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2 FH— 5 _
C(po) =[x(Py), Y(Py)]

o IENIHIZE: WK C'(p)=[x'(p).y'(p)]=0
Bl A [ A
C(t) =[cos(t),sin(t)], t In [0,27]
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o Jli

L(po, P) = jpf[(x'(p))2 +(y'(p))’T"*dp
o XK ZEN
(C'(p).C'(p))=1

(C'(p),C"(p))=0
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What 1s Snake?

Active contour model;
parametric model

Result from Kass,Witkin,and
Terzopoulos,1987

Energy minimizing formulation

Depends on its shape and
location within image
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Traditional Snake model

0 Snake Model (1987) [Kass-Witkin-Terzopoulos]

* Planar parameterized curve C:R-->RxR
* A cost function defined along that curve

DE L‘INFORMATION ET SYSTEMES

1 1 1
E(C)p)] = a j Eit(C(p))dp + B j Eing(C0))dp + 7 f Eeon(C(p))dp

 The internal term stands for regularity/smoothness along the curve
and has two components (resisting to stretching and bending)

* The image term guides the active contour fowards the desired image
properties (strong gradients)

e The external term can be used to account for user-defined
constraints, or prior knowledge on the structure to be recovered

* The lowest potential of such a cost function refers to an equilibrium
of these terms
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Active Contour Components

a The internal term...

2 2

9%C
+ wsﬁffneaa(c(p))

Eint(C(0)) = wiension(C(p) %@) S

 The first order derivative makes the snake behave as a membrane
 The second order derivative makes the snake act like a thin plate

0 The image term...
Eimy(c(p)) = wiineEEmE(c(p)) + wedgeEedyE(C@)) + wfermEferm(c(P))

* Can guide the snake to
+ Iso-phote Eyine(C(p)) = I(C(p)) . edges Peage(C(p)) = [VI(C(p))|’

e and terminations

0 Numerous Provisions...: balloon models, region-snakes, etc...
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DE L‘INFORMATION ET SYSTEMES
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Optimizing Active Contours
0 Taking the Euler-Lagrange equations:

20 NC ,
v (u!te”f‘i“”é}.—pﬂ[pJ - u'!Sfiff”E“a.—pi(pJ> o ‘-IVEWIQEC(p) =0

0 That are used to update the position of an initial curve towards
the desired image properties

* Initial the curve, using a certain number of control points as well as a
set of basic functions,

 Update the positions of the control points by solving the above
equation

* Re-parameterize the evolving contour, and continue the process until
convergence of the process...



Problem of traditional snake

e Capture range
e Poor convergence
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Fig. 1. {a) Convergence of a snake using (b) traditional potential forces, and (¢) shown close-up within the boundary concavity.



balloons

External force

1993

e L.D.Cohen and I.Cohen
e Push the curve outward
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(a) Convergence of a snake using (b) distance potential forces, and () shown close-up within the boundar

v oconcavity.
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Level Set —/KF4

e Level set P& %€ X
R RE o(X1) FoR

X=(X,X,,...X )€ R"

Wlevel set JrfE T(t) 47 FiHER, J

RN N

o(X,1) <0 for xeQ
p(Xx,1) >0 for xgQ
p(X,1)=0 for xeoQ=T(t)

—A e R TR,
FERAE S [R] BRIy o(x,t) =0 ,

REEY L




Ecole nationale des ponts et c

>
l fols
L

The Level Set Method

0 Let us consider in the most general case the following form of

curve propagation: Clp.t) = PN

0 Addressing the problem in a higher dimension...

DE L‘INFORMATION ET SYSTEMES

0 The level set method represents the curve in the form of an
implicit surface:
oz, y,t) : R? % [0,T) - R
0 That is derived from the
initial contour according

to the following condition: ~ A >o

D <o
C(p,0) ={(x,y) : ¢(x,y,0) = 0}

{zle(z, t) = 0}
defines I'(%).
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The Level Set Method

a Construction of the implicit function

C(p* 0) = {('I:y) : t,a(s':?-y,[)) = 0}
Clp,t) ={(x,y) : pla,y,1) = 0}, C(t) = ~(0)

DE L‘INFORMATION ET SYSTEMES

0 And taking the derivative with respect to time (using the chain
rule)

o 9C 0 %
oc ot o

FN ol

p(C(t)., 1) =0 =
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What is Level Set

- Z= ‘I’(K,Y,t)

:

G

‘DEJ » Adding an extra dimension to the problem

5

: Level Set Function - The level set function:
F- z=0 (x.y.t=0) A

| o

o

Contour at time t:
0 = @(x,y,t)

The level set PDE:
O, + F[Vd| =0
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e Upwind Z 7%
e Hamilton-Jacobi ENO
e Hamilton-Jacobi WENO

e TVD Runge-Kutta




Upwind 43k
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Hamilton-Jacobi ENO A& :

e ENO: Essentially Nonoscillatory (4Nuish, R0

o HAEM. FRENBHEZTRMN @ RETR
R o . FHI ENOZ VAT LAERE MG 1T o BY
%A(D; o D-O :(0

2\ Di0+ P — DiOCD
o ENHT Di1+1/2§0: . Ax

Di1+1/2§0 — Di1—1/2§”
2AX

DiZCD =




Hamilton-Jacobi WENO ¥

e WENO: Weighted ENO

o MitH (@), =B FEEIIHI ENOSE R Z A
:‘k‘é 93P 2Pty P Pty Prn} EI/(:ME’ ;H\:ﬁ‘BﬁI]HJ ENO
it e k. & X

Vi=D¢, W =Fh 11y
v,=D"¢, o = Vv, 1V, s 11v,
D "3 6 6
;=L g ¢2__V2+5V3+V4
V, =D ¢, X y 3 5V6 y 3
_ 3 _
=0, ISR



Hamilton-Jacobi WENO ¥

e HJ ENOJj A H E@?@%}ALEB/MEHHJ@&
— AN EJGHE B2 TAGE T .

0 %ﬁk%ﬁLﬁHﬂWOﬁ&Tu%
%GAEV?MW%KT I

o WENOIJEZLR] BLE KX

AL 2 3
P = WPy + Wy + Wapy w, =0.1,w, =0.6,w, =0.3
w+w, +wW, =1 0<w <1
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TVD Runge-Kutta A&

o HIHIFZERIFIHI ENO H1 HJ WENOTW] LLIA 2|5
Bk R, [mETEuler&y: (Upwind& k) Hie
IERILHT S

o FHTVD RKJ5 %] LAk 2 55 = f BFE &

e TVD: total variation diminishing
o —[ITVD RKHLE Ml HIEuUler &z .
o MITVD RKH I RKEEFILL,




TVD Runge-Kutta A&
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ATLANTIS

Results are courtesy: R. Deriche
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DE L‘INFORMATION ET SYSTEMES

Ecole nationale des ponts et ha

Handling the Distance Function

0 The distance function has to be frequently re-initialized...

« Extraction of the curve position & re-initialization:

* Using the marching cubes one can recover the current position of the curve,
set it to zero and then re-initialize the implicit function: the Borgefors
approach, the Fast Marching method, explicit estimation of the distance for
all image pixels...

* Preserving the curve position and refinement of the existing function

(Susman-smereka-osher:94)

d oy o
E@'m — sgh (Qm) (1 |v(-"‘>m U
e Modification on the level set flow such that the distance transform

property is preserved (gomes-faugeras:00)

» Extend the speed of the zero level set to all iso-photes, rather complicated
approach with limited added value?



Ecole nationale des ponts et Q{'}a;
From theory to Practice (Fast Marching)
[Tsitsiklis:93,Sethian:95]

0 Central idea: “move” the curve one pixel in a progressive manner
according to the speed function while preserving the nature of
the implicit function

0 Consider the stationary equation r |vr|=1-

DE L‘INFORMATION ET SYSTEMES

0 Such an equation can be recovered for all [%&¢ = FA|flows where
the speed function has one sign (either positive or negative),
propagation takes place at one direction

a If T(x,y) is the time when the implicit function reaches (x,y):

T(Cp,t) 2t = VI-C =1
VT
T (Fa) =1
> v (Feg)
= F |[VT|=1
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DE L‘INFORMATION ET SYSTEMES

Ecole nationale des ponts et

Fast Marching (continued)

0 Consider the stationary equation F |[vT|=1- inits discrete form:

1

R

2 2 2 2
— max (D"’ T,-:J) + min (D"‘“" -T,u) + max (D'%’ T,(]) + min (D'“" T,U)
{i.4}

{i,j} {f'!j} {"irj} {'hJ}

0 And using the assumption 000
that the surface propaga-
tes in one direction, the so-
lution can be obtained by
outwards propagation from

the smallest T value...

0060

00@
oOpoco

©

Zoom Window

QO Alive

@ Active

0006600038600 00
9006406006000 60
0000000000000 00

0660000

C FarAway

* active pixels, the curve has already reached them
» alive pixels, the curve could reach them at the next stage
* far away pixels, the curve cannot reach them at this stage
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Fast Marching (continued)
0 INITIAL STEP
* Initialize [T = 0] for the all pixels of the front (active), their first

order neighbors alive and the rest far away
* For the first order neighbors,

DE L‘INFORMATION ET SYSTEMES

estimate the arrival time according to: [T{z‘,j} = ﬁ]
» While for the rest the crossing time is set to infinity [Ty ;1 = o]

0 PROPAGATION STEP
* Select the pixel with the lowest arrival time from the alive ones

* Change his label from alive to active and for his first order neighbors:

* If they are alive, update their T value according to

2 2 2 2
— - = . —_ - +
= max (D", T,0)" +min (D}, 7,0) +max (D%T,0) +min (D{,T.0)

™2
Fiin

« If they are far away, estimate the arrival time according to: [T{i’j} = ﬁ]
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Fast Marching

DE L‘INFORMATION ET SYSTEMES

Update “downwind” Compute new possible

(i.e., unvisited neighbors) values
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Fast Marching

DE L‘INFORMATION ET SYSTEMES

Expand point on the fringe Update neighbors
with minimum value “downwind”
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Fast Marching

DE L‘INFORMATION ET SYSTEMES

Expand point on the fringe Update neighbors
with minimum value “downwind”

()]
2|
©)
0]
|
9]
Z
a0
(®]
[1]
~
Z
1]
w
a5
0]
x
o
L
(O)
o
x
1]
]
-
i1}
=
Z
o
=
&
Z
O
[l
5!
]
i1}
14
=
Z
o
O




Ecole nationale des ponts et ha

Fast Marching Pros/Cons

0 Fast approach for a level set
implementation

a Very efficient technique for re-setting
the embedding function to be distance
transform

DE L‘INFORMATION ET SYSTEMES

0 Single directional flows, great importance
on initial placement of the contours

0 Absence of curvature related terms or
terms that depend on the geometric
properties of the curve...

0 Results are courtesy: J. Sethian, R. Malladi,
T. Deschamps, L. Cohen
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DE L‘INFORMATION ET SYSTEMES

Ecole nationale des ponts et cha

1dL
S

Fast Marching + Level Set

for Shape Recovery

First use the Fast Marching algorithm to obtain "rough”
contour

VTF=1, F= e“Votv)

Then use the Level Set algorithm to fine tune, using a few
iterations, the results from Fast Marching

%Tw,(l—g K)V®|-BVP-VO =0
o 1
" 14|VG, * 1(x,y)

P(x,y)=—VG, *1(x,y)



Results: Segmentation using Fast Marching

DE L‘INFORMATION ET SYSTEMES
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No level set tuning




hout level set tuning With level set tuning
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Ecole nationale des ponts et chat

Results: Vein Segmentation (continued)

ET SYSTEMES

Original Fast Marching + Level Set only
Level Set Tuning



CENTRE D‘EEIGNEMENT ET DE RECHERCHE EN TECHNOLOGIES
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1‘y 1or.
K \\(’1 ,-‘_v

Results: Brain Image Segmentation

# of iterations = 9000

# of iterations = 12000
Fast marching only, no level set tuning
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What Is Image segmentation?

Definition: Separate the original image into regions that are
meaningful for a specific task. ( shape recovery)



http://iacl.ece.jhu.edu/projects/gvf/heart.html

Image Segmentation

Thresholding

Region grow

e Region based

Region splitting and merging

classification

Border tracing
Graph searching

e Edge based
Dynamic programming (DP)
Hough transforms

Snake

e Deformable models

Level Set



Why deformable models in image
segmentation?

used a very simple form
a set of control points
moving control points

form closed loops
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e Mumford-Shaht=%!

E(u,C) = aﬂQ\Vu\szJr,Bﬁ

O\C

(U—1)2dA+ y§cds

« Aterm which controls the quality of the approximation of | by u
« C are contours

Reference:
An introduction to the Mumford—Shah segmentation model
Jean Petitot
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Fig. 2. Outward flow fom inside.

Fig 3. Bidwectional flow.




Mumford-Shah E1{& 4%

:
Y '\
| A S

® ;QQ\/T_ZQE%E% : ’ﬁ;“;

y ..\
.‘c I, N
6.
23
-
[

(c)

(a)

(d)

Fiz. 7. Segmentation and smoothing of a color mage with s1x distinet foreground regions.

(a) (b) (c)

(a) (b) (c)

(d)

(d)

(e)

(e)



Mumford-Shah E{%4r&
o N4




Level-set 524k

l>H

7 AR AP




ETRRNEZERDE s

o TSR MG o B4 — L S B0 AR Y 1] DA
AR B FE P, 52 s i .

o Hllevel set)7 7575 & 1) BMGRHIE 2K B 4347 (BB
%ui&)f’ I, 2 RERGE R&E TR R). ..

o NINSEIAE BT
FEAYI 2R FH BE 2 3) --

Figure 2. Corpus callosum outlines for 6 out of 51
patients in the training set embedded as the zero level
set of a higher dimensional signed distance surface.




E TR EZEG T E 2
o FEAYINZ:: Bkt B B BB R In N FEA N

= {uy,us, . _un}
NJ~F35 3R [ A] LAZR 7~ N
po= g2 i
0 93‘):7uhkl“ﬁﬁéziiﬁ
13 B 0t BT VAR R
Nk BRI,
5% Jo 19 2] — X AR T
Gauss 7 Al Kk 1\

Figure 3. The three primary modes of variance of the
corpus callosum training dataset.
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Figure 4. Top: Three-dimensional models of seven thoracic vertebrae (T3-T9) used as training data. Bottom left
and right: Extracted zero level set of first and second largest mode of variation respectively.
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Figure 8. lllustration of the various terms in the evolu-
tion of the surface, u. The surface u, is the maximum
a posteriori final shape. To update u, we combine the
standard gradient and curvature update term, v, and
the direction of the MAP final shape, " — .
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u(t +1) = u(t) + A1 (g(c+ &) |[Vu(t)| + Vu(t) - Vg)
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u(t +1) = u(t) + Ao (uW'(t) — u(t))
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Figure 9. Several time steps in the curve evolution process of segmenting two rhombi. The training set for the
rhombus consisted of rhombi of various sizes and aspect ratios. The red curve is the zero level set of the evolving
surface. The green curve is the next step in the curve evolution. The yellow curve is the MAP estimate of the

position and shape of the final curve.

Figure 10. Initial, middle, and final steps in the evolution process of segmenting two slices of the femur. The
training set consisted of 18 slices of the same femur, leaving out the slice being segmented and its neighbors.
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Lﬁi at
Figure 11. Four steps in the segmentation of two different corpora callosa. The last image in each case shows the
finmal segmentatlon in red. The cyan contour is the standard evolution without the shape influence.

R
.

Figure 12. Early, middle, and final steps in the segmentation of the vertebra T7. Three orthogonal slices and the
3D reconstruction are shown for each step. The red contour is a slice through the evolving surface. The yellow
overlay is a slice through the inside of the MAP final surface.
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Figure 1: Propagation direction as the normal to the signed distance
to the boundary of the region to be inpainted.

Figure 2: Unsuccessful choice of the information propagation di-
rection. Left: detail of the original image_ region to be mpainted 1s
in white. Right: restoration.
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Figure 1. TV inpainting for the error concealment of a blurry

image.
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e Mumford-Shah inpainting

Image to be inpainted

Noisy image to be inpainted

Inpainting domain (or mask)

Inpainting output

Hello! We are Penguin
A and B. You guys
must think that so many
words have made a
large amount of image
information lost.
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disagree. We are

more optimistic. The
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Figure 2. Mumford-Shah inpainting for text removal.
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e Mumford-Shah-Euler inpainting
o W] LA AE PRFF IR A 9N

A noisy image to be inpainted. image model

Figure 3. Smooth inpainting by the Mumford-
Shah-Euler model.



E R Pk = AN

o TV fZtY

=

==

R — BB AR

inf{E{u] — / Vul + Al f — u||*}_
. Ja

Level set yEfLE

1

Vu
|Vl

)| - KK ), u(0,) = f(-).



E R Pk = AN

o iA\1u
(TI_H‘WE)




ER IR A E R — BB £
SO

x

e FHMumford-Shah#s R4 1)

o o o 2

o @ O | O

o o O 0|0
missing data pa— C

oo O | o

o & O )| O

o o o o




o TV FHIAUHA




Level-set 524k

AR B




S s B W R RVA N

o [nldll: fBuAHHLHI P
G B A RITEMG B DL B BN R

AR |

Z I ZHA CH, KFEE

JLAC— Mg il I AL — AR 7 U7 R I I K

L o S A I L 1

—HX N Gk E], mie LEE =R R

o FAZ ) U7V AT AAS I 43 - UL B AN B g il 7%




S s B W R RVA N

Q/\L

i

TR EM,

Tt

—a

B AR,

AT A3 XA A AR FEPRIA, |

P, = [RT —R”t]




ST A4 7 S &

o — /A HL Y UL B A Ay
o {EVEEs MR AT OB e B X, YL f (X y)]5k
N, ME— SEMEERBAEAN m(xy, f),m(xy, )
FE ELAS A 1) 7] — A A0 P P 2 0 2 e AR [
, B[ Il(ml): |2(m2)
o I FEAL, R SR AR 5 R

Ci(f) = f /(‘Tl (m1(z,y)) — Ia(ma(e,y)) dedy

o FHMN.HIEuler-Lagrange /7 F& N

{'L}I"Ill - ?I;: , i}mg

(I — I)(VI, - 57 5

) =0



ST A4 7 S &




ST A4S AR i

Fig. 4. Multicamera images of 3D objets. On the left hand side, two
imbricated synthetic toruses (24 images). On the right hand side,
real images: two heads stuck together {18 images)

Fig. 6. Recovering process for the two hemds

Fig. 7. Some views of the recoverad object.

Fig. 5. HRecovering process for the two toruses



ETEERBNBILANER

o AR JoH— AN KBIHILE il ik Eichl e
¥, X5 Hlevel set/;ia%lﬁl’]?iii@ T
BHCEL A, RIS 2 — 2 I N E 2 R AR 2

2
¢ 2 AN P B = R 2, B




=T ERBPEEL S EE "
o Level setiFfl HFE

A e vfp] Vo 'rfp]
L V|V - |[d—t | =|Ve| |Vd- +dV -
ot — IV [ Vol |~ ‘*”'[ Vo Vol

—— marching boundary
-- distance contour

& data point



T E 5 BR BRI REL R Y

o IHImAS R

/i=5[0

Jis500

T

==

Vis50

ey

Sl

=50

YisGD

iy

Vi=50




2T PE S B EEL R
o N4 R

\' 'l

\\\\\\\ /%/

”’,,/% §\§
/ /

7 //’//mu\\\\\\\\\\\

1

///’iiik \\\\

S D

T

==

Figure 4: initial data




T E 5 BR BRI REL R Y

EH

o L4,

/]

=

—




ETHEERENBELANER

o AI4,

INGTy

EH

N




Level-set SE4%

B8




g Vi

— Geodesic Active Region




BT i

— Geodesic Active Region :

o JHh 2 ZN A5 X 15 (Geodesic Active Region)
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