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What is Snake?

¸ Active contour model; 

parametric model

¸ Result from Kass,Witkin,and 

Terzopoulos,1987

¸ Energy minimizing formulation

¸ Depends on its shape and 

location within image
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s Traditional Snake model

ÇSnake Model (1987) [Kass -Witkin -Terzopoulos]

1 Planar parameterized curve C:R -- >RxR

1 A cost function defined along that curve

1 The internal term stands for regularity/smoothness along the curve 

and has two components (resisting to stretching and bending)

1 The image term guides the active contour towards the desired image 

properties (strong gradients)

1 The external term can be used to account for user -defined 

constraints, or prior knowledge on the structure to be recovered

1 The lowest potential of such a cost function refers to an equilibrium 

of these terms
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s Active Contour Components

ÇThe internal term é

1 The first order derivative makes the snake behave as a membrane

1 The second order derivative makes the snake act like a thin plate

ÇThe image term é

1 Can guide the snake to 

1 Iso -photes                                        ,   edges 

1 and terminations

ÇNumerous Provisionsé: balloon models, region -snakes, etcé
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s Optimizing Active Contours 

ÇTaking the Euler -Lagrange equations:

ÇThat are used to update the position of an initial curve towards 
the desired image properties

1 Initial the curve, using a certain number of control points as well as a 

set of basic functions, 

1 Update the positions of the control points by solving the above 

equation

1 Re-parameterize the evolving contour, and continue the process until 

convergence of the process é



Problem of traditional snake

¸ Capture range

¸ Poor convergence



External force---balloons

¸ L.D.Cohen and I.Cohen,1993

¸ Push the curve outward

¸ Problem: Poor convergence

(0<k1<k<1)



Level Set ?!?
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s The Level Set Method

ÇLet us consider in the most general case the following form of 
curve propagation:

ÇAddressing the problem in a higher dimension é

ÇThe level set method represents the curve in the form of an 
implicit surface:

ÇThat is derived from the
initial contour according
to the following condition:
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s The Level Set Method

ÇConstruction of the implicit function

ÇAnd taking the derivative with respect to time (using the chain 
rule)

ÇAnd we are DONEé

(1)
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Level set ṿ
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Level set ṿ
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Level set ṿ ̇CIR
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Level set ṿ

¸Upwind №

¸Hamilton-Jacobi ENO

¸Hamilton-Jacobi WENO

¸ TVD Runge-Kutta
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Hamilton-Jacobi ENO 

¸ ENO: Essentially NonoscillatorŷҌ ꜚ̆Ҍ ꜚ̃
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Hamilton-Jacobi ENO 
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Hamilton-Jacobi WENO 

¸ WENO:  Weighted ENO

¸ ̆҈ HJ ENO
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Hamilton-Jacobi WENO 
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TVD Runge-Kutta 

¸╠ ⌠ HJ ENO HJ WENO ץ ⌠5

̆ ╠Euler ̂Upwind ̃
⌠1 Ȃ

¸ TVD RK ץ ⌠

¸ TVD: total variation diminishing

¸ѿ TVD RK ╠Euler Ȃ

¸ԋ TVD RK ԋ RK ᵌȂ



TVD Runge-Kutta 
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TVD Runge-Kutta 
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Level set ṿ

¸ ѿ №ҹ3

¸ ENO,WENO upwind Ȃ

¸ Ҭ № ᵀ Ȃ

¸ TVD RK Ȃ
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From theory to Practice (Narrow Band) 
[Chop:93, Adalsteinsson - Sethian:95]

ÇCentral idea: we are interested on the motion of the zero - level 
set and not for the motion of each iso -phote of the surface

1 Extract the latest position

1 Define a band within a certain distance

1 Update the level set function 

1 Check new position with respect

the limits of the band

1 Update the position of the band 

regularly, and re -initialize the implicit function

ÇSignificant decrease on the computational complexity, in 
particular when implemented efficiently and can account for any 
type of motion flows
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s Narrow Band (the basic derivation)

Results are courtesy: R. Deriche
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s Handling the Distance Function 

ÇThe distance function has to be frequently re - initialized é

1 Extraction of the curve position & re -initialization:

1 Using the marching cubes one can recover the current position of the curve, 

set it to zero and then re -initialize the implicit function: the Borgefors 

approach, the Fast Marching method, explicit estimation of the distance for 

all image pixelsé

1 Preserving the curve position and refinement of the existing function 

(Susman-smereka-osher:94)

1 Modification on the level set flow such that the distance transform 

property is preserved (gomes-faugeras:00)

1 Extend the speed of the zero level set to all iso -photes, rather complicated 

approach with limited added value?
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From theory to Practice (Fast Marching)
[Tsitsiklis:93,S ethian:95]

ÇCentral idea: ñmoveòthe curve one pixel in a progressive manner 
according to the speed function while preserving the nature of 
the implicit function

ÇConsider the stationary equation

ÇSuch an equation can  be recovered for all                flows where 
the speed function has one sign (either positive or negative), 
propagation takes place at  one direction

Ç If T(x,y) is the time when the implicit function reaches (x,y):
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s Fast Marching (continued)

ÇConsider the stationary equation                   in its discrete form: 

Ç And using the assumption

that the surface propaga -

tes in one direction, the so -

lution can be obtained by

outwards propagation from

the smallest T value é

1 active pixels, the curve has already reached them

1 alive pixels, the curve could reach them at the next stage

1 far away pixels, the curve cannot reach them at this stage
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s Fast Marching (continued)

Ç INITIAL STEP

1 Initialize              for the all pixels of the front ( active ), their first 

order neighbors alive and the rest far away

1 For the first order neighbors, 

estimate the arrival time according to: 

1 While for the rest the crossing time is set to infinity

Ç PROPAGATION STEP

1 Select the pixel with the lowest arrival time from the alive ones

1 Change his label from alive to active and for his first order neighbors:

1 If they are alive, update their T value according to 

1 If they are far away, estimate the arrival time according to: 
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Ç Fast approach for a level set 

implementation 

Ç Very efficient technique for re -setting 

the embedding function to be distance 

transform 

Ç Single directional flows, great importance 

on initial placement of the contours

Ç Absence of curvature related terms or 

terms that depend on the geometric 

properties of the curve é

Ç Results are courtesy: J. Sethian, R. Malladi, 

T. Deschamps, L. Cohen
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What is image segmentation?

Definition: Separate the original image into regions that are 

meaningful for a specific task. ( shape recovery)

http://iacl.ece.jhu.edu/projects/gvf/heart.html


Image Segmentation

¸Region based

¸ Edge based 

¸Deformable models

Thresholding

Region grow

Region splitting and merging

classification

Border tracing

Graph searching

Dynamic programming (DP)

Hough transforms

Snake

Level Set



Why deformable models in image 

segmentation?

¸ used a  very simple form

¸ a set of control points

¸ moving control points

¸ form closed loops



ԍFast Marching Ἕ№◓

¸



Mumford-Shah Ἕ№◓

¸Mumford-Shah
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Mumford-Shah Ἕ№◓

¸



Mumford-Shah Ἕ№◓

¸



Mumford-Shah Ἕ№◓

¸



Level-set 

Ἕ



ԍ Ἕ№◓

¸ ԍ Ἕ№◓ᶏ ѿ֓ᾢ ץ
῀⌠№◓ Ҭ, .

¸ level set Ἕ : № (

₱ ), ,ῃ Ḥ ( Ḥ )é

¸ⱴ῀ᾢ Ḥ :

(≠ )



ԍ Ἕ№◓

¸ : Ẋ ₱ nҩ ҹ

↕ ץ ҹ

¸ ץ ֓ Ḥ

Һ №№

ҹѿҩk(<n)ҩ ,

⌠ѿҩ

Gauss№



ԍ Ἕ№◓

¸ ӟ ⌠ Gauss№ ҹ



Ἕ№ ̇
ԍ Ἕ№◓

¸ᵀ ᵣ (shape) (pose)

¸ ̔Ŭ

¸ ̔p̂ѿ ̆ ȁ )

¸ ҹ ᵀ ( MAP) :

¸ Bayes ץ ⌠



Ἕ№ ̇
ԍ Ἕ№◓

¸ Ẋ ᵀ

¸ῤ :Ẋ ᵣῤ

¸ :Ẋ ṿ ᵀ Ἕu* Gauss№

¸ ᵀ :Ẋ №

¸ :╠



ԍ Ἕ№◓

¸ -- Ἕ - Ḥ ᾢ
Ḥ



ԍ Ἕ№◓

¸ Level Set

¸ ᾢ ( - Ḥ )

¸ Ẋ ┴t ╠ ᵀ ₮ԅѿҩ
№◓ u*, ↕ҹԅᶏ ᵀ ╠



ԍ Ἕ№◓

¸ ⌠ ҩ Ὲ ,ῒҬ └ᾢ
ᾢ ( - )ӊ



ԍ Ἕ№◓

¸



ԍ Ἕ№◓

¸



Level-set 

Ἕḱ



Ἕ ̇ Ἕ

¸ Ἕ (inpainting)

¸ Ẋ Ἕҹ

Ἕ ѿ ↓ Ἕ

ᶏ

¸ ҹ

ῒҬ ѿ֓ ↕ ӈ



Ἕ ̇ Ἕ

¸ ↕ ӈ̔

¸ Ẋ Ἕ ᾣ

¸ Ḡ

¸ é



Ἕ ̇ Ἕ

¸

¸


