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In the last lesson

Data driven decomposition:
Data driven curve fitting

Singular value decomposition (the power of
orthogonal basis)

A sort of spectral analysis

PCA and its related techniques are very
useful



In the last lesson

Mathematical concepts and techniques
Least squares (LSQ)
Curve fitting
Norm ( ) and inner product (& )
Singular value decomposition
Eigen vectors and eigen-values

Low rank matrix approximation and
decomposition



Todayos Tal k

Pre-processing: Distance / metric learning
ISO-map
LLE

. What is similarity? How to Clustering

Spectral based

E-M based
MOG and K-means

Mean shift



Clustering °

Given set of data points, group them, find the
overall structure

Unsupervised learning

Learn the similarity. Which patient are similar?
(or customers, faces,

¥
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Distance

Given n-dimensional vector X, y

Euclidian (L? distance)
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Distance, Norm and oo
Inner product
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Dimensional aware distances |:

. Along dimension j:

R, :maxxj —rniin>|<’j
_ 1" a 1 " _ 5
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~ Normalized data:
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Xi|,j = Xi| =



M-distance

. Consider the dependency of different
dimensions

dist(x,y;M)=(xx y)'M " y)

M is the covariance matrix of data
_ Transform invariance



Data whitening :
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More complex method for
distance computing

PCA eé

., Structure aware

Main idea:
Find a suitable mapping
Compute distance in mapped space

Available technigues

MDS + global geodesic distance: ISO-MAP

Local distance approximation: LLE
é




Classical HE

Multi-dimensional Scaling :

. MDS:

~ Main idea:
~ Compute (match) distance between samples
- Use SVD to find similarity



Isomap: (Science 2001) T
Isometric feature mapping T

Preserve the intrinsic geometry of the data.

Use the geodesic distances on manifold between
all pairs.

Three steps algorithm




Isomap: 1

Construct Neighborhood Graph :

Determine which points are neighbors, based on the
distances d(i,)) .

A K nearest neighbors P

Create a graph G, with edgéETaeiweén rieighbdrs
and distance weights.



Isomap:
Compute Shortest Paths 2

Estimate the geodesic distances.
Compute all-pairs shortest paths in G.
Can be done usingonNunpyd©Os

d. (i, J) =d(, J) neighboring i, j

d.(i,]) =m0 othewise

_ Graph Distance

* Manifold Distance

fork =1,2,..., N
ds (@, J) =min{ d; (i, ), d;(i,k) +d;(k, ])}



Isomap:

Construct d-dimensional Embedding

Classical with ds(1,)),
minimize the cost function:

E =|¢(Dg)- £(D,)

L2
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Isomap:
Classical Vulti-dimensional
X 'X _EJE jJ  E:Euclidian distance matrix
B i JMJ  M: Manifold distance matrix
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Eigen-structure analysis again



Isomap:
Classical Vulti-cdimensional Scaling (2D)
J = eye(n)—ones(n)./n;
B = —05+«J+M=xJ:
% Find largest eigenvalues+their eigenvectors:
Q.L] = eigs(B,2,’LM);
Y% Extract the coordinates:
newy = sqrt(L(1,1)).*Q(:1);
newx = sqrt(L(2,2)).*Q(:,2);




Isomap: application
texture mapping

o

V

(a) (b)

Fig. 3. An example of a face flattening. (a) A 3D reconstruction of
a face. (b) The flattened texture image of the face.




Isomap

Examples
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Isomap
More Results

Input: 698
images of 64x64

K=7, d=2

Two-dimensional Isomap embedding (with neighborhood graph).
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More Results

5

Isomap:

Same inputs, but this time with d=3

698images 0164x64 K=7
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Locally Linear Embedding e
(LLE)

Recovers global nonlinear structure from locally

linear fits.
Each data point and 1 to0s
lie on or close to a locally linear patch.
Each data poi nt 1 S constr
A d
>E AW, X,
d | d

W. =0 If X, Is not a neighbor of X.

J



LLE T main idea
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Reconstruct with

linear weights

% (1) select neighbors




LLE: oo
Getting the Reconstruction Weights

We want to minimize 2

LldoL, d
the error function: eWw)=a |X;- aW, X,
i J
With the constrains: Wij =0 i >(<jj is not a neighbor of >((ji
aw, =1

]

Solution (using Lagrange multipliers):
L, 0d
W =3 C. (XA, +/)



LLE: salc.

Find Embedded Coordinates oo

Choose d-dimensional
coordinates, Y, to minimize: 7(v) =3

d d
Y, - a

Under: 3 v =0, 23 YY' =1
FOY)=3a M, (YY)
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M =(l-W) ( -

Solution: compute bottom d+1 eigenvectors of M.
(discard the last one)



LLE:
Summary

Input: N data items

In D dimension (X).

Output: d <D
dimensional
embedding
coordinates (YY) for
the input points.

% (1) select neighbors
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Reconstruct with
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________

©  Map to embedded coordinates



LLE: 43
Algorithm Pseudocode ()

Find neighbors in X space

For i=1:N
compute the distance from Xi to every other point Xj
find the K smallest distances

assign the corresponding points to be neighbors of Xi
end

http://www.cs.toronto.edu/~roweis/lle/algorithm.html



LLE: 43
Algorithm Pseudocode (ll)

Solve for reconstruction weights W.
for I=1:N
create matrix Z consisting of all neighbors of Xi
subtract Xi from every column of Z
compute the local covariance C=Z2"*Z
solve linear system C*w = 1 for w
set Wij=0 if | is not a neighbor of |
set the remaining elements in the ith row of W equal to
w/sum(w);

end



LLE: 43
Algorithm Pseudocode (lll)

Compute embedding coordinates Y using weights W.
create sparse matrix M = (I-W)"*(1-W)

find bottom d+1 eigenvectors of M (corresponding to
the d+1 smallest eigenvalues)

set the g-th ROW of Y to be the g+1 smallest
eigenvector (discard the bottom eigenvector [1,1,1,1...]
with eigenvalue zero)



LLE: 43
Example

. N=8588 (RGB) images

of lips of size 108x84.
D=27216

. Num of neighbors K=16

I NI III3 33535 35550 WIHDD



Clustering




Spectral clustering :

e [he spectral clustering method we define relies on a random
walk representation over the points. We construct this in
three steps
1. a nearest neighbor graph

2. similarity weights on the edges: .

Wij = exp{—3|x; — x|}

where WW,;; = 1 and the weight is
zero for non-edges.

3. transition probability matrix of

Py = Wi/ Y Wi 2
j/




Properties of the random walk |

e |f we start from 17, the distribution of points 7; that we end
up in after ¢ steps is given by

I;[Tz - 4
i1~ Py, Pij = W, . where W, =) W
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where P* = PP ... P (t matrix products) and [-];; denotes
the 7,7 component of the matrix.




Random walk and clustering :




