq,

whereRx denotes the radius at circumcenterx; τ = 0.6 is
chosen so that a small but noticeable feature contributed
by the pointr would still be retained.

Ordering criterion The circumcircle ofr lies on the half-
plane defined by(q,n), wheren is the normal to the com-
mon edge of the triangles associated toq andr , directed
towards the triangle ofr . We test it with

(r −q) ·n≤ 0.

We remove the pointq if the following criterion is satisfied.

Proportionality criterion The pointsp, q, andr are nearly
collinear, measured by

(q−p) · (r −q)
‖q−p‖‖r −q‖ ≥ cos(π/18),

and their circumradii vary proportionally to their distances
apart:

−0.1 <
Rq−Rp

Rr −Rp
− ‖q−p‖
‖r −p‖ < 0.1
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(a)Overlapping Criterion

(b)Ordering Criterion

Figure 6: Skeleton filtering criteria.

5.2. Constructing generic convolution surfaces

We determine the parameters that control the field contribu-
tion of each skeletal line segment in two fitting steps: a local
inferring step and a global fitting step.

In the local inferring step, for each line segment of lengthl
with endpointsp andq, we infer the weightsw0 andw1 such
that the field contribution produces a convolution surface
that locally fits the silhouette curve well. Rewriting Equa-
tion 7 in symmetric form, we have

F(p) = w0F(l−t)(p)+w1Ft(p) (21)

whereF(l−t)(p) = lF1(p)−Ft(p). We then set the field con-
tribution at two selected points—the pointsp at distanceRp

abovep and the pointsq at distanceRq aboveq (Figure7)—
to be equal to the desired implicit surface thresholdT:

{
T = F(sp) = w0F(l−t)(sp)+w1Ft(sp),
T = F(sq) = w0F(l−t)(sq)+w1Ft(sq).

(22)

SinceFt(sp) andF(l−t)(sq) are relatively small, we can as-
sume that they are negligible, and approximately compute
the two weights as follows:

{
w0 = T/F(l−t)(sp),
w1 = T/Ft(sq).

(23)

This resulting isosurface, however, would bulge in the mid-
dle beyond the silhouette boundary. Hence, to ensure that the
surface passes throughsmid, which is the point at a distance
(Rp + Rq)/2 above(p + q)/2, we scale the weightsw0 and
w1 by a factor ofκ:

κ =
T

w0F(l−t)(smid)+w1Ft(smid)
. (24)

For skeletal endpoints that have multiple connecting line
segments (i.e., points attributed to a sleeve or a junction tri-
angle), we divide its weight by that number of line segments
so as to cancel out the multiple field contributions.

Finally, we multiply each field contributionFi(p) by a

l

p q
pR qR

qSmidSpS

Figure 7: Convolution surface from a line segment.

Figure 8: The resulting implicit surfaces without (left) and
with (right) the global fitting step.

control scaleλi and sum all the contributions from the skele-
tal segmentsLi(i = 1,2, . . . ,n):

F(p) =
n

∑
i=1

λiF(p;Li) (25)

Usually,λi is equal to 1. In the next section, we employ neg-
ativeλi for soft carving operation.

This local inferring step produces a convolution surface
that, in general, does not interpolate the given silhouette
curve. Nevertheless in our experiments we have found the
fitting to be adequate for the purpose of prototype design.
Note that a convolution surface is the result of summing
the fields of all skeletal primitives, thus it is in fact a global
shape. We propose a global interpolation step for obtaining
a tighter fitting (Figure8).

Let the input stroke be consisting of points{pi , . . . ,pm}.
We solve the following constrained least-squares problem
for Λ = [λ1, . . . ,λn]>:

min
Λ≥0

(FΛ−T)>(FΛ−T) (26)

where Fi = [F(p1;Li), . . . ,F(pm;Li)]>, F = [F1, . . . ,Fn],
andT = [T, . . . ,T]>. The conditionΛ ≥ 0 here guarantees
that the resulting surface has the correct topology. Since
F>F is semi-positive, this constrained quadratic convex pro-
gramming problem can be solved by a simplified version of
Hildreth-d’Esopo method9. Nested within this algorithm is a
Gauss-Seidel iteration, and the problem sizen is usually be-
tween 10 to 100, thus the computation cost is small for this
fitting step.

Unfortunately, reflecting the general ‘over-fitting’ prob-
lem of interpolation methods, the fairness of the global fit-
ting surface could be worse than the non-interpolating one
when the input silhouette has a zigzag shape. Therefore, this
global fitting step is kept as optional in our system.
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Figure 9: Data structure of our prototype design system.

6. Implementation Details

The design primitives are organized into hierarchical lev-
els in our prototype system (Figure9). In the top level, the
solid, or the design object, consists of severalsurface com-
ponents. Each surface component is represented by a convo-
lution surface defined by Equation25. For example, the di-
nosaur shape in Figure4 has six surface components. Every
weighted componentλiFi in Equation25 corresponds to a
skeleton element orskel. Each skel has associated shape pa-
rameters of the enhanced convolution surface model. These
skels are naturally grouped into sets, namedskel-groups, ac-
cording to whether they belong to the same silhouette curve
(or same set of silhouette curves consisting of a boundary
curve and one or more loop, see Section6.3). Input informa-
tion, such as projection plane, silhouette curve(s) and render-
ing material, is stored in the skel-group structure. Currently,
as a tradeoff between system flexibility and complexity, all
the operations are performed at the skel-group level. Based
on this structure, the system can provide a set of powerful
and flexible design operations. Since all the design opera-
tions have compact representation, it is very easy to support
copy, paste, ‘un-do’ and ‘re-do’ edit commands, which are
very common in practical user interfaces. All the represen-
tation information can be saved to a simple script file. Thus
the whole design procedure can be recorded, and the user
can further modify the surface at the skel level if desired.

6.1. Merging new components

The user progressively builds a more complex object by
adding new components in two ways. First, the user may
design a separate surface component and simply attach it to
an existing surface component. Second, the user can sketch a
new silhouette curve and designate the resulting component
(the associated skel-group) to be merged smoothly with an
existing surface component. To sketch a new silhouette, the

user first identifies the depth of the projection plane by draw-
ing a small loop on an existing component, then rotates the
object to obtain a projection plane. This interface is similar
to the extrusion operation of Teddy. The difference is that in
our case the drawn loop serves only to indicate the depth of
the projection plane, and not as the base loop for extrusion.

Similar to conventional modeling systems, we also pro-
vide skel-group translate, rotate, clone and mirror opera-
tions. The cross-section user interface is defined at this level.
With these operations, the user can control the procedure of
designing new components more precisely.

6.2. Soft carving

We introduce a carving operation by defining a group of
carving skels lying outside a surface boundary. Carving skels
have negativeλi in Equation25. The user first creates a dis-
connected component as the carving tool by drawing a sil-
houette, and then designates the resulting skels to be carv-
ing skels by negating theλi values. By moving the carving
tool to the desired position and orientation overlapping with
the object to be carved, the desired shape is carved out by
merging the two components (Figure10). This operation re-
sembles the carving process familiar to artists: rough shape
is first created and details are created by carving out some
volume of mass.

Similar to the early work of Wyvill et al.32, volume
boolean operators can also be applied to the components.
For instance, we can define the subtract operator as follows:

SA−B = {x|min(FA(x)−T,T−FB(x)) = 0}
to sharply cut a part from a shape. The output is simi-
lar to carving. However, since the resulting field function
is not continuous, the subtract operator sometimes causes
sampling problem in the polygonalization algorithm and re-
sults in jaggy effect (see Figure10(c)). Comparing with
the Boolean operations, carving can produce smoother and
softer results.

6.3. Designing surfaces with holes

Surfaces with handles or holes can be easily created using
our system. One way to create a hole, such as the one in
a torus, is by smoothly merging two components to meet
at two locations. Another more direct way provided by our
system is to let the user draw an inner silhouette loop within
an outer silhouette curve. Our skeleton extraction algorithm
in Section5.1 can handle such cases. For convenience, in-
stead of drawing two nested curves, we also allow the user
to directly specify a closed curve, approximated by line seg-
ments, as the skeleton, and assign a radius to each skeletal
point. The cylindrical part of the cup in Figure12 is created
in this manner.
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(a) (b) (c)

Figure 10: Carving vs. Boolean operation. (a) shows a whale shape and a carving tool. (b) and (c) are the results of soft carving
and hard subtraction operation, respectively. All the whales are polygonalized at the same resolution.

7. Design Examples

We demonstrate the capabilities of our system with examples
in Figure11 to 13. In these figures, the grey curves are the
input silhouettes, the skels are drawn in green or blue lines,
and the red lines indicate theβy scaling direction of the en-
hanced convolution method. Table1 lists some computation
details for these objects. The chair shape contains some 2.5-
dimension components, i.e., the rectangular seat and the four
legs are designed using Equation20. A variety of styles of
chairs can be easily obtained by changing the parameters of
the transform mappingT . The cup shape is an example of
objects with holes and handles. The cup body is designed by
sketching the top circular curve as the skeleton and setting
βy to extrude the shape vertically. The rabbit and mouse in
Figure13and1 are examples of attractive prototype objects,
which typically take a novice user about 10 minutes to de-
sign using our system.

Model # Surface # Skel- # Skels MT time(sec)
components groups (0.5/0.25)

Chair 1 6 32 1.7 / 6.1
Cup 1 3 74 6.7 / 27.4
Dinosaur 6 16 126 1.1 / 4.1
Mouse 4 12 95 3.6 / 14.7
Rabbit 8 13 178 7.9 / 31.6

Table 1: Model data. MT time refers to Marching Tetrahedra
polygonization time. The two resolutions used are 0.5 and
0.25 cube-size. The timing results are obtained on a standard
2.4GHz Pentium IV PC with 512MB memory.

8. Conclusions and Future Work

We have presented a system based on convolution surface
for designing meaningful freeform shapes from silhouette

Figure 11:Chair shape. Skeleton structure (top left), generic
surface (bottom left), rigid-style produced by our enhanced
convolution model (top right), another style obtained by tun-
ing the parameters ofT (bottom right).

curves. The convolution surface model lends itself to intu-
itive, robust, and versatile design operations.

Comparing with single-resolution polygonal meshes, the
implicit surface representation can be viewed as a continu-
ous but compact representation. Meshes of arbitrary resolu-
tion can be extracted by the marching tetrahedra algorithm.
As the implicit function evaluation is still the main bottle-
neck of our method, to achieve interactive response, we use
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Figure 12: Cup shape. Skeleton structure and resulting sur-
face.

a low sampling rate in the early stages of design, and only
increase the sampling rate for the final output. Most of the
skels in an object can be adequately represented by the orig-
inal polynomial-weighted convolution model; only a handful
of them requires the capability of the enhanced model. We
add a condition switch to each skel so that the more expen-
sive evaluation is only performed for the enhanced models.
This strategy sped up the whole polygonization procedure
by about 2-3 times in our experiments.

For simplicity and efficiency, we chose to use only line
segment as the skeleton primitive. A weakness of convolv-
ing branching line segments is that bulges appear around
junctions. We handled this bulging problem by scaling the
field contributions at joints between line segments. Our sim-
ple and practical solution produces satisfactory surfaces in
most of our experiments. The global fitting step also helps
to solve the bulge problem. An alternative solution to the
bulging problem is to include polygons in the skeleton and
apply certain constraints3, however, deriving a closed-form
representation of polynomial weighted convolution surface
in this case would be challenging and numerical method may
be required. From the system implementation point of view,
the tradeoff between additional primitive and increased ca-
pabilities also needs careful consideration. Nevertheless, a
comparison study of these two branching methods is an in-
teresting future work.

Due to the medial axis being sensitive to changes in in-
put sample points, our skeleton extraction algorithm may
produce unstable results for certain inputs. Future work
may include exploring other skeletonization algorithms1, 7 to
extract alternative skeletons, possibly containing parabolic
arcs17 and polygons.
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Appendix A: Approximating a sketched profile by
polar-form Bezier curves

Let PS= {(Rj ,θ j )| j = 1,2, . . . , p} be a point sequence sampled
from the input profile. We want to fit ann-degree polar-form Bezier
curveb(θ). Assume that the end control radii(r0,θb) and(rn,θe)
are known. We minimize the following function

fPS(r1, . . . , rn−1) =
p

∑
j=1

(b(θ j )−Rj )2 (27)

Let r = [r1, . . . , rn−1]> andBi = [Bn,i(t1), . . . ,Bn,i(tp)]> (with ti =
θi−θb
θe−θb

) be the i-th column of the Bezier coefficient matrixB =
[B1, . . . ,Bn−1]. We rewrite Equation27 into matrix form

min
r
‖B · r − R̃‖2

2 (28)
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where

R̃ = [R1, . . . ,Rp]>− [B0 Bn]
[

r0

rn

]
.

Since it is a typical least-squares optimization problem, the solution
is as follows:

r = (B>B)−1B>R̃.

Appendix B: Derivative property of polar-form Bezier
curves

Consider the following transformation of the polar-form Bezier
curves {

x(θ) = R(θ)cosθ,
y(θ) = R(θ)sinθ.

(29)

By the chain rule, the first-order derivatives are
{

x′ = R′(θ)cosθ−R(θ)sinθ,
y′ = R′(θ)sinθ +R(θ)cosθ.

(30)

From Equation15

R′(θ) =
n

θe−θs

n−1

∑
i=0
4r iBn,i(

θ−θs

θe−θs
), (31)

where4r i = r i+1− r i is the forward difference operator. Then at
the endpoints,

R′(θs) =
n

θe−θs
4r0, R′(θe) =

n

θe−θs
4rn−1

To achieve tangent continuity for two consecutivej and j +1 curve
segments, we must satisfy

(x,y)|θ j+1− = (x,y)|θ j+1+, (x′,y′)|θ j+1− = α(x′,y′)|θ j+1+,

whereα > 0. By choosingα = 1, we obtain the following sufficient
condition:

4r j,n−1 =4r j+1,0, (32)

which is equivalent to Equation17.
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