Level Set (I1)

Hongxin Zhang, Wei Chen

2009-06-04
State Key Lab of CAD&CG
Zhejiang University




outline

o Level SetffjzA Tk

o Level SetfEE fif 1k

o Level Setl i 745 M A 2445

o PDE AR AR



Http://cermics.enpc.fr/~paragios/book/book.html

Nikos Paragios

http://cermics.enpc.fr/~paragios GBUmB[mB
Atlantis Research Group lBVBI Set

Mathods

Ecole Nationale des Ponts et Chaussees
Paris, France

Stanley Osher
http://math.ucla.edu/~sjo

Department of Mathematics
University of California, Los Angeles
USA




fH 25 75 40 ) EL VLA

o HJ%ETC(p) [a, b] in R>RZE X 17—~ i1 fh
A7 ZH, XE—"p,in [a, b], ?/MIJHQJEFH
z)%LEl@ﬂ#i

C(Py) =[X(Py), Y(P,)]

o IEMIHHZE: W& C'(p)=[X(p),y'(p)]=0
foil: H A [
C(t) =[cos(t),sin(t)], t In [0,27]




i 2% 3544 B EL U AR s
o HiLfbILL
C'(p) =[x (P), Y'(P)] =

o MK
o HNER 2R S B0 2 H H

SESZNHES RN S m WS PN GAILINIS



fH 25 75 40 ) EL VLA

o I

L(py, p2) = [P10¢ (P + (¥ ()Tl

o XINKZ2L

(C'(p),C'(p)) =1

(C'(p),C"(p)) =0




fH 25 75 40 ) EL VLA

w=|C"(p)

o IXTHRMRVIZ, NFRVEL, N
2

i _; dc

dp dp’

Low curvature

A
|
' High curvature
@JJ |
Negative curvature

= kN

0000
( X X X
XX
o0
o

Y4

AN
d C(s) _1
d s
<(C,,C,> =10
C,1C,

K.= ”Cﬁ ”



fH 25 75 40 ) EL VLA

e Frenet A=

ar _ N
ap
ﬂ:—KT
dp




BEH A —

FH 28 15 3 L e

o [y HAthE X
o R 0 AVILT Sxih 2 A I A, N

d_H
ds

K =

o [SzUHHZEHY

RS

C ={(x,y):u(x,y) = 0}

U —2uxuyuw+u u:

(ux n uy)3/2




B2 B E
o [ ML 3 R u(x y)=0

N+ O

o K AVIMETAEM=ENGATEE, AT Uﬁ*ﬁiﬁﬁ
2 #0n] DUA 26 _EATAR]— s I THIN I 2P 20 5K 58
/j? i

oC

E:aT+,BN \‘/{}.




fH 25 75 40 ) EL VLA

o WIRNZLEJLAIRAIAL, HL
FIFIARNA SRR, WH

oC

ot

LA R RV ST

&

\

5



fH 25 75 40 ) EL VLA

FRACA B R TT TR] I I 2522 T

® WU /}l;l[-% i

Jc d'c

E Js°

= KN

N

e AE N

AN

Zf=1k, R

piil




FH T 756 4 ) EL R A R

fe 307 HHh R

o BEANIEN

TH AT PR A T R

o W T R K EE e

o IR AR 2 B Hy gl R




B EA — B R &
o [2pRZT(implicit function): SRS
Z N BE N 2 H— 7 R = i e
F(x,y)=0
y = Yy(X)

L 4

N
il

o ¥

X°+y°—1=0



P HEA — FEE R
o IR EMHUE X

d(x) =min((x—x[) for all x, €3Q
o IR B RHHIME T

vd| =1




R F B — PR 3 PR A

o 5 IR E R R £ (D(X)

| D(X) |=d(x)

(—d(x) for xe )
d(x) =<0 for x € 0O
k—d(x) for xeQ)”




R F B — PR 3 PR A

o BlI¥ d(x)=x|-1

Q — (I):‘X‘_l
D <0
Q+
D >0
0 Q



ki

N\

BN AT




What i1s Snake?

Active contour model;
parametric model

Result from Kass,Witkin,and
Terzopoulos,1987

Energy minimizing formulation

Depends on its shape and
location within image




Ecole nationale des ponts et Q{'}a;

Traditional Snake model

a Snake Model (1987) [Kass-Witkin-Terzopoulos]

* Planar parameterized curve C:R-->RxR
A cost function defined along that curve

de L‘Information et Systemes

1 1 1
E(C)p)] = a ] Eimt(C(p))dp + B ] Eing(CR))dp + 7 f Eeon(C(p))dp

 The internal term stands for regularity/smoothness along the curve
and has two components (resisting to stretching and bending)

* The image term guides the active contour towards the desired image
properties (strong gradients)

 The external ferm can be used to account for user-defined
constraints, or prior knowledge on the structure to be recovered

* The lowest potential of such a cost function refers to an equilibrium
of these terms
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de L‘Information et Systemes

Ecole nationale des ponts et chal

Active Contour Components

a The internal term...

2 2

92C
+ wsﬁffneaa(c(p))

a7 P

Emt((?(p)) = wtensim(c(p)) %(p)

e The first order derivative makes the snake behave as a membrane
* The second order derivative makes the snake act like a thin plate

0 The image term...
Ea‘mg(c(?)) = WiineBline(C(p)) + wedgeEedyE(C@)) + WiermBrerm (C(p))

* Can guide the snake to
+ Iso-phote Eyine(C(p)) = I(C(p)) . edges Peage(C(p)) = [VI(C(p))|’

* and terminations

a Numerous Provisions...: balloon models, region-snakes, etc...
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de L‘Information et Systemes

Ecole nationale des ponts et chal

Optimizing Active Contours
a Taking the Euler-Lagrange equations:

20 NC ,
v (u!te”f‘i“”é}.—pﬂ[pJ - u'!Sfiff”E“a.—pi(pJ> o ‘-IVEWIQEC(p) =0

a That are used to update the position of an initial curve towards
the desired image properties

* Initial the curve, using a certain number of control points as well as a
set of basic functions,

 Update the positions of the control points by solving the above
equation

* Re-parameterize the evolving contour, and continue the process until
convergence of the process...



Problem of traditional snake

e Capture range
e Poor convergence
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Fig. 1. {a) Convergence of a snake using (b) traditional potential forces, and (¢) shown close-up within the boundary concavity.
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External force

1993
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o Level set %z X
BixkamE (X t) RR— D EmgEsEp g, H
FEARAE S (0] E RN o(x,1) =0 , Hr
X=(X,X,,...X )€ R"
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RN
o(X,1) <0 for xeQ)

o(x,1) >0 for xe Q
o(x,1)=0 for xeoQ=T(t)
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The Level Set Method

a Let us consider in the most general case the following form of

curve propagation: Cp.t) = FK)N

a Addressing the problem in a higher dimension...

de L‘Information et Systemes

0 The level set method represents the curve in the form of an
implicit surface:
oz, y,t) : R? % [0,T) - R
a That is derived from the
initial contour according

to the following condition: . L0

D <o
C(p,0) ={(x,y) : ¢(x,y,0) = 0}

{zle(z, t) = 0}
defines I'(%).
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The Level Set Method

a Construction of the implicit function

de L‘Information et Systemes

C(p* 0) = {('I:y) : t,a(s':?-y,[)) = 0}
Clp,t) ={(x,y) : pla,y,1) = 0}, C(t) = ~'(0)

a And taking the derivative with respect to time (using the chain
rule)
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Ecole nationale des ponts et¢

What is Level Set

= Adding an extra dimension to the problem
£ Level Sct Function ; The level set function:
P z=0 (x.y.t=0)__ o

- Z= ‘I’(K,Y,t)

Contour at time t:
0 = @(x,y,t)

The level set PDE:
O, + F[Vd| =0
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Level set KIEEEE

e Upwind Z 7772
e Hamilton-Jacobi ENO
e Hamilton-Jacobi WENO

e TVD Runge-Kutta
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Hamilton-Jacobi ENO k¥ :

e ENO: Essentially Nonoscillatory CRigzh, AS#Esh)
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Hamilton-Jacobi ENO k¥
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Hamilton-Jacobi WENO K&

e WENO: Weighted ENO
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Hamilton-Jacobi WENO K&
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TVD Runge-Kutta A&
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TVD Runge-Kutta A&
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TVD Runge-Kutta A&
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From theory to Practice (Narrow Band)
[Chop:93, Adalsteinsson-Sethian:95]

a Central idea: we are interested on the motion of the zero-level
set and not for the motion of each iso-phote of the surface

de L‘Information et Systemes

* Extract the latest position Shpsessssiis .;;}:@%s@f@g;
. . . . . 3 EORCNORTEOSTRO- _soaa NEROS oMt Outward Band
 Define a band within a certain distance |eefeatoeetocsodocno foiore va
HoH ST TTE 0 oo ooy o
« Update the level set function sofoboscsssssdofebo
p a ege e—gggg—gg—o £& i’ gfog Front Position
cq e . N NS B B YOO O D(s)=0
* Check new position with respect S CNPSeRLS- £ c . od -
0O COT0 0B H 00000
the limits of the band RO OGO HE VOGO | | b und
56 STebTe0s0opobree | LU

« Update the position of the band
regularly, and re-initialize the implicit function

o Significant decrease on the computational complexity, in
particular when implemented efficiently and can account for any
type of motion flows
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ATLANTIS

Results are courtesy: R. Deriche
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Handling the Distance Function

0 The distance function has to be frequently re-initialized...

» Extraction of the curve position & re-initialization:

* Using the marching cubes one can recover the current position of the curve,

de L‘Information et Systemes

set it o zero and then re-initialize the implicit function: the Borgefors
approach, the Fast Marching method, explicit estimation of the distance for
all image pixels...

* Preserving the curve position and refinement of the existing function

(Susman-smereka-osher:94)

= s (4,) (1= [V
* Modification on the level set flow such that the distance transform

property is preserved (gomes-faugeras:00)

« Extend the speed of the zero level set to all iso-photes, rather complicated
approach with limited added value?
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Ecole nationale des ponts et Q{'}a;

From theory to Practice (Fast Marching)
[Tsitsiklis: 93, Sethian:95]
a Central idea: “move” the curve one pixel in a progressive manner

according to the speed function while preserving the nature of
the implicit function

de L‘Information et Systemes

a Consider the stationary equation r |vr|=1-

a Such an equation can be recovered for all[% = FA|flows where
the speed function has one sign (either positive or negative),
propagation takes place at one direction

a If T(x,y) is the fime when the implicit function reaches (x,y):

T(Cp,t) 2t = VI-C =1
VT
T (Fa) =1
> v (Feg)
= F |[VT|=1
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Fast Marching (continued)

a Consider the stationary equation F |vT|=1- inits discrete form:

1

R

2 2 2 2
— max (D“" T,-:J) + min (D"‘*" -T,u) + max (D'y T,(]) + min (D'“" T,U)
{i.4}

{i,j} {f'!j} {"irj} {'hJ}

[}

de L‘Information et Systemes

0 And using the assumption o
that the surface propaga-
tes in one direction, the so-
lution can be obtained by
outwards propagation from

the smallest T value...
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Zoom Window

O Alive

@ Active

$0966000660000¢
$09000000000000

poalcRodv Rl RoRo Rl Rl sty

0660000

C FarAway

* active pixels, the curve has already reached them
* alive pixels, the curve could reach them at the next stage
* far away pixels, the curve cannot reach them at this stage
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Ecole nationale des ponts et Q{'}a;

Fast Marching (continued)

o INITIAL STEP

* Initialize [T = 0] for the all pixels of the front (active), their first
order neighbors alive and the rest far away

de L‘Information et Systemes

* For the first order neighbors,
estimate the arrival time according to: [T{i,j} = ﬁ]
* While for the rest the crossing time is set to infinity [T{z}j} = oo]

o PROPAGATION STEP
* Select the pixel with the lowest arrival time from the alive ones

* Change his label from alive to active and for his first order neighbors:

* If they are alive, update their T value according to

2 2 2 2
— - = . —_ - + 1
= max (D", T,0) +min (D{7,7,0) +max (D% T,0) +min (D{,T,0)

™2
Fiin

« If they are far away, estimate the arrival time according to: [T{i,j} = ﬁ]
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a Fast approach for a level set
implementation

a Very efficient technique for re-setting
the embedding function to be distance
transform

de L‘Information et Systemes

0 Single directional flows, great importance
on initial placement of the contours Thorae Deschanpr(2009)

0 Absence of curvature related terms or
terms that depend on the geometric ®
properties of the curve...

0 Results are courtesy: J. Sethian, R. Malladi,
T. Deschamps, L. Cohen
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What Is image segmentation?

Definition: Separate the original image into regions that are
meaningful for a specific task. ( shape recovery)



http://iacl.ece.jhu.edu/projects/gvf/heart.html

Image Segmentation

Thresholding

Region grow

e Region based

Region splitting and merging

classification

Border tracing
Graph searching

e Edge based
Dynamic programming (DP)
Hough transforms

Snake

e Deformable models

Level Set



Why deformable models in image
segmentation?

used a very simple form
a set of control points
moving control points

form closed loops
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ateLabelMap(pxl)
NeighboursToTrialLists(pxl)

Upd

ateNeighbourT Values(pxl)
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Mumford-Shah E{% & ese

Fig. 2. Outward flow fom inside.

Fig. 3. Bidwectional flow.
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Figure 2. Corpus callosum outlines for 6 out of 51
patients in the training set embedded as the zero level
set of a higher dimensional signed distance surface.
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Figure 3. The three primary modes of variance of the
corpus callosum training dataset.
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Figure 4. Top: Three-dimensional models of seven thoracic vertebrae (T3-T9) used as training data. Bottom left
and right: Extracted zero level set of first and second largest mode of variation respectively.
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Figure 8. lllustration of the various terms in the evolu-
tion of the surface, u. The surface u, is the maximum
a posteriori final shape. To update u, we combine the
standard gradient and curvature update term, v, and

the direction of the MAP final shape, " — .
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Figure 9. Several time steps in the curve evolution process of segmenting two rhombi. The training set for the
rhombus consisted of rhombi of various sizes and aspect ratios. The red curve is the zero level set of the evolving
surface. The green curve is the next step in the curve evolution. The yellow curve is the MAP estimate of the

position and shape of the final curve.

Figure 10. Initial, middle, and final steps in the evolution process of segmenting two slices of the femur. The
training set consisted of 18 slices of the same femur, leaving out the slice being segmented and its neighbors.
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Figure 11. Four steps in the segmentation of two different corpora callosa. The last image in each case shows the
finmal segmentatlon in red. The cyan contour is the standard evolution without the shape influence.

R
.

Figure 12. Early, middle, and final steps in the segmentation of the vertebra T7. Three orthogonal slices and the
3D reconstruction are shown for each step. The red contour is a slice through the evolving surface. The yellow
overlay is a slice through the inside of the MAP final surface.
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Figure 1: Propagation direction as the normal to the signed distance
to the boundary of the region to be inpainted.

Figure 2: Unsuccessful choice of the information propagation di-
rection. Left: detail of the original image_ region to be mpainted 1s
in white. Right: restoration.
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Figure 1. TV inpainting for the error concealment of a blurry
image.
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e Mumford-Shah inpainting

Image to be inpainted Inpainting domain (or mask) Inpainting output

- ‘*.

Hello! We are Penguin
A and B. You guys
must think that so many
words have made a
large amount of image
information lost.

Is this true? We
disagree. We are

more optimistic. The

1
Rl =
Figure 2. Mumford-Shah inpainting for text removal.

Noisy image to be inpainted Inpainting output u Inpainting output z
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Figure 3. Smooth inpainting by the Mumford-
Shah-Euler model.
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Fig. 4. Multicamera images of 3D objets. On the left hand side, two
imbricated synthetic toruses (24 images). On the right hand side,
real images: two heads stuck together {18 images)

Fig. 6. Recovering process for the two hemds

Fig. 7. Some views of the recoverad object.

Fig. 5. HRecovering process for the two toruses
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