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Differential Geometry of Surfaces
. .
e Tangent plane and surface normal

e First fundamental form | (metric)
e Second fundamental form |l (curvature)
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Tangent vector on the surface

A parametric surface r=r(u,v)

A curve u=u(t), v=v(t) in the parametric domain

A v Az
r(u,v)

/T/ u ! - Y
T >

u=u(t) ,v=v(t)

Parametric Space X 3-D Space
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Tangent vector on the surface

The tangent vector of the curve on the
surface respect to the parameter t :

r(t) = r(u(t),v(t))

I(t) = ryt + 1,0

where U =(t)
V= V(1)
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Tangent plane on the surface

The tangent plane at point P can be considered as a

union of the tangent vectors for all r(t) through P

A . . .
z r(t)=ruwu+r.v

"‘M\_‘_ -’}r
adl

The tangent plane at a point on a surface

=
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Tangent plane on the surface

Suppose: P =r(u,,v,)
The equation of tangent plane at r(u,,v,) :

Tp(p,v) = r(up, vp) + pru(up, vp) + vry(up, vp)

A

Where u, v are parameter § F(t) =raderd

X
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Surface normal

The surface normal vector is perpendicular
to the tangent plane. The unit normal Is

r, X r,
N_

= Ty, X 1y

The implicit form of tangent surface Is
(I‘ o I‘(’U,p, U’p)) ' N(upa UP) =0
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Surface normal

X

The normal to the point on a surface
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Regular point on the surface

Definition: A regular (ordinary) point P on a
parametric surface is defined as a point where
r,x r,=0. A point which Is not a regular point is
called a singular point.

Notes for
¢+ Regular point:
1. ry,0andr,=0
2. r,lIs not parallel tor,

¢ Singular point:
1. Normal may exist at the singular point
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Examples of singular point

]
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Types of singular points

* Essential singularities: specific features of
the surface geometry

* Apex of cone

« Artificial singularities
¢ parametrization
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Regular surface

* Existence of a tangent plane everywhere
on the surface

* Without self-intersection

s

Surface with
Intersection
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Example: elliptic cone

Parametric form: r=(atcosé,btsing,ct)’
Where 0<< 0 <2n, 0<t<l, a,b,c are constants

rg = (—atsinf, bt cos Q,O)T r; = (acosf,bsin QaC)T

vy X r| = |bct cos Oe, + act sin fe, — abte,|

— \/tz(b%z cos2 0 + a2c? sin® 0 + a2b?)

The apex of the cone (t=0) is singular
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Normal of implicit surface

Implicit surface: f(x,y,z)=0

Considering the two parametric curves on
the surfaces

r=(Xy(t), yi(ty), Z4(t))
r,=(X,(th), Yo(ty), Z5(t5))

The r, and r, intersect at point P

By substituting r, and r, into f, we have
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Normal of implicit surface

f@1(t), yi(tr),2(t1)) =0 f(z2(t2), y2(t2), 2(t2)) = 0

By differentiation with t;, and t2 respectively

dys dzo
—0 fa: dtg + fy—=— fzdtg

d@h

1 dtl

After simplification, we can deduce:

f:r: : fy : fz —

dZQ dy1 dz1 dyg _ dz1 d:l?g ng da:l _ da:l dyg d.’llg dy1
dty dt;  dt, dty dt| dty  dto dt, dt, dto  dty dt;
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Normal of implicit surface

As we know

dry(t,) _ dr(t,)
d,  dt,
(dz,dy, dz dy, dz, dx, dz, dx dx, dy, dx,dy, )
dt, dt, dt dt, dt dt, dt, dt, "dt dt, dt, dt

Thus the normal is the grgdientdoff , l.e.
vf :(fx1 fy; .I:Z)T . ré“(:tl) x réftz)
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Normal of implicit surface

Unit normal of the implicit surface

N: (fwafyafZ)T :V_f
R+ VI

provided that |V f|#0
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Tangent plane of implicit surface

The tangent plane of point P(x;,y,,z,) on the
implicit surface f (x,y,2)=0 is

Vi-(r=P)=0

S N oy SRy YR, S popy oy

r=(x,y,z)
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Example: elliptic cone

Elliptic cone in implicit form
f(z,y,2) = (£)°+(§)*—(2)* =0
The gradient (normal) Is

Vf — (i_ga i_ya _%)T

subjectto (z,y,2) € f(z,y,2) =0 7
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First fundamental form (metric)

The differential arc length of parametric
curve on the parametric surface

¢ Parametric surface r=r(u,v)

¢ Parametric curve defined the in parametric
domain u=u(t), v=v(t)

¢ The differential arc length of parametric
curve

dr

—|dt = |¥ldt = Vi - Edt

ds =
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First fundamental form (metric)

dr
dt

du dv
ry— +

ds = dt = 1t rva

dt

= /(vytt + ry0) - (rut + r,0)dt

= v/ Edu2 + 2Fdudv + Gdv? |

where £ =r,r,, F=r, - r,, G=r,- 1,

11/27/2006 State Key Lab of CAD&CG 21



First fundamental form

e First fundamental form

11/27/2006

I =ds® =dr-dr = Edu?® + 2Fdudv + Gdv?

* E, F, G : first fundamental form coefficients
* E, F, G are important for intrinsic properties
+ Alternative representation

1 , FEG-F? _,
I—E(Edqude) +—F dv

State Key Lab of CAD&CG
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First fundamental form

Th

11/27/2006

(axb)-(cxd)j(a-c)(b-d)—(a-d)(b-c)
(axb)-(axb)=(a-a)(b-b)—(a-b)’

us
(ry X 1,)%2 = (v, X1,) - (ry X1,)

i e e e e

= EG — F? >0

State Key Lab of CAD&CG
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First fundamental form

* | >0 for arbitrary surface

+ | >0: positive definite provided that the
surface Is regular

¢*|=0iffdu=0anddv=0
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Example: First fundamental form

Hyperbolic paraboloid:
r(u,v)=(u,v,uv)’
0<u,v<1

Curve:
u:t, V=t.
0<t1

Hyperbolic paraboloid
arc length along u=t, v=t
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Example: First fundamental form

First fundamental form coefficients
E L a0 iF 0t )

E=r, r, =1+
F=r, r, =uv

G=r, r,=1%+u’
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Example: First fundamental form

First fundamental form coefficients along the
curve

E=14t F=t* G=1+1t

The differential arc length of the curve

1
ds = \/Ei2 + 2F 00 + Go2dt = 2\/162 + §dt
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Example: First fundamental form

The arc length of the curve

3—2] \/t2—|— —dt
1
t\/t ) zlog( \/t

3

1
2 2

DO | —
v
| |
-] p—

0g(V2 + V/3)
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Application of first fundamental form:
angle between curves on surface

« Two curves on a parametric surface
ri = I‘(’U,l(t), (O3] (t)) o = I‘(’UQ (t), V9 (t))

* Angle between r; and r, Is the angle between
their tangent vectors

* Angle between two vectors a and b
a=rdu,+r,dv
a- b where umEL e vERL
COSw =—— b=r du,+rdv,

allb
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Application of first fundamental form:
angle between curves on surface

* Angle between curves on the surface

Ed’uldUQ + F(duld’l)z + d’UldUQ) + Gd?)ld’l)g
VEdu? + 2Fduydv, + Gdv?\/Edu3 + 2F dusdvs + Gdv?

dul d’UQ du1 d’UQ d’Ul d'UQ d'Ul d’UQ
—FE——24F ==y
d81 ng + (dsl dSQ + d31 dSQ) * d81 d82

COSWwW =

* r, and r, is orthogonal (cos(r/2)=0) if
Eduidus + F(duidvs + dvidus) + Gdvidvs = 0
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Application of first fundamental form:
angle between curves on surface

* Special case: iso-parametric curves
r: u,(t)=t, v,(t)=0
ry: U,(t)=0, v,(t)=t

r, - r, r, I, F

COS W —

|ru‘|rv‘ B \/ru'r'u\/rv'rfu \/EG

The iso-parametric curves are orthogonal if F=0
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Application of first fundamental
form: area of the surface patch

The area bounded by four vertices r(u,v),
r(u+aou,v), r(u+ou,v), r(u+ou,v+ov)
OA

r (Uo, Vo+0V) r (Wo+0u, Vo)

_— "N\

r (Uo, Vo+0V) =1 (Uo, Vo) r (Uo, Vo r (Wo+0u, Vo) —r (Uo, Vo)

Area of small surface patch
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Application of first fundamental
form: area of the surface patch

The area bounded by four vertices r(u,v),
r(u+aou,v), r(u+ou,v), r(u+ou,v+ov)

§A = |rudu X ry0v| = VEG — F26udv

In differential form
dA = \/ EG — F2dudv
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Example: area of surface patch

Hyperbolic paraboloid:
r(u,v)=(u,v,uv)’
0<u,v<]

Bounded curves:
u=0; v=0;
us+ve=1

Area bounded by positive u and v
axes and a quarter circle
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Example: area of surface patch

First fundamental form coefficients
r, = (1,0,v)", r,=(0,1,u)"

E=r, r,=1+0°
F=r, -r, =uv

G=r, r,=1+u’

A:/ V1 + u2 + v2dudv
D
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Example: area of surface patch

After reparametrization of the surface patch

by setting u=rcosé, v=rsind, we have

Tl
A:/ / \/l—l-'r?rd@d’r:%(\/g—l)
o Jo
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Second fundamental form
(curvature)

* The second fundamental form quantify the
curvatures of a surface

e Consider a curve C on surface S which
passes through point P

* The differential geometry of curve
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Second fundamental form
(curvature)

surface normal N

curve normal

curve tangent

Definition of normal curvature
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Second fundamental form
(curvature)

The relationship between unit tangent vector t and
unit normal vector n of the curve C at point P

dt

* Normal curvature vector k, : component of k of curve
C In the surface normal direction

* Geodesic curvature vector k; : component of k of
curve C In the direction perpendicular to t in the
surface tangent plane
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Second fundamental form
(curvature)

The normal curvature vector can be expressed as

k, =, N

* k, Is called normal curvature of surface at point P In
the direction t

* K, Is the magnitude of the projection of k onto the
surface normal at P

* The sign of x, Is determined by the orientation of
the surface normal at P.
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Second fundamental form
(curvature)

Definition of normal curvature
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Second fundamental form
(curvature)

Differentiating N-t=0 along the curve respect to s:
dt N

N4t —
ds + ds 0
Combined with k,, = x,,IN, Thus
_@ N — ¢ @__dr dN__dr-dN
Rn_ds B ds ds ds  dr-dr

B Ldu? + 2Mdudv + Ndv?
- Edu? + 2Fdudv + Gdv?
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Second fundamental form

(curvature)
where
L =-r, N,
M = —%(ru N, +r, - Ny)

N = —r, - N,
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Second fundamental form
(curvature)

Sincer, |l Nandr, I N

11/27/2006

r,-N=0 and r,N=0

d(r,-N)/du=r N+ r N =0
d(r,-N)/du=r N+ r N,=0
d(r,-N)/dv=r N+ r N=0
d(r,-N)/dv=r,N+r N,=0

State Key Lab of CAD&CG
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Second fundamental form
(curvature)

Alternative expression of L, M and N
L=ry,, N M=r,, N N=r,, N

The second fundamental form Il
IT = Ldu® + 2M dudv -+ Ndv?

L, M and N are called second fundamental
form coefficients
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Second fundamental form
(curvature)

The normal curvature can be expressed as

II  L+2MX\+ NN

,{/fn’:_

I

- E+2F\-

n G)\Q

¢ A=dv/du Is the direction of the tangent line to
C at P (in the surface parametric domain)

¢ k. at a given point P on the surface depends

only on A

11/27/2006
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Meusnier Theorem

All curves lying on a surface S passing
through a given point peS with the same
tangent line have the same normal curvature

at this point.

Meusnier Theorem
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About sign of normal curvature

» Convention (a): kx n-N=x
The normal curvature is positive when the center of the

curvature of the normal section curve, which is a curve
through P cut out by a plane that contains t and N, is

on the same side of the surface normal.

center of curvature
L ]
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About sign of normal curvature

» Convention (b): xn-N=-x,
The normal curvature is positive when the center of the

curvature of the normal section curve, which is a curve
through P cut out by a plane that contains t and N, is

on the opposite side of the surface normal.

AN

Definition of normal curvature (positive) KkN-N=-x
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About sign of normal curvature

* About convention (b)

* The convention (b) is often used in the area of
offset curves and surfaces in the context of
NC machining

k, = —k, N

 II  L+2MA+ N
T T T T T E L 9F A+ GA2
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Point classification by |

« Suppose P and Q on the surface r(u,v)
P=r(u,v), Q= r(u+du,v+dv)
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Point classification by |

r(u+ du,v+ dv) = r(u,v) + rydu+ r,dv

1
+§(ruudu2 + 21y, dudv + rdeQ) + ...

Thus PQ = r(u+ du,v + dv) — r(u,v) = rydu + r,dv
1
—|—§(r,u,u,alfu,2 + 2r . dudv + Ty dv?) + ... .

Projecting PQ onto N
1
d=PQ N = (rydu+r,dv) - N + §II
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Point classification by |

Finally
1 1 5 5

Thus |I1] is equal to twice the distance from Q to

the tangent plane of the surface at P within second
order terms.

Next, we determine the sign of Il, l.e. Q lies In
which side of tangent plane of P
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Point classification by |

d=0 : a quadratic equation interms of du or dv
Assuming L=0, we have

—~M +M? - LN
L

I[WRVAVY
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Point classification: Elliptic
point

M?-LN<O (Elliptic point) :

+ There Is no intersection between the surface
and its tangent plane except at point P, e.qg.,
ellipsoid

Elliptic point
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Point classification: Parabolic point

M?-LN=0 (Parabolic point) :

¢+ There are double roots. The surface intersects Its

tangent plane with one line du = —4-dv which
passes through point P, e.qg., a circular cylinder

4 N

Ip Parabolic point
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Point classification: Hyperbolic
point

M?-LN>0 (Hyperbolic point) :

¢+ There are two roots. The surface intersects its

tangent plane with two lines dy = =MEVMZ-LN g,
which intersect at point P, e.g., a hyperbolic of
revolution N

Hyperbolic point
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Point classification: flat/planar
point

L=M=N=0 (flat or planar point)

* The surface and the tangent plane have a
contact of higher order than in the preceding
cases
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Point classification: other cases

e |f L=0 and N=0, we can solve for dv instead of du

 If L=N=0 and M=0, we have 2Mdudv=0, thus the
ISo-parametric lines

U = const.
V = const.
will be the two Intersection lines.
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Download the courses

http://www.cad.zju.edu.cn/home/zhx/GM/GMO03.zip
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