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C(p): [a, b] in RA R H3uWeae

“p o Wepin[ab, "1 |
| C(Ppy) =[X(Py), Y(Po)]

! ‘ C'(p)=[X(p),y(p)]. O

o' B

C(t) =[cos(),sin(t)], t in [0,20]



C'(p)=[x(p), Y (p)] =<
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What i1s Snake?

Active contour model;
parametric model

Result from Kass,Witkin,and
Terzopoulos,1987

Energy minimizing formulation

Depends on its shape and
location within image
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Traditional Snake model

¢ Snake Model (1987) [Kass - Witkin -Terzopoulos]

1

1

Planar parameterized curve C:R -->RxR
A cost function defined along that curve

1 1 1
E(C)p)] = a ] Eimt(C(p))dp + B ] Eing(CR))dp + 7 f Eeon(C(p))dp

1

The internal term stands for regularity/smoothness along the curve
and has two components (resisting to stretching and bending)

The image term guides the active contour towards the desired image
properties (strong gradients)

The external term can be used to account for user -defined
constraints, or prior knowledge on the structure to be recovered

The lowest potential of such a cost function refers to an equilibrium
of these terms
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. Active Contour Components

5
% & c The internal term é
5 E oc | a2c |
§ © Eint(C(p)) = Wiension(C(p)) a—P(P) + Wstiffness(C(p)) 3—292@)

1 The first order derivative makes the snake behave as a membrane

de
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1 The second order derivative makes the snake act like a thin plate

et

¢ The image term é
Ea‘mg(c(?)) = wiineEEine(c(P)) + wedgeEedyE(C@)) + wfermEferm(c(p))

1 Can guide the snake to
1 150 -photes Ejine(C(p)) = I(C(p)) edges  Eeaqe(C(p)) = |[VI(C(p))|?

1 and terminations

d6Eei gnement

¢ Numerous Provisionse : balloon models, region -snakes, etc é

Centre
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Optimizing Active Contours
¢ Taking the Euler -Lagrange equations:

20 NC ,
v (u!te”f‘i“”é}.—pﬂ[pJ - u'!Sfiff”E“a.—pi(pJ> o ‘-IVEWIQEC(p) =0

¢ That are used to update the position of an initial curve towards
the desired image properties

1 Initial the curve, using a certain number of control points as well as a
set of basic functions,

1 Update the positions of the control points by solving the above
equation

1 Re-parameterize the evolving contour, and continue the process until
convergence of the process é



Problem of traditional snake -

Capture range
Poor convergence
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Fig. 1. {a) Convergence of a snake using (b) traditional potential forces, and (¢) shown close-up within the boundary concavity.



balloons

External force

1993

L.D.Cohen and I.Cohen
Push the curve outward
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(a) Convergence of a snake using (b) distance potential forces, and () shown close-up within the boundar
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Level Set”
. Level set H
X P /(XD W @ T
Y 3 W S (x,t)=0" 1 T
X=(X,%,..X ) R
t level set G(t) Vi 0T
Y

J(x,t)<0  for xI W
J(x,t)>0  for xI W
J(x,t)=0  for x| pw=Qt)
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The Level Set Method

¢ Let us consider in the most general case the following form of
curve propagation:
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C(p,t) = F(K)N

Recherche

¢ Addressing the problem in a higher dimension é
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¢ The level set method represents the curve in the form of an
implicit surface:

et

oz, y,t) : R? % [0,T) - R

¢ That is derived from the
initial contour according

to the following condition: ~ >0

R <o

d6Eei gnement

C(p,0) ={(x,y) : ¢(x,y,0) = 0}

{zle(z, t) = 0}
defines I'(%).

Centre




The Level Set Method

¢ Construction of the implicit function

L 6 | nnf ed Sysietes o
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C(p* 0) = {('I:y) : t,a(s':?-y,[)) = 0}
Clp,t) ={(x,y) : pla,y,1) = 0}, C(t) = ~'(0)

de
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et

¢ And taking the derivative with respect to time (using the chain
rule)

d6Eei gnement

op 9C 0 0y

. =3
oC ot ot

FN !

p(C(t)., 1) =0 =

Centre
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. What is Level Set
5

o E

- * Adding an extra dimension to the problem

- Level Set Function - The level set function:
- =0 (x.y.=00__| ~

- Z= ‘I’(K,Y,t)

()
©

et

Contour at time t:
0 = @(x,y,t)

The level set PDE:
O, + F[Vd| =0

d6Eei gnement
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given &(x,y,t=0)
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Level set \Y;

. Upwind No
~ Hamilton-Jacobhi ENO
_ Hamilton-Jacobi WENO

. TVD Runge-Kutta
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Hamilton-Jacobi ENO

ENO: Essentially Nonoscillatory &
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Hamilton-Jacobi ENO

J

Ne Ng Y N v

J/ (X) = Qy(X) + Q(X) +Q,(X) +Q;(X)

) J (X) Y [y Sy T
v A . , , ,
J«(%)=Q'(%)+Q, (X)+Q3 (%)
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Hamilton-Jacobi ENO

A4 Q'(X)=Dy,ysf

[ /x W T upwind
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Hamilton-Jacobi WENO

. WENO: Weighted ENO
V)i~ 4 HJ ENO
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TVD Runge-Kutta
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From theory to Practice (Narrow Band)

[Chop:93, Adalsteinsson - Sethian:95]

¢ Central idea: we are interested on the motion of the zero -level
set and not for the motion of eachiso -phote of the surface

1 Extract the latest position Re @ﬁ@%ﬁﬁ@@%@ = @-:{g@i@g;
. . . . . s ‘i \i\\\f\*f .‘i\“ﬁ:\:i{a'; \:\j : ei

1 Define a band within a certain distance L eseccoee i 34
- ST SOPOSOSR - < Od

1 Update the level set function ogolevoosseooios i%}g
Ch k .. . h o = :gg:gg:gqa’: G0 {}g:

1 Check new position with respect tseere g e o0
the limits of the band RECmasto s 000000 -
=0 SN S T = ‘G} -

50T eTE 0900000006

[EEN

Update the position of the band
regularly, and re -initialize the implicit function

¢ Significant decrease on the computational complexity, in
particular when implemented efficiently and can account for any
type of motion flows

Quiward Band
O (s)=+d

Front Position
D(s)=0

Inewoard Band

D(s)=-d
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Results are courtesy: R. Deriche
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Handling the Distance Function

¢ The distance function has to be frequently re  -initialized é

L 6 | nnf ed Sysietes o

1 Extraction of the curve position & re  -initialization:

Recherche

1 Using the marching cubes one can recover the current position of the curve,

de

setit to zero and then re  -initialize the implicit function:  the Borgefors
approach, the Fast Marching method, explicit estimation of the distance for
all image pixels &

1 Preserving the curve position and refinement of the existing function

(Susman-smereka-osher:94)

d
b =san (6,) (1= |Véu|)

1 Modification on the level set flow such that the distance transform
property is preserved (gomes-faugeras:00)

-
=
o
S
o
(=
o
o

L

Ne)

o

1 Extend the speed of the zero level setto alliso  -photes, rather complicated
approach with limited added value?

Centre
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From theory to Practice (Fast Marching)
[Tsitsiklis:93,S ethian:95]
¢ Central idea: fimoveothe curve one pixel in a progressive manner

according to the speed function while preserving the nature of
the implicit function

Recherche
L 6 | nnf ed Sysietes o

de

¢ Consider the stationary equation F |VI|=1-

(6]
©

¢ Such an equation can be recovered for all [%¢ = FA|ns where

the speed function has one sign (either positive or negative),
propagation takes place at one direction

et

¢ If T(x,y) is the time when the implicit function reaches (x,y):

T(Cp,t) 2t = VI-C =1
VT
T (Fa) =1
> v (Feg)
= F |[VT|=1

d6Eei gnement
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. Fast Marching (continued)
:
c g ¢ Consider the stationary equation F |vT| =11 its discrete form:
; % 1 _ - 2 H +x 2 -y 2 H +u 2
f, 5 m = max (D{i’j}T, 'D) + min (D{i,j}T* l]) + max (D{m.}T, 0) + min (D{i’j}T, U)
x
- And using the assumption SePTILILIRITILILINLL| rsees
¢ J P 06660660669 06660 | | o
that the surface propaga - ebodeboobbb0t00kbbe | Lo-°
. . . -G OO0 0000000 O-¢ G- OB- Zoom Window
- tes in one direction, the so - |-e-6¢féo-66-06-06-00-00hebdé-
. . -o-0 4 OO0 G}ﬂI}G}{B*
-O-0 © - E - — -G E - Alive
lution can be obtained by DS SSESSLDEP 489504 °
outwards propagation from A A e e e
the smallest T value é FES3 42w r e it P e sessed
00900000800 00900000¢ O Fardway

1 active pixels, the curve has already reached them

-
=
o
S
o
(=
o
o

L

Ne)

o

1 alive pixels, the curve could reach them at the next stage
1 far away pixels, the curve cannot reach them at this stage

Centre
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. Fast Marching (continued)
:
= G ¢ INITIAL STEP
% E 1 Initialize  [T" = Q)r the all pixels of the front ( active ), their first
x order neighbors alive and the rest far away
o . 1 For the first order neighbors,
y estimate the arrival time according to: [T{z‘,j} = ﬁ]
© 1 While for the rest the crossing time is set to infinity [T{l-h,-} = oo]

¢ PROPAGATION STEP
1 Select the pixel with the lowest arrival time from the alive ones

1 Change his label from alive to active and for his first order neighbors:

1 Ifthey are alive, update their T value according to

-
=
o
S
o
(=
o
o

L

Ne)

o

1 B 2 ) N2 - 2 ) N 2
—F{z. ; = max (D{f'fj}T‘ O) + min (DE}}T, [}) + max (D{ii.}T, O) + min (D{i:’j}T, U)
T

1 Ifthey are far away, estimate the arrival time according to: [T{i’j} = ﬁ]

Centre
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Fast Marching Pros/Cons, Some Results

¢ Fast approach for a level set
implementation

L 6 | nnf ed Sysietes o
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¢ Very efficient technique for re  -setting O
the embedding function to be distance
transform

de

(6]
©

et

¢ Single directional flows, great importance
on initial placement of the contours Thomas Deschampe 2203

¢ Absence of curvature related terms or
terms that depend on the geometric ®
properties of the curve ¢é

d6Eei gnement

¢ Results are courtesy: J. Sethian, R. Malladi,
T. Deschamps, L. Cohen

Centre
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What Is image segmentation?

Definition: Separate the original image into regions that are
meaningful for a specific task. ( shape recovery)



http://iacl.ece.jhu.edu/projects/gvf/heart.html

Image Segmentation

Thresholding

Region grow

Region based

Region splitting and merging

classification

Border tracing
Graph searching

Edge based
Dynamic programming (DP)
Hough transforms

Snake

Deformable models

Level Set



Why deformable models in image
segmentation?

used a very simple form
a set of control points
moving control points

. form closed loops




¢ Fast Marching "ENee

InitTValueMap()

InitTrialLists()

while (ExistTrialPixels()) {
pxl = FindLeastTValue()
MarkPixelAlive(px])
UpdateLabelMap(px])
AddNeighboursToTrialLists(pxl)
UpdateNeighbourT Values(pxl)
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. Mumford-Shah

E(f.C)=afi [Bf| dA+ bR, {f - 9)°dA+gfiis
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(@) (e)

Fig. 2. Outward flow fom inside.

(b) (c)

Fig. 3. Bidnectional flow.

(a)
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b |

(d)
Fiz. 7. Segmentation and smoothing of a color mage with s1x distinet foreground regions.

(a) (b) (c) (d) {e)

(a) (b) (c) (d) (e)



Mumford-Shah “ENoe e

@)

@



Level-set




G

G
" [ Ne-=
level set
P ),
v©- o H
(#

5

Figure 2. Corpus callosum outlines for 6 out of 51
patients in the training set embedded as the zero level
set of a higher dimensional signed distance surface.
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Figure 3. The three primary modes of variance of the
corpus callosum training dataset.
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Figure 4. Top: Three-dimensional models of seven thoracic vertebrae (T3-T9) used as training data. Bottom left
and right: Extracted zero level set of first and second largest mode of variation respectively.
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{ﬂ:mampmm> = arginax P(ﬂf':p | u, VI)
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Shape Prior f_f’“'rf. _
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Next Step in
the Evolution

Current Shape, U
;;I'-.:t_"\-'-

Vo TS
Gradient + Curvature Term

Figure 8. lllustration of the various terms in the evolu-
tion of the surface, u. The surface u, is the maximum
a posteriori final shape. To update u, we combine the
standard gradient and curvature update term, v, and
the direction of the MAP final shape, " — .
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u(t +1) = u(t) + A1 (g(c+ &) |[Vu(t)| + Vu(t) - Vg)

X Lt | T F3Wa
No=~ us, t W a T E

u(t +1) = u(t) + Ao (uW'(t) — u(t))
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u(t +1) = u(t)+A (g (c+ &) |Vu(t)| + Vu(t) - Vg)
‘|‘}\g (H*(f) — U;(t))



Figure 9. Several time steps in the curve evolution process of segmenting two rhombi. The training set for the
rhombus consisted of rhombi of various sizes and aspect ratios. The red curve is the zero level set of the evolving
surface. The green curve is the next step in the curve evolution. The yellow curve is the MAP estimate of the

position and shape of the final curve.

Figure 10. Initial, middle, and final steps in the evolution process of segmenting two slices of the femur. The
training set consisted of 18 slices of the same femur, leaving out the slice being segmented and its neighbors.
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Figure 11. Four steps in the segmentation of two different corpora callosa. The last image in each case shows the
final segmentation in red. The cyan contour is the standard evolution without the shape influence.

Figure 12. Early, middle, and final steps in the segmentation of the vertebra T7. Three orthogonal slices and the
3D reconstruction are shown for each step. The red contour is a slice through the evolving surface. The yellow
overlay is a slice through the inside of the MAP final surface.
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Figure 1: Propagation direction as the normal to the signed distance

to the boundary of the region to be inpainted.

Figure 2: Unsuccessful choice of the information propagation di-
rection. Left: detail of the original image_ region to be mpainted 1s
in white. Right: restoration.
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