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Differential Geometry of Surfaces

. .
e Tangent plane and surface normal
e First fundamental form | (metric)
e Second fundamental form Il (curvature)

* Principal curvatures

e Gaussian and mean curvatures
* Explicit surfaces
+ Implicit surfaces

e Euler's theorem

11/30/2006 State Key Lab of CAD&CG 2



Principal curvatures

Principal curvature: the extrema of normal
curvature

Definition of normal curvature
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Principal curvatures

The normal curvature is determined by A = @

I L+2MA N)\?
I~ E+2F\+ G\

Knp =

The extrema of the x; is arrived at %= =

(E4+2FX+GX)(NAX+ M) — (L+2MX+NX)(GAX+F) =0
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Principal curvatures

Hence
L +2MM+ N)? B M + N A

T E+2FA+GA F+GA

Since
E+2FX+GX = (E+ F)) + MF + G))
L4 2MX+ NX = (L+ MX) + XM + N))
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Principal curvatures

(E+2FX+ GA)(NAX+ M) — (L +2MX+ NX*)(GA+ F) =0

(E+ FA)(M + N)) = (L + MA)(F + G\

Hence )
_ L+2MA+NX M+ NX L+ MA

T B IOFA+LGN | F+GA E+ FA

The extreme values of x, satisfy:
(L — kpE)du + (M — kK, F)dv =0
(M — kpF)du+ (N — k,G)dv =0
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Principal curvatures

The homogeneous linear system of equations for
du, dv have a nontrivial solution iff

L—t,EE M—k,F

M—k,F N —k,G =0

(EG — F*)k? — (EN +GL — 2FM)k,, + (LN — M?) =0
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Principal curvatures

Discriminant D of above quadratic equation in

_ F2 2
D=4(EG F)(EM—FL)?+(EN—GL—%(EM—FL)) >0

E2

« D>0: t¥¥o extreme normal curvatures (max/min)
|

e D=0 EM-FL=0and EN -GL =0
< 3const.k,st.L=kFE, M=kF N=kG

¢ Umbllic point: the normal curvature is the same in all
directions.
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Principal curvatures

LN — M?
Let K = B 2 Gaussian (Gauss) curvature
_ EN+GL-2FM
— Z(EG — Fz) Mean curvature
Then

(EG — F*)k2 — (EN +GL —2F M)k, + (LN — M?) =0

k2 —2HKk, + K =0
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Principal curvatures

Solving ko —2Hk, + K =0

We have bmaw = H +VH2 — K
ﬁ:mz’n:H_\/Hz_K

are maximum and minimum principle

* . .and x

max min

curvature

+ The directions in the tangent plane for which x;, takes
maximum and minimum values are called principal
directions
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Principal curvatures

Computation of principal directions
_ L4+2MX+NX  M+NX  L+MX

T ETOFA+GA F+Ghx  E+ FA
M_ n A )

N Ko F )\:_L K L

N — kg, G M — kg, F

* i, takes either «

max or Kmin
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Principal curvatures

K/ma,a::H"l_\/HZ_K
boin = H — VH2 — K

* When D=0 or H %=K, k;, is a double root

K

max: Kminzl_I

¢ The point is an umbilical point, which is locally a part
of sphere with radius of curvature

 When K=H=0, the point is an flat/planar point
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Principal directions

(E+2FA+ GX)(NA+ M) — (L+2MXA+ NX*)(GA+ F) =0

(FN — GM))N* + (EN —GL)A+ (EM — FL) =0

The discriminant is same with that of the principal
curvature as follows

B 7Y 2
D:4(EGE2F)(EMFL)2+(ENGLf(EMFL)) >0

D=0 L=kE, M =FkF, N =KkG |ymbilcal point: the

principal directions
FN=GM, EN=GL and EM=FL are not defined!
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Principal directions

When discriminant D>0, the principal directions
Amax @Nd 4. satisfy
(FN —GM)X2, .+ (EN — GL)A\ppaz + (EM — FL) =0

max

(FN —GM)X2,. + (EN — GL)\pmin + (EM — FL) =0
EN — GL
)\maa: =+ )\mzn — _FN _GM
EM — FL

A'mci',:c)\'.rrz,?l'.'ﬁe, — FN — GM '’
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Principal directions

Recall the orthogonal condition for two tangent

vectores
Eduidus + F(duydve 4+ dvidug) + Gdvidvg = 0

Substitute above principal directions into it
E + F(Ama,sc + A?’m,n) + G)\ma:r;)\m?}n

1
= v g EFN — GM) = F(EN - GL) + G(EM — FL)]

=0

The two principal directions are orthogonal !
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Principal curvatures and directions

Directions at one points on the surface
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An example of line of curvature

 Line of curvature: a curve on a surface whose
tangent at each point is in a principal direction

Example of lines of curvature:

Solid lines: maximum principal
direction

Dashed lines: minimum principal
direction
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Lines of curvature

« Surface parametrization: orthogonal net of
lines

¢ Lines of curvature

* The sufficient and necessary condition for the
parametric lines to be lines of curvature

F=M=0
+ Recall that the arc length parameter for curve
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Example: principal curvature

Revolution surface
e Meridian curve

x=f(t), z=g(t) 1_
rotate along z-axis ZeiG=a

 Rotation angle: 6 O T

o Paralels curve: circles L7 R

« Surface equation: =7 LIS >
r = (f(t)cos®, f(t)sind, g(t))" S

Revolution surface
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Example: principal curvature

r = (f(t)cosb, f(t) Siﬂgag(t))T

r, = (f(t)cosb, f(t)sinb, §(t))T 1o = (—f(t)sin, f(t)cosh,0)T

Thus E=Fft)+4¢°t), F=0 G=/f@)

| The meridians and parallels are orthogonal |

Finally L=

. | M=0, N= .fg
V720 + ¢2(t) V720 + ¢2(t)

The meridians and parallels of a surface of revolution
are the lines of curvature. I
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Gaussian and mean curvatures

e Gaussian curvature: the product of the two
principal curvatures

K = KmaxFmin

 Mean curvature: the average of the two

principal curvatures
I — Kmaz T Kmin
B 2
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Gaussian and mean curvatures

 Sign of K is same as LN-M?: EG-F*>0

_ LN—-M?
K = EG—F2

+ K>0: elliptic, ., and x.;, Same sign
+ K<0 : hyperbolic, «.,, and «_. different sign

+ K=0 and H=0 : parabolic, one of «, ., and «,
Zero

* K=H=0: flat / planar, «,

in

ax IS

ax: K'min:O
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Computation of Gaussian and mean
Curvatures

« Explicit surfaces: z=h(x,y)

o Implicit surfaces: f(x,y,z)=0
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Explicit surfaces

« EXxplicit surface
z=h(x,y)
can be converted into a parametric form
r=(u,v,h(u,v))
where u=x, v=y

 Monge form: the parametric form of
explicit surface
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Explicit surfaces

_ (_hma _hya 1)T
J1+h2+h2

Normal

N

The first fundamental form coefficients
E=1+h, F=hghy,, G=1+h]

The seC%nd fundamental form CoeffiCLents
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Explicit surfaces

Finally
T EG-F?  (1+h2+h2)2
7 EN+GL —-2FM

2(EG — F?)

_ (4B hyy — 2hahyhay + (1 + hy)has
2(1 + hZ + h2)3/2
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Example of explicit surface

Hyperbolic paraboloid: z=xy
/
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Example of explicit surface

Derivatives:
he =y, hy=x, hgy =0, hgy=1, hy, =0

Normal:
T
N= \(/.:cy;—l—z;l%)— 1
First fundamental form coefficients:
E=1+vy% F=zy, G=1+2*
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Example of explicit surface

The second fundamental coefficients:

1
= \/x2+y2+17

L=0, M N=0

Gaussian and mean curvatures: K<O0,

hyperbolic point

1
K= — H— — tY

(2 + 9> +1)* (2 4+ y2 + 1)

(] [98]
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Example of explicit surface

L=N=0 and M=0:

The surface intersects its tangent plane at the
ISo-parametric lines

Principal curvatures:

Ty VE DD
max ($2+y2+1)%

>0

ey — /(@D )
- e )

<0
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Implicit surfaces

 Differential geometry: local geometric properties

* The problems of implicit surfaces can be
converted as those of explicit surfaces by using
Inverse function theorem.

* If f(x,y,z2)=0 and f,#0,
then z can be expressed as function of x and y

z=h(X,y)
* Itis similar for f,#0 or f=O0.
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Implicit surfaces

Computing the partial derivatives z=h(x,y)
f(x,y,2)=0 or f(x,y, h(x,y))=0

af ~Of 0z af ~of 0z
8$+828$_0 a_y—l_%@_y_o

Ja Jy

hy = —=— h, =—==

fz Y fz
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Implicit surfaces

Computing the partial derivatives z=h(x,y)
f(x,y,2)=0 or f(x,y, h(x,y))=0

h, — wafszz_fxzfzz_fgfww

- 1z
TY — f;’
hyy: nyfzfyz_;ifzz_fgfyy SElj(rfggg
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Implicit quadric surface

General form

ax’ +by? +c2? +dey+eyz+hxz+kr+ly+mz+n=0

Standard form after transformations

2 2 2

T Y z
f(l‘ayaz):CEWL??b—g +§§—5:0

*(n é£=-101; 6=0,1
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Classification of implicit
guadrics

11/30/2006

Implicit Quadrics ¢ n & 4
Ellipsoid 1 1 1 1
Hyperboloid of One Sheet 1 1 -1 1
1 -1 1 1
-1 1 1
Hyperboloid of Two Sheets 1 -1 -1 1
-1 -1 1
-1 -1 1 1
Elliptic Cone 1 1 -1 0
1 -1 1 0
-1 1 1 0
Elliptic Cylinder 1 1 0 1
1 0 1 1
0 1 1 1
Hyperbolic Cylinder 1 -1 0 1
-1 1 0 1
1 0o -1 1
-1 0 1 1
0 1 -1 1
0 -1 1 1
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Implicit quadric surface

Gaussian curvature

Cn£5
a?b2c2((?%; + P + £25)?

K(x,y,z) =

Mean curvature
H(wayaz) —

CQbQCQ(be—kan)a:Q+772a,2c32(£a2—|—Cc32) 2 52 262(na2+<b2)z2
- 2a4b4cA (2 + 2l +£25)3

Principal curvatures  s(z,y,z) = H £/ H? —
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Hyperbolic cylinder

When 525:1, n=-1, é::O

a:.2 y2
f(xay)_?—b—Q—lzo
we have
D212 _ 29,2
Kzog H: L 5 2 yg =,
20404 (5 + 41)2
b2$2 _a2y2
1 1 y Komi :0
max a4b4(§2 i zj)% min
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Ellipsoid

When =n=£=6=1

72 2 2
f(:z:,y,z)———l—y—2+——1—0
b
1
We have .. _

21,2 .2 [ 22 z22
a“b=c 4+b4+c4

2 4+ y?2 + 22 —a? — b% — 2

H = :
202b%c? (g—i + 4+ —2) 2
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Ellipsoid

Principal curvatures

R = 3

2 2 2\ 2
2a2b? c? (2—4 + 4 + §—4)

\/(332+y2+22—a2—b2—02)2—4a262c2 (i—j+g_j_|_ﬁ)

+

(W] [V}

2a2b2c? (2—2 - g—i + i—j)
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Special ellipsoid: sphere

When a=b=c=R, ellipsoid is a sphere
K=1/R?, H=-1/R
Since H2-K=0 for all points on sphere

We have

A sphere is made of entirely nonflat umbilics
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Elliptic cone

When {=7r=1, £=-1, 6=0

2 2 2
T Y 2
f@,y,2)= 5+ 35— 5 =0
We have
K=0 H=-— eyt
— Y, — 3
2a2b%c? (‘;—j—l—g—;—l—?)z
2 2 2
xr< + + z
Emaz = 0, Kmin = — Y 3
2 2
= a?b?c? (j—i+g—4+§—i)
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Euler's theorem

Euler's theorem

* The normal curvatures of a surface in an
arbitrary direction (in the tangent plane) at
point P can be expressed in terms of principal
curvatures x; and x, at point P

Ky, = K1 C0S° P + Ko sin® @

where @is the angle between the arbitrary
direction and the principal direction x;
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Euler's theorem: simple proof

Assuming the isoparametric curves of the surface
are lines of curvature, then

F=M=0
Normal curvature Is

B Ldu? + Ndv?
- Edu? + Gdv?

The principal curvatures are
L N
G

Kn

K1 — — Ko —

11/30/2006 State Key Lab of CAD&CG



Euler's theorem: simple proof

The angle @ between dv/du and the principle
direction corresponding to x; (dv,=0, du;) can be
evaluated (according to first fundamental form)

du duq
O=F——-—
oS ds dsq

Since ds; = +/Edui and ds = VvV Edu? 4+ Gdv?

d
cosézx/ﬁ—u, singﬁzx/a@
ds ds

11/30/2006 State Key Lab of CAD&CG 44



Download the courses

http://www.cad.zju.edu.cn/nhome/jqfeng/GM/GMO02.zip
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