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Probabilistic Graphical Models

e Modeling many real-world problems =>
a large number of random variables

Dependences among variables may be used to
reduce the size to encode the model (PCA ?), or

They may be the goal by themselves, that is, the idea
IS to understand the correlations among variables.



Modeling the domain :

e Discrete random variables
o Take 5 random binary variables (A, B, C, D, E)
e I.1.d. data from a multinomial distribution

a ~b ~C ~d ~e
a b ~C ~e
a ~b C d ~e




Goals <

e (Parameter) Learning: using training data, estimate the joint
distribution

e Which are the values P(A, B, C, D, E),?

e ... and if there were one hundred binary variables? (Size of
model certainly greater than number of atoms on Earth!)

e Inference: Given the distribution P(A, B, C, D, E),
e Belief updating: compute the probability of an event
e What is the probability of A=a given E=e ?
e [Maximum a posterior: compute the states of variables that
maximize their probability.
e Which state of A maximizes P(A|E=e) ? Isitaor~a?



The unstructured approach :

e To specify the joint distribution, there is an exponential number of values:

p(a.b,c,d,e), p(a,b,c,d,—e),p(a, b, c,—d, e),
p(a, b, c,—d,—e), p(a, b,—c,d, e), p(a, b,—c,d, —e),
p(a, b, —c.—d,e),p(a, b,—c,—d,—e),...

e We can compute the probability of events by:

p(a)= Y  p(a.B.C.D.E)
B.C.D,E
p(a,d,—e)  >.gcp(a B, C,d e

p(d.—e) >_ag.cP(A B, C.d —e)
e There are exponentially many terms in the summations...

plald.—e) =



The naive Bayesian approach

p(a, b) = p(a) p(b)

e Application: Emall spanning




Bayesian Networks :
e An arbitrary joint distribution p(a, b, ¢) over
three variables a, b, and c 0
o the product rule of probability: b

p(a, b, c) =p(c|a, b)p(a b)
=p(c|a b)p(b|a)p(@)

e General case: p(Xy, X, ..., Xk)

plry,...,2x) =plrk|re, ..., rK—1)-..plxalxy)p(xy)



Not fully connected graph :

e Joint distribution: p(X;, X,, ..., X7)

plx)p(xe)p(xs)p(axy|xy, xo, x3)p(xs|xy, 23)p(xe|cs)p(r7|24, X5)




General form e

e For a graph with K nodes, the joint distribution is
given by:

K
p(x) = | | p(akpay,)
k=1

e Where pa, denotes the set of parents of x,, and
X=Xy -+ X}



Definitions

e A set of variables associated with nodes of a Directed Acyclic
Graph (DAG).

Markov condition (w.r.t. the DAG): each variable is independent of its
non-descendants given its parents.
For each variable (node), local probability distributions:

P(A), P(B|A=a), P(B|A=a), P(C|A=a), P(C|A=~a), P(D|b, c), P(D|~b, c), P(D]~b,c);
P(D|~b,~c), P(E|c), P(E|~c),

All these values are precise.



Regression revisit:
Polynomial Curve Fitting :

0

t(x,w)=wy +w,h (x)+w,h,

_p Hp (tn W

~(H'H) 'H"t

Normal equation

N
hy (X) = > w;h; (x)
j=0



Example:
Polynomial regression

N
t(x,w) =wy +wh (x)+w,h, (x)+...+ w hy(x)= ijhj(x)

) = p(wW prw
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t(x,w) =wy +wh (x)+w,h, (x)+...+ w hy(x)= Z thj(x)
j=0

| N the noise variance 02, and
p(t, w|X, a, ;172_} = p(wW|a) H p(tn|w, x,, 52} the hyperparameter a
representing the precision of

n=1 the Gaussian prior over w



Linear-Gaussian models

e Consider an arbitrary DAG over D variables in which
node I represents a single continuous random variable x;
having a Gaussian distribution

e The mean of this distribution is taken to be a linear
combination of the states of its parent nodes pa; of node |

E-}(if*é.“-}ﬂ'-i) — \F (13‘3 Z wj; j I j -+ 1’.'1'3' . E‘;)

j':_—p&z'




Linear-Gaussian models s

p(xi|lpa;) =N (;.r:l Z w;iT; + b;. Ul)

JE€pa;

D
np(x) = Z In p(z;|pa;)
i=1

2
€r; — E wijrj — by |+ const
JEpa;

D
i=1

1
2'1,-‘1'



Linear-Gaussian models s

plailpay) = N | x| Y wigay + bi, vy

JE€pa;

r; — Z Wij L + bt + \/?Ifg E[;’Ei] = Z 'H.TijE[iI-'j] + bz

Jjepa; JjEpa;

c:oa-'[;r:.i. ;r_'-j] = E [(Ii — E[I’i])(iﬁj - E[i’j])]

p— '\ —

— E [(z:i —E[z]) Y wik(er — Elz]) + u5¢5 0

kepa; J

— Z WjECOV [z, k] + Lijv;

kepa;



Linear-Gaussian models s
Z Wij T +5i-1'5)

JjEpa;

e Case 1. nolinksinthe graph  p(zi(pa,) =N (1
e The joint distribution:

2D parameters and represents
D independent univariate Gaussian distributions.

e Case 2: fully connected graph
o D(D-1)/2+D independent parameters

e Case 3: O‘rl .OU O

T
= (b1, bo + wa1by, by + w3sbs + waswa1by)

5] Wa11q W3aWa1 V1
i ] ER 3 i \2 79 ¢ 1 9 # 12 R
2 = Waq Uy Vg + w3 Vy waa(vg + w3 v1)

¥ F41 A a1 1 _12_‘ . _!2 o _1'2.‘
W3 vy Wi (Ve + w3 v1) V3 + w3y (ve + w3 vy)




Conditional independence :

e Three random variables: a, b and c

e a s conditionally independent of b given c iff
e P(a|b,c)=P(alc) aiL b|C

e This can be re-written in following way

e P(a,b|lc)=P(a|b,c)P(b]|c)
=P(ajc)P(bfc)
The joint distribution of a and b factorizes into the product of the

marginal distribution of a and ~b.



Simple example (1) O/O\O i
a b

e Joint distribution:
e P(a,b,c)=P(alc)P(b|c)P(c)

e Condition on c:
e P(a,b|c)=P(a,b,c)/ P(c)=P(alc)P(b]|c)
o => ad bjc
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Simple example (2) :
a b

e Joint distribution:
o P(a,b,c)=P(a)P(cla)P(bjc) |ad b]c

e Factorization:
P(a,b)=> P(a,b,c)=P(a)d P(cla)P(b]|c)

= P(a)P(b|a)
e Condition on c:

P(a,b,c) [P(a)P(c|a)
JORRIIO
= P(ajc)P(bfc)

P(a,b|c) =

P(b]c)

——> Bayesian Theorem



Simple example (3)

a b
e Joint distribution:

o P(a, b,c):P(a)P(b)P(C|a’b)J_a/b/ﬁ/

e Factorization:
P(a,b)=> P(a,b,c)=P(a)P(b)) P(cl|a,b)

= P(a)P(b)

e Condition on c:

P(a,b,c) P(@)P(b)P(c|a,b)
P(c) P(c)

= P(a|c)P(b|c)

P(a,b|c) =




Conditional independence

C
e Tall-to-Tall: yes

e Head-to-Talil: yes

e Head-to-Head: no




Markov condition

e We say that node y is a descendant of node x if there is a path from

X to y in which each step of the path follows the directions of the
arrows.

e |f each variable is independent of its non-descendants given its
parents, then:

B1L(C.E)A.
D_LL(A, E)|(B,C),
E1L(A, B.D)|C.



D-separation

e All possible paths from any node in A to any node in B. Any
such path is said to be blocked if it includes a node such
that either

the arrows on the path meet either head-to-tail or tail-to-tail
at the node, and the node is in the set C, or

the arrows meet head-to-head at the node, and neither the
node, nor any of its descendants, is in the set C

e If all paths are blocked, then A is said to be d-separated from
B by C.



D-separation :

® allb]|f

e In graph (a), the path from a to b is not blocked
Dy node c

e In graph (b), the path from a to b is blocked by
node fand e




D-separation :

e A particular directed graph represents a specific

decomposition of a joint probability distribution into a
product of conditional probabilities

e A directed graph is a filter




Markov blanket :

e Joint distribution p(x,, . . ., Xp) represented by a directed

graph having D nodes
P(Xi|X(jziy) = -
/p(xl- S :XD) dxi
HP(XMP%)

k
/ I [ p(xelpay) dx;
k

e The set of nodes comprising the parents, the children

and the co-parents is called the Markov blanket



Markov Random Fields °

e Also known as a Markov network or an
undirected graphical model

e Conditional independence properties:

Conditional dependence exists if
there exists a path that connects
any node in A to any node in B.

If there are no such paths, then
the conditional independence
property must hold. Nt

- -y
- - -




Clique

e A subset of the nodes in a graph such that there exists a link
between all pairs of nodes in the subset

In other words, the set of nodes in a clique is fully connected

Maximal clique ...

A four-node undirected graph showing a cligue (outlined in green)

and a maximal clique (outlined in blue)



Potential function

e X :the set of variables in that clique C

e The joint distribution is written as a product of potential functions W-(Xc)

over the maximal cliques of the graph

1
p(x) = - H't.ff’c(xc)
=

e The quantity Z, called the partition function, is a normalization constant

7 =Y ] vetxe
x C

e Potential functions w-(Xc) are strictly positive. Possible choice

ve(xc) = exp{—E(xc)}



Image de-noising




Relation to directed graphs :

1 T2 TN_1 TN
@ (O O)— - ore
1 L2 LN IN-1

e Joint distribution:
e Directed:

e Undirected:
1 | lI i
p(x) = ?15"1,2(1?1: T9)Ua (T2, 23) - UN_1,N(ZN_1,ZN)



Relation to directed graphs :

. o I N_1 N
T T9 LN N1
Ura(rr,ee) = play)p(ralar)
V23(72,73) = plas|aa)

Un_anN(@ZN_1.2N) = plen|ry_1)



Relation to directed graphs :

I s Iy I3

Io

Irq

(@)

p(x) = p(x1)p(xe)p(xs)p(24|21, 29, 73)

e this process of ‘marrying the parents’ has become known
as moralization, and the resulting undirected graph, after
dropping the arrows, is called the moral graph.



Inference in Graphical Models

(a) (b) (c)

plx,y) = p(x)p(y|x)

p(rly) =

plylx)p(x)

p(y)



Inference on a chain e

T T LIN_-1 LN
s} Iro TN IN_-1

1 | ,.
p(x) = Eﬁ'ﬂl,z(ﬂ:h ro)to 3(x9, 23) - Un_1 N(TN_1,TN)

plan) =2 2 2 2 b

—1ITn41



Inference on a chain e

T T LIN_-1 LN
s} Iro TN IN_-1
1

plan) = VA

{Z Vn—1n(Tn_1,00) - [Z V23(wa, 73) [Z L?1:2(1’1-11“-2)” }
fa(Tn)

{Z Unnt1(Tn, Tngr) - - [Z UN_1 N (N1, iI’N)] - } : (8.52)
Tn41 TN

'

pp(an)



Inference on a chain e

Passing of local messages around on the graph

1
p(in\‘ - ?
{Z Un—1n(Tn_1,2n) - {Z V2,3(22, x3) [Z U12(21, il“-z)” a }
fta(Tn)
[Z 'blll"n_._n—l—l ('-Tnn ir'n—H) T [Z 'Ir":’f\-’—l,f\-’(ﬂ?f\-"—b IN)] t -‘ . (852)
[$n+l Iy J
15(Tn)

1
p(rﬂ) — ?;u'f:r (Tp )ru',-'ﬂ (In)



Inference on a chain e

Passing of local messages around on the graph

,-ua:(ir-n—lj ,-uaf(irn) .-u;':?(?rn) ﬁilﬁ(In—Fl)
Iy In-1 I'n Inil LN
fo(Tn) = Z Un—1n(Tn_1,7n) Z
Ty—1 _3371—2 ]
1 ,.
plx,) = ?;fﬂ(:rn);fﬁ(mn) = Z Un—1,n(Tn—1,Tn)fa(Tn_1).
Tn—1

() = 3 ol 22
i |



Inference on a chain e

Passing of local messages around on the graph

ﬁﬁ(fn) — EE::¢H+1m($ﬂ+lf$ﬂ) ZE:"'

Tn4+1 Tn42

}ﬂi?ﬁzzzzfﬂa(fn)ﬂﬁ(xn) = EE:’¢n+1m($n+1,In)ﬁﬁ($n+1y

Tn4+1



Inference on a chain e

Passing of local messages around on the graph

#af(irn—lj Ha(Tn) ;u;'_"f(?r?l) ﬁ£|8(17n+1)

1

E,U-a (irn—l J'?ﬁjn—l:n (11”-”_1 s Lp ),-"-f-,-'ﬂ (#Tn)

p(Zn—1,2n) =



Tree °

(@) (b) (c)



Factor graph

e the joint distribution over a set of variables In
the form of a product of factors

Hi‘ Xs)

e Where x, denotes a subset of the variables



Factor graph :

P(X) = fa(21,22) fo(21, ft?z)fc(fifza fl?s)fd(ﬂfg)

fa o fe fd



Factor graph

e an undirected graph => a factor graph
create variable nodes corresponding to the
nodes in the original undirected graph

create additional factor nodes corresponding to
the maximal cliques x.

Multiple choices of f;



Factor graph :

I7 X9 T €Ir9 T Iro

Jo
3 r3 s

(@) (b) (c)

@ An undirected graph with a single cligue potential w(x1, x2, x3).
(o) A factor graph with factor f(x1, x2, x3) = w(x1, x2, x3)
representing the same distribution as the undirected graph.

) A different factor graph representing the same distribution,

whose factors satisfy fa(x1, x2, x3)fb(x1, x2) = y(x1, x2, x3).



The sum-product algorithm :

e The problem of finding the marginal p(x) for
particular variable node x

p(x) = ZP(X) p(xX) = H Fy(x, Xy)

x\x scne(x)

[f.—z(T)
_b :
s T .

Fy(z, X,)




The sum-product algorithm :

e The problem of finding the marginal p(x) for
particular variable node x

plr) = H ZFS(:E.XS)
sene(z) L Xs
— H xu'fh—*r(l)
sene(x)




The sum-product algorithm :

e The problem of finding the marginal p(x) for
particular variable node x

> Filz, X

s, —a(2)




The sum-product algorithm :

e The problem of finding the marginal p(x) for
particular variable node x

Fo(r, Xs) = fs(z.21,. ..o 2m)Gr (21, Xa1) ... Gy (2, Xomr)

> Filz, X

T




The sum-product algorithm :

e The problem of finding the marginal p(x) for
particular variable node x

ff,—a(x) = Z > felwan,oan) ] [Z Gm(i‘m-X.st]

TM mene(f)\z LXzm
- Z Z fq 1 L1, :Eﬂ'lf) H ru'.'rm—hfg(ll?m) (8()6)
za mene(fo)\z




Junction tree algorithm

e deal with graphs having loops

e Algorithm:
directed graph => undirected graph (moralization)
The graph is triangulated
join tree
Junction tree

a two-stage message passing algorithm,
essentially equivalent to the sum-product
algorithm



Graph inference example :

e Computer-Generated Residential Building
Layouts [SIG ASIA 2010]







