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Abstract   In this paper, we present an effective unshrinkage noise removal algorithm to 

generate smooth geometric models. By introducing the constraints of keeping all triangle 

barycenters invariant at each smoothing step, the algorithm converts the mesh fairing issue into the 

minimization of the constrained energy minimization functional, which is then solved efficiently by 

our iterative method. The experimental results demonstrate that our algorithm can not only quickly 

remove the noise with good shape preservation, but also be implemented efficiently and robustly.  
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Polygonal meshes have been widely applied in computer aided design and computer graphics 

community due to their simplicity and powerful ability to model complex objects. The development 

of 3D scanning technology enables us to conveniently capture detailed and dense sample points of 

object surface. These samples are then converted to triangular mesh for later use [4,7,11]. However, 

the high-fidelity reconstructed models are usually noisy, and need pre-smoothing before used in 

other applications.  

    In surface fairing, the most popular way is to minimize a energy functional[7,8] defined over the 

surface. For a parametric surface ),(: vuXXS = , the following curvature energy is generally 

considered: 
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where and are the principle curvature functions of surface S.  Since to evaluate the principle 

curvatures is very difficult, in practice we usually use the membrane energy and thin-plate energy 
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where are the first and second derivatives of the surface. Nevertheless, to 

minimize the simplified energy functional is still very complex and time-consuming, and the results 

heavily depend on the parameterization of the surface.  

uvvvuuvu XXXXX ,,,,

    In order to smooth a mesh with large data set, Taubin[5] generalized the classical Fourier analysis 

to discrete meshes, in which the discrete mesh fairing issue can be regarded as a low filtering of 

surface signal by linearly approximating the Laplacian operator. With a special parameterization, 

Kobbelt[3] derived a similar Laplacian operator for subdivision modeling purpose. Instead of solving 

the large sparse system straightforward, both algorithms use a local iterative technique to fair a 

mesh with large data set. Due to the rough approximation of the Laplacian operator, however, 

sometimes the resulting meshes may be accompanied with serious shrinkage and distortion, which 

is unacceptable for modeling purpose.  

    In order to reduce the shrinkage and distortion, Taubin[8] use a linear combination of the first and 

second Laplacian operator to fair polygonal meshes. The resulting meshes, however, heavily depend 

on the choice of the two mesh-related constants. Recently, Mathieu et al.[1] and Vollmer et al.[2] 

presented two experimental methods to achieve this goal. In this paper, we introduce a novel noise 

removal algorithm without shrinkage to handle the mentioned problem from a different viewpoint. 

The key of this algorithm is to keep all triangle barycenters invariant at each smoothing step by 

introducing some constraints to the energy minimization functional. The relaxation constraints not 

only prevent the resulting mesh from shrinkage, but also ensure the vertices to have enough degree 

of freedom.  

 

1    Laplacian smoothing algorithm 

Without loss of generality, we just discuss the triangular meshes in the following. Of course, our 

algorithm may be generalized to arbitrary polygonal meshes. A triangular mesh M is represented as 

a triple >< XTV ,, , where  is its vertex index set,  is its triangle 

set composed of all its triangles. Each triangle 

{ NV ,...,3,2,1= } VT 2⊆

Tt∈  is represented as an ordered vertex index triple 

. The geometric realization of the mesh  is a mapping from the vertex >=< kjit ,, 3: RVX →

 2



indices to their location in 3D space. Let  be the set of the 1-ring neighboring vertices of 

vertex i, and 

Vi ⊆)(Adj

)(Adj i  be its valence (i.e. the number of its 1-ring neighbors). For short hand, we use 

 to replace  to describe the position of vertex i, so the geometry of M can be defined as a 

vector X consisting of all its vertices, namely, 

ix )(iX

[ ]TNxxxX L21= . 

    By simple derivation, the variational derivatives of the mentioned energy functionals correspond 

to the Laplacian and the second Laplacian respectively: 

vvuu XXXL +=)(        vvvvuuvvuuuu XXXXLLXL ++== 2)()(2 o

For discrete polygonal meshes, the Laplacian operator can be represented as  

 ( )∑
∈
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Obviously, the discrete Laplacian operator is a linear combination of the neighboring vertices of a 

vertex. Writing the equation in matrix form, we have KXXL =)( , where ( )
NNijK

×
= ω . In 

Equation (1), ijω  are the non-negative weights satisfying 1
)(Adj

=∑
∈ ij

ijω , and 0=ijω when 

. Therefore, K is a sparse matrix.  )(Adj ij∉

    The mesh fairing issue can be regarded as a diffusion process [1]. By making integration over time, 

the small disturbance or noise will quickly disperse in its neighborhood so that the mesh becomes 

smooth. However, this approach may result in serious shrinkage and distortion. 

 

2    Barycenter constrained fairing algorithm 

    In this section, we derive our fairing algorithm, called barycenter constrained fairing algorithm, 

by introducing barycenter constraints to the energy functional, which prevents the mesh from 

shrinkage and distortion during smoothing. As discussed above, the energy of mesh M can be 

discretely approximated by 

( ) ( ) ( )XKKXxLXLME TT

Vi
i === ∑

∈

22 )(                                           (2) 

To avoid shrinkage and distortion, we need to introduce some constraints to the discrete energy 

functional. In this paper, the barycenter constraints are used.  

    Let 0X  be the initial vertex positions of mesh M, the barycenter constraint of triangle 
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Tkjit >∈=< ,,  can then described as  

( ) ( ) 0000 =++−++ kjikji xxxxxx  

Thus, the constraints on the whole mesh can be written in the following matrix form:  

0)( 0 =− XXH  

Here, each triangle Tkjit >∈=< ,,  corresponds to a row in the NN × matrix H  with elements 

.     The fairing for mesh M can then be described as  
⎩
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    This is a typical constrained optimization problem, which can be transferred to unconstrained one 

using the well-known penalty approach:  

( ) ( ) ( ) ( )00min XXHHXXXKKX TTTT −−⋅+ µ  

where µ  is a positive constant to achieve a compromise between the minimization and the 

constraints.  Solving a large sparse system is usually a time and memory consuming method for a 

mesh with large data set. In the following we will describe an iterative solution to Equation (3).  

 

 

2.1 Iterative solution  

Our local iterative solution is to minimize the local energy in the neighborhood of triangle t under 

the barycenter invariant constraint. Consider a triangle t and its neighboring triangles illustrated in 

Figure 1, let , ,  be its three vertices, we define the discrete energy in the neighborhood of 

triangle t similar to Equation (2):  
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where , , , (Figure 1).  
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See Figure 1
4



 

 

The barycenter constraint of a triangle can be rewritten as  

CBP =  

with ， ，[ ]111=B 0BPC = [ ]T
pppP 0

2
0
1

0
0

0 = is the original position of the triangle.  

Consequently, the local relaxation in the neighborhood of triangle t can be defined as the minimizer 

of under the barycenter constraint: )(tE
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Since the functional is quadratic, it can be solved using the Lagrangian Multiplier method, 
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   There are two popular ways to choose weights . One depends only on the local connectivity of 

meshes while the other considers both geometry and connectivity of meshes. Here, we use the first 

method to define the weights: 

ijω

⎪⎩
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)(Adj1 ij
niijω  

Therefore, 1−A ,  and in Equation (5) only depend on the valence of vertex i. In 

most cases, the valence of a vertex is around 5, 6 or 7, instead of computing these matrices on the fly, 

we build look-up tables of the matrices for each valence number in a preprocessing step. Hence, we 

can efficiently calculate the new locations of three vertices of triangle t by looking up the tables.  

1−BA ( ) TT
BABA 11 −−

    The mentioned method simultaneously relaxes three vertices of a triangle to minimize the local 

energy every time. Note that there are several triangles surrounding a vertex, say p, which means 

one may obtain several new locations ， ，…，  for vertex p (m is its valence) by 

relaxing it for each of its surrounding triangles. In our current implementation, we determine the 

location of vertex x by averaging these evaluated locations:  

1
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    We have test our algorithm on many models, and one of the results is shown in Figures 2. We first 

add some white noise to the original horse model, then use our proposed smooth method to remove 

the noise. Only one iterative step is needed in this example. Comparing the resulting model with the 

original one, we find that they are almost the same one! The example demonstrates the ability and 

stability of our algorithm to effectively remove noise with feature preservation. 

 

2.2   Boundary Fairing 

For an open mesh, we also need to smooth its boundary curves. Here, we extract the boundary 

curves from the mesh to smooth separately. Similarly, the Laplacian operator for a discrete curve, 

say , is defined as follows: mppp ⋅⋅⋅10

( ) ( )iiiiiii pppppL −+−= +−− 11,11,)( ωω  

where 0, 1,1, >− ii ωω ，and 11,1, =+− ii ωω . For simplicity, they may be given as 2
1

1,1, ==− ii ωω . 

Adhering to the same idea mentioned before, the barycenter/midpoint constraints may also be 

introduced to prevent the curves from shrinkage and distortion. It is easy to deduce the local 

iterative equation:  
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Figure 2    Noise removal for the horse model

 The original mesh　　　　　   　The noisy mesh　　　 　　　　  　The noise removal mesh
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