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The Analytic and Geometric
~_ Definition of a B-Spline Curve
—
 Why B-Spline Curve?

« The B-Spline Curve - Analytical Definition

 The B-Spline Curve - Geometric Definition
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Why B-Spline Curve?

* Composite Béezier Curves — Continuity
* B, B4/§31, C, must lie in straight line
2 B

3
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Geometric Continuity

« GY continuity: Two curve segments joined
at ends

« G! continuity: Two curve segments joined
at ends and tangent vectors point in same
direction

* The tangent vector magnitudes do not have to
be the same

 Less restrictive than parametric continuity
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Parametric Continuity

 CO continuity: Two curve segments joined
at ends

 C! continuity: Two curve segments joined
at ends and tangent vectors in same
direction and tangent vectors magnitudes
the same

* More restrictive than geometric continuity
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Bézier curves — Continuity
comparison

Bézier curves — Parametric (red) and Geometric
(black) Continuity comparison
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Beézier curve difficulties

* Bernstein basis is global
* No local control

* Order (degree) fixed
+ Equal to number of control vertices

* High order (degree) required for flexibility
Wiggles

 Difficult to maintain continuity
=
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The B-Spline Curve - Analytical
Definition

to=t1=t2=t3

t7=ts=to=t10  pe

A Cubic B-Spline Curve with 7 Control Points (4 Segements)
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The B-Spline Curve - Analytical
Definition (1)

A B-spline curve P(1), Is defined by

P(t) =) PiN;x(t)
=0
where

» the {P;:1=0,1,...,n} are the control points,

* ks the order of the polynomial segments of the
B-spline curve. Order means that the curve is
made up of piecewise (k pieces) polynomial
segments of degree k-1
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The B-Spline Curve - Analytical
Definition (2)

* Normalized B-spline blending functions (B-
spline base functions) {N;(t)} :
¢ The order k
+ A non-decreasing sequence of real numbers
{t.:1=0,...,n+k}
normally called the “knot sequence”
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The B-Spline Curve - Analytical
Definition (3)

* The N; (t) functions are described as follows

(1 ifu € [ti,t@'_|_1)
N;1(t) = < (1)
\0 otherwise.

and If k>1

AT
N; i (t) =

bitk—1 — s

Ciap — 1
Nigp_1(t) + —= Niy1k—1(t)
bivk — tit1

(2)

* 1€ Gyt
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The B-Spline Curve - Analytical
Definition

° Notes

1. In equation (2), If

= the denominator terms on the right hand side of
the equation are zero

= the subscripts are out of the range of the
summation limits,

then the associated fraction is not evaluated
and the term becomes zero. (Avoiding 0/0 ).

2. In the equation (1), “closed-open” interval.
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The B-Spline Curve - Analytical
Definition

* Notes
3. The order k is independent of the number of
control points (n + 1).
= The Bezier Curve:
number of control points = degree+1
= The B-Spline curve,
number of control points and degree are free

-
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The B-Spline Curve - Geometric
Definition

Given a set of Control Points {P,,P,...,P,}, an order
k, and a set of knots {t,,t,,...,t ..}, the B-Spline
curve of order k is defined to be

P(t) =PV (t) ifu € [t, t141)

where ’ ey ) |
P (1) ) A=mP O+ 7P i >0,
% P, if j = 0.
- t—t
=
titk—j — ti
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The B-Spline Curve - Geometric
Definition: Pyramid Description

12/11/2006

[
t,=t,=t =t i_
_ =3
PEiIQ) ti—t
P(g"*l) ta—1L )
1 > P:
(k—2) t-—-t
Pl Pg ta—-L t:—L
ta—1L
ts—t Tt
LB toE p ta-t
t-t
o ts—-t ts—t
B ts—t
te—t t-t
ts—ta Pé ts—t
t-t
P te—T
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The B-Spline Curve - Geometric
Definition

* Any P in above pyramid is calculated as a
convex combination of the two P functions
Immediately to it's left

-
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The Uniform B-Spline Blending
Functions
—
e Calculating the Blending Functions using a
Uniform Knot Sequence
e Blending Functions fork=1
Blending Functions for k = 2
e Blending Functions for k = 3
Blending Functions of Higher Orders
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Calculating the Blending Functions
using a Uniform Knot Sequence

The normalized B-spline blending functions are defined
recursively by

.
1 1fue [t?:,taH_l)

Niilt] = % (1)

\0 otherwise

and if k>1 t t
t—t, e
Vi) = () Neoa @+ (722 ) M) @

Litk—1 — itk — T

where {t,, t;, ..., ., } IS & hon-decreasing sequence of knots,
and k is the order of the curve
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Calculating the Blending Functions
using a Uniform Knot Sequence

* These blending functions are difficult to
calculate directly for a general knot
sequence.

 If the knot sequence is uniform, it is quite
straightforward to calculate these
functions
o {to, ty, ..., t . 3={0,1,....n+k} i.e. t=i

_0 They have some surprising properties
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Blending Functions for k=1

If k=1, from (1), the normalized blending functions are

(1 ifu € (t;,¢;
Nia(t) = 4 hsty) 3)

A 0 otherwise

¢+ These are shown together in the following figure, where we have
plotted N,,, N, 4, N,;, and N, , respectively, over five of the knots.

+ The white circle at the end of the line where the functions value
Is 0. This represents the affect of the “open-closed” interval found

In equation (1).

12/11/2006 State Key Lab of CAD&CG 21



Blending Functions for k=1

'?
No(t) e . . . PO >
0 1 2 3 4
:
Nyq(t) e * P * . . .
0 1 2 3 4
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Blending Functions for k=1

N2 1 (t) """""" & * * AR - -
1 2 3 4
4
N3 l(f) ----------- & . * * - =
0 1 2 3 4
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Blending Functions for k=1

* Notes

+ The white circle at the end of the line where the
functions value is 0. This represents the affect of the
“open-closed” interval found in equation (1).

+ These functions have support (the region where the
curve Is nonzero) in an interval, with N; ; having
support on [i,i+1).

¢ They are also clearly shifted versions of each other —
e.d., Ni,1 4 Is Just N; ; shifted one unit to the right. In
fact, we can write N; ,(t)=Ng , (t-1)
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Blending Functions for k=2

If k=2 then N, , can be written as a weighted sum of N, ; and
N, , by equation (2).
t—to

tg —t
Noo(t) = P— No,1(t) + t;_ »

=tNo,1(t) + (2 —t)N1,1(¢)

t 1f0 <t <1

Ni1(t)

=9q32—-t if1<t<?2

0 otherwise
\
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Blending Functions for k=2

Noo(t)

* The curve is piecewise linear, with support in the interval [0,2].

» These functions are commonly referred to as “hat” functions and are
used as blending functions in many linear interpolation problems.
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Blending Functions for k =2

Calculate N, , to be

i — i

lg—1
Nia(t) = ——-Nia(t) + 7= Naa(t)
2 i 3 2

= (t — 1)N1’1(t) —+ (3 — t)Ngal(t)

(

t—1 if1<t<?2
=43—-t if2<t<3

0 otherwise

\
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Blending Functions for k =2

* Itis a shifted version of N,
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Blending Functions for k=2

Notes

 Each nonzero portion of these curves covers
the intervals spanned by three knots —e.g., N,
spans the interval [1,3].

 The curves are piecewise linear, made up of
two linear segments joined continuously.

* Since the curves are shifted versions of each
other, we can write

(= N; 2(t) = No o(t-1)
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Blending Functions for k =3

For the case k=3, we again use equation (2) to obtain

t
No3(t) = "

\

12/11/2006

2 — 1o
i
§N0,2(t) +

.

— b bs — T

t3 — &y
4 —

¢
—=\
- 1,2()

No2(t) +

t2
2

T I R~

(3—t)?
2

0

N a(t)

1fo<t<l1
fl<t=< 2
it2<t<3

otherwise

{

(2
2

—34+6t—2t>

2

(3—1)°
2

0
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1fo<t<l1
if1<t<?2
1f2<t<3

otherwise
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Blending Functions for k=3

Ny 3(t) = ttg__t; 1.2(t) - t?—_ ti 2l
= %Nm(t) | 4;tN22( )
g%ﬁ if 1 <t<2
_114_12{%—2752 if2<t<3
B e if3<t<4
0 otherwise

12/11/2006 State Key Lab of CAD&CG 31



Blending Functions for k=3

No3(t)

Ny 3(t)
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Blending Functions for k =3

Notes

¢ The figures are piecewise quadratic curves, each
made up of three parabolic segments that are joined
at the knot values (tick marks on the joints).

+ The nonzero portion of these two curves each span
the interval between four consecutive knots - e.g., the
nonzero portion of N, ; spans the interval [1,4]

* Again, N, ; can be seen visually to be a shifted
version of N, ;. Generally,

= N 5(t) = No5(t-1)
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Blending Functions of Higher
Orders

« Whenk =4

* The N, 4(t) blending functions will be piecewise
(4 pieces) cubic functions

+ The support of N, (t) will be the interval [i,i+4]

+ Each of the blending functions will be shifted
versions of each other

N; 4(t) = N 4(t-1)
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Blending Functions of Higher
Orders

* In general

* The uniform blending functions N;, will be
piecewise (k pieces) (k-1)st degree functions

* N; has support in the Interval [i, I+k).

* They will be shifted versions of each other
and each can be written Iin terms of a “basic”
function

Nik(t) = No(t-1)
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Blending Functions of Higher

Orders
S ——

Linear B-Spline n=3, k=2 Quadratic B-Spline n=3, k=3

Cubic B-Spline n=3, k=4 Cubic B-Spline n=5, k=2

- Interactive demo
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The DeBoor-Cox Calculation

12/11/2006

In 1972, Carl DeBoor and M.G. Cox
Independently discovered the relationship
between the analytic and geometric
definitions of B-splines.

Starting with the definition of the
normalized B-spline blending functions,
these two researchers were able to
develop the geometric definition of the B-

spline.
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VIP for B-Spline

J. Schoenberg de Door
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The DeBoor-Cox Calculation
. .
e Definition of the B-Spline Curve

e The DeBoor-Cox Calculation
 Geometric Definition of the B-Spline Curve
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Definition of the B-Spline Curve

A B-spline curve P(t), is defined by

P(t) =) PiNt) (1)
i=0

where :
e The {P;: 1=0,1,...,n} are the control points,

* ks the order of the polynomial segments of the B-spline
curve. Order k means that the curve is made up of
piecewise (k pieces) polynomial segments of degree k-1,

12/11/2006 State Key Lab of CAD&CG
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Definition of the B-Spline Curve

* N;(t) (normalized B-spline blending functions)

¢ The order k;

+ Knot sequence: a non-decreasing sequence of real numbers
{t: 1=0,...,n+k}

* The N; (t) functions are described as

1 ifte [tiati—{—l)
Nia(t) = (2)
0 otherwise.
when k>1

—_— ( t—t; ) Nijp_1(t) + (t tivk —1 ) Nisijoa(t)  (3)

tivk—1 — C; i+k — tit1
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Definition of the B-Spline Curve

* The parameter t ranges throughout interval [t, ,, t.,,).

* Notse on definition of the B-Spline curve

* In equation (3), if either of the denominator terms on the right
hand side of the equation are zero, or the subscripts are out of
the range of the summation limits, then the associated fraction is
not evaluated and the term becomes zero. This is to avoid a
zero-over-zero evaluation problem.

¢ The order k is independent of the number of control points (n+1).
In the B-Spline curve, unlike the Bézier Curve, we have the
flexibility of using many control points, and restricting the degree

_of the polynomial segments
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The DeBoor-Cox Calculation

General idea: By substituting the recursively
definition of N; (t) in equation (3), find the
point on the curve In terms of recursively
definition of control points P,
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The DeBoor-Cox Calculation

By substituting
t—1; bivi — 1
N; i (t) = ( ) N;x—1(t) + ( + : ) Niy1x-1(t)  (3)
bitk—1 — ti titk — ti+1
into B-spline curve
P(t) =) P;iN;i(t) (1)
=0

where tE[t, .t .,]

This will give us the definition of P(t) in terms of N;, ,, which is of lower
degree. And continue this process until the sum is written with N, ,;,
functions, which we can evaluate easily.
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The DeBoor-Cox Calculation

P(t) =) PiN;(t)

i=0

= iPi K Lok ) Ni-1(t) + (t itk — 1 ) Ni+1,k—1(t)]

Py bitk—1 — 1 i+k — bit1

- Lt —1; = Live — 1
=2 Pi(; Nig-1(t)+ ) _Pi | Niy1k-1(2)

P itk—1 — i P itk — iyl

Separating out those unique terms of each sum, N, , and N,,, ,,;, giving

_p, 0 (t)+zn:P- P74\, (t)
— L0 0,k—1 ( ; 1,k—1

tk—1 —to P i+k—1 — &

n—1
livk — 1t bk — €
+> P ( * ) Nit1,k-1(¢t) + P ( * ) Npt1,k-1(2)
o itk — tit1 bntk — tnt1
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The DeBoor-Cox Calculation

Because

* The support of a B-spline blending function N, (t) is the interval
[ti’ ti+k]

 The suport of the Ny, Is [ty, t,.1),

» The defined interval of P(t) is [t 4, t..,)

Thus
No .1 (1)=0

Similarly
* The support of the N, .1 IS [t,.1, thsy), thus

N1 k1 (D=0
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The DeBoor-Cox Calculation

n n—1
t—t } tisk —t }
PLf) = P N;p_1(t) + Pl: Nipq p—1(t
e Z; *Li+k_1—tz i ; d e
- =1 - B g —F
— ZP@ [ : ] Nix—1(t) + ZPz—l { k= ] Nik-1(¢)
i—1 tz+k—1 —1; i—1 t’i—|—k§—1 — 1
T
tivgp—1—1 t—1t
= [( 2 ) i—1 T ( : ) Pz] N; k—l(t)
i—1 tz—l—k—l tz ti—!—k—l tz
if we denote

Litp—1 —T t—1;
P ) = (;Jrk 1 t-) Pi1+ (t- : t-) P;
i+k—1 — U i+k—1 — Ug
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The DeBoor-Cox Calculation

Thus the result is

where

Litp 1 — T t—1;
Pgl)(t)Z(t el t)Pz'—l‘l'(t t)P@'
itk—1 — b i+k—1 — ti

 The summation terms of equation (1) is written in terms of blending
functions of lower degree.

« We have transferred some of the complexity to the P,(Ms, but we retain
a similar form with control points P,(!s weighted by blending functions.

 We can repeat this calculation again.
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The DeBoor-Cox Calculation

Repeating the calculation and manipulating the sums

t)—ZP(Z) zk 2 )

where

9 bivk—2 — T 1 t—1; 1
PO = (220 B0 )+ () R

itk—2 — b
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The DeBoor-Cox Calculation

If we continue with this process repeatedly, eventually we will obtain
blending functions of order 1. We are led to the following result: If we

define
) 1-PINR) +FPI V) ifi>0
P; if j =0
e t—1;
where : T

if tis in the interval [t, t,,,), we have

P(t) =P;* V(1)
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The DeBoor-Cox Calculation

By continuing the DeBoor-Cox calculation k-1 times, we arrive at the formula

ZPk 1) zl(t)

where

| 1 -mHPY )+ 7PV V() ifj>0
Pm@y:{ ! (4)

P; if j =0

-

12/11/2006 State Key Lab of CAD&CG o1



Geometric Definition of the B-Spline

Curve

Given

» order of B-spline curve: k

« aset of Control Points: PP, ...,P,
 asetofknots: t,, t, ..., t .,

The corresponding B-spline curve is

P(t) =P V(b)ift € [ti, ti1)

Ei {(1 — P + 7PV if>0

where P; ifj =0

12/11/2006 State Key Lab of CAD&CG
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Geometric Definition of the B-Spline
Curve : Pyramid Description

I |
t,=t,=t,=t ji_ t, t
Pl—k+4 po
: PEiIQ} ts—-E
(k—1) Eot 1
P _ p:
(k—2) E-t
PI pe ta—L ta—T
ta—1Lt2 P
ts—t
(2) -t
PE—2 Pj'_l ts-t pl ta-t ta—F
P§1}1 < . ta—ts ~ P:=r (E)
(2) ts-t ts—t t-ts
L P, P Es—t o ta—ts
Pf(l) ts—F t-t
t _t3 1 t _t
P =
P,
-t
: s
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