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Outline

e Partial differential equation
e From variational methods to PDE
e Poisson Equation

e Application
Poisson Image Editing
Poisson/Laplacian Mesh Editing

e How to solve?
e More ...




Siméon Denis Poisson e

e His teachers: Laplace, Lagrange, ...

e Poisson’s terms:
e Poisson's equation
e Poisson's integral
e Poisson distribution
e Poisson brackets
e Poisson's ratio
e Poisson's constant

1781-1840, France

“Life is good for only two things: to study mathematics and to teach it.”



Background:

e Partial Differential Equations (PDE)
E(f, f,f,f,.f,f,)=0

1 Ix Ty Txxo

e The PDE's which occur in physics are mostly
second order and linear:

A-t,+2B-1,+C- T +D-f,+E-f +F-f+G=0



A-t,+2B- 1, +C- 1 +D-f,+E- T +F-f+G=0

A.C <B2: ® Hyberbolic

2
wave equation: Af = 10 f
v’ ot
A-C=B’: e Parobolic
heat equation: ot — k - Af
A-C>B?: e Elliptic
Laplace equation: Af =0
Poisson equation: Af =—p
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Poisson Equation

Af =—p0 AEc’92x+82y

A — TR T



Variational interpretation

f " =argmin, HQHVf V" st =1 |y
F

0 0
i F. ——F, ——F, =0
@ Euler Equation: ' ax oy M

Af =div(v) st ' L= T |

V is a guidance field, needs not to be a gradient field.



Boundary conditions

e Dirichlet boundary conditions:

e Neumann boundary conditions:

Tl

of
g |aQ




Existence of solution

The solution of an Poisson Equation is uniquely
determined in €, if Dirichlet boundary conditions or
Neumann boundary conditions are specified on o<

ds




Discrete Poisson Equation
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Poisson Equation Solver

e Direct method

e |terative methods
e Jacobi, Gauss-Seidel, SOR

e Multigrid method




Physical Origins of Poisson
Equation

e Electrostatic potential

AD — p(X)
&0

e Gravitational potential

AD = 472G p(X)




. . F — qqur
Electrostatic potential 47,0

,O(X) Charge Density

() Electric Potential

E  Electric Field

E=-VO



ds

Derivations

Gauss’s
Law:

Gauss’s
theorem:

_____




Relationships

E
Field
E_ Y PX) _ div(E) = lim
80 V-0
D P
Potential < | Density
A — LX)

&y

S

E.ds
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Gravitational potential e

m
p(X) Mass Density \‘

() Gravitational Potential ()

g Force Field

(acceleration)




Relationships T
9
Field
.d
g=-vo 416900 =@ = im 5L
% P
Potential < Density

AD = ~47Gp(x)




Analogy for Image

p(X) Image Density

| Image (Potential)

g Image Gradient




Relationships 2
g
Field
-d
A 00 = divig) =lim 5%
| P
Potential < Density

Al =—p(X)




\ o(x) = div(g) = lim

Al

—p(X)

foe







simultaneous contrast effect




Why Laplace operator?

.

O~
N




Motivation for Image Editing

Al =—p(X)




Poisson Image Editing

P. Pérez, M. Gangnet, and A. Blake

Poisson Image Editing. SIGGRAPH
2003




Seamless Cloning 3

o Precise selection: tedious and unsatisfactory

o Alpha-Matting: powerful but involved

o Seamless cloning: loose selection but no seams?




Cloning by solving Poisson Equation | =-

Al =div(Vl,) st. =15l

|, l




Why we do analogy for image?

e Easier in the image gradient domain
o Local editing —p global effects

e Seamless - cloning, editing, tilling




Variational interpretation

| =arg min HQHVI VL[ st =g Lo
F

0 0
. F.——F. ——F. =
@ Euler Equation: ' ax oy M

Al =div(Vl) st | o=15 g

VI A Isagradient field to be cloned.
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compose




change texture




change features




mix lights




Seamless Editing

Al =div(T (V1))
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Seamless Tiling

Single image




Seamless Tiling

Multiple
Images
tiled at

random




Poisson Matting

J. Sun, 1. Jia, C. K. Tang, H. Y. Shum

Poisson Matting. SIGGRAPH 2004.




Image Composition

e Composition Equation

| =oF +(1—)B




Matting — pulling of Matte

e Matting Equation

| = oF +(1—)B




Analogy for Matte

IO(X) Matte Density

04

d

Matte (Potential)

Matte Gradient




Relationships

Field
_ _ § g-ds
9--Va p(x) = div(g) = lim %
a P
Potential < Density

Aa =—p(X)



Poisson Matting (Global)
| =oF +(1-)B
VI =(F-B)Va+aVF +(1-a)VB

VI ~(F -B)Va

Vi . VI
Va = X) = div
T p) i)




Matting by solving Poisso
Equation

., VI
Ao = dIV(F - B) st.a|,=+

n

1 xeQ.

0 Xxell



Variational interpretation

o =argmin, HQ

Vo ————
F-B

!

2
sta’ o= & s

0 0

y

ion: Jp——J, ——J, =0
Euler Equation: vt ax oy f

Aa — diV( ) S.t. o |6Q: a |8Q

Vi
F-B

IS a guidance field, an approximation of matte gradient.









Local Poisson Matting

| =aF +(1-)B
VI =(F-B)Va+aVF +(1-a)VB

1
F-B

Vo =A(VI - D)

Va (VI —aVF —(1- 2)VB)




Matting by solving Poisson

Equation

1 XeQ,
Aa =div(A(VI - D)) s.t.a|,,=<0

X e,
o, XeQnN



Why we do analogy for Matte?

e Editing Matte directly at pixel-level Iis very
tedious and impractical!

o Local editing —p global effects

o Seamless local refinement




Key Observation

Image D]~ |D"| ID| < |D*| |D| > |D*|



Human-in-the-loop

¢ |In Global Poisson Matting:
e A and D are estimated automatically.

e In Local Poisson Matting:
e A and D are manipulated interactively.

e A and D are manipulated more efficiently by a set
of tools we designed.



Tool I: 5555‘
. 0000
channel selection °oe

Minimize the variance of the foreground or background colors.



Tool 2:
local filtering

e Boosting
e Highpass
e Diffusion

e Clone

(a) Boosting

(b) Highpass  (c) Diffusion  (d) Clone




Poisson Matting

Coee )

Global Poisson matting

;

Local Operations

Channel selection

Local filtering

boosting highpass
diffusion cloning

Local Poisson matting

nnnnnnnnnnnn



Bayesian Matting result




Poisson

Matting result
















De-fogging




Video Demo



Poisson Mesh Editing

Yizhou Yu, et al.

Poisson Mesh Editing. SIGGRAPH 2004.




Mesh Editing 3t

e Tools for 3D Content Creation
e Deformation, Smoothing, Merging




Poisson Mesh Editing

Alf = div

Mesh Geometry Guidance Field Boundary Condition



Why Poisson Mesh Editing?

e Editing mesh geometry explicitly is very
tedious and impractical!

o Local editing =p global effects

e Avoid artifacts by distributing errors using least-
sguare minimization



Challenges

e Apply Poisson equation to mesh

o Parameterization mesh: define vertex positions as
signhal on 2d-manifold

e Define discrete Laplace and divergence operators
for mesh

e How to modify the guidance field and
boundary conditions?

e Local frame propagation



A Generic Editing Framework

Self-Intersection

Prevention Deformation

Poisson ]
Merging
Mesh Interaction
Vif=V-w
fl,=f .
oQ o0 Smoothing

| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | ( |
Triangle | User : Equation !
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |

Input Data | User Interface Kernel Engine Applications




Deformation




Deformation

Naive Poisson WIRE (Maya) Poisson



Deformation
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Object Merging




Object Merging S

Boolean Operation WIRE (Maya) Poisson



Smoothing




Other Applications

e Mesh Morphing

P 1L A
L AantLAi,




88N

Fig. 5. Morphing between the fandisk and the cube model.
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Poisson

e Poisson equation is important
so is Laplacian ...

e Understanding the graphics problem
Formulating Image editing using Poisson

e Extending to similar problems
Poisson mesh editing
From 2D image to mesh

e Creatively applying to different problems
Poisson matting



