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Joint-aware Manipulation of Deformable Models

(a) (b)

Figure 1: Two representative models that users can interactively manipulate within our deformation system. (a) (column 1:) A desk lamp connected by revolute joints, and its
color-coded components. The lampshade is manipulated withthe same handle trajectory for three cases: (column 2:) joint-unaware deformation has difficulty facing the lampshade
backward because of immovable joints, and links are bended unnaturally(131 cells). (column 3:) joint-aware deformation with fully rigid links(6 cells). (column 4:) joint-aware
deformation with two deformable links in the middle(76 cells). (b) An Aibo-like robot dog with a soft tail, a soft body, and two soft ears interactively posed to walk and stand up.

Abstract1

Complex mesh models of man-made objects often consist of mul-2

tiple components connected by various types of joints. We propose3

a joint-aware deformation framework that supports the direct ma-4

nipulation of an arbitrary mix of rigid and deformable components.5

We apply slippable motion analysis to automatically detectmultiple6

types of joint constraints that are implicit in model geometry. For7

single-component geometry or models with disconnected compo-8

nents, we support user-defined virtual joints. We integratemanip-9

ulation handle constraints, multiple components, joint constraints,10

joint limits, and deformation energies into a single volumetric-cell-11

based space deformation problem. An iterative, parallelized Gauss-12

Newton solver is used to solve the resulting non-linear optimiza-13

tion. Interactive deformable manipulation is demonstrated on a14

variety of geometric models while automatically respecting their15

multi-component nature and the natural behavior of their joints.16
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1 Introduction23

Traditional space deformation algorithms largely assume that an24

embedded object should be treated as a single component [Gain and25

Bechmann 2008]. However, many 3D models, particularly those of26

man-made CAD objects, consist of multiple components. Recent27

years have seen considerable progress in making geometric defor-28

mations more content aware, such as material-aware mesh deforma-29

tion [Popa et al. 2006] and non-homogeneous resizing of complex30

models [Kraevoy et al. 2008]. These methods acknowledge that31

complex models usually have multiple parts with different proper-32

ties and features, which should be treated differently during manip-33

ulation. Where possible, deformation methods should attempt to34

respect any constraints, semantic or otherwise, that mightbe im-35

plicit in the geometry.36

Inspired by the aforementioned work, and by models of the type37

shown in Figure 1, we observe that constituent components ofa38

model are commonly connected by joints of either mechanicalor39

biological origin. These joints serve not only to segment the com-40

plex model into components, but also to constrain the relative spa-41

tial configurations of neighboring components. We propose ade-42

formation system that models and respects these joint constraints.43

The benefits of such an approach are two-fold. First, the defor-44

mations of different components can be represented independently45

of each other, which serves to eliminate the unnatural coupling that46

otherwise exists when multiple objects inhabit a shared space-based47

deformation. Second, joints define natural degrees of freedom af-48

forded by the geometry, which allows for natural and physically-49

plausible deformations and poses. As illustrated in the rightmost50

column of Figure 1(a), inter-component articulations as well as51

intra-component deformations can be achieved simultaneously.52

Joint constraints have long been used in skeletal animationto help53

in posing and skinning virtual characters [Magnenat-Thalmann54

et al. 1988; Lewis et al. 2000]. However, this comes with two55

caveats. First, a matching skeleton (i.e., joint hierarchy) has to be56

defined and rigged. This is often a non-trivial task, although sig-57

nificant progress has recently been made towards automatingthis58

task [Baran and Popović 2007; Au et al. 2008]. The joint detection59

we employ can be seen as extending automatic skeleton creation60

techniques to a significant new class of geometry. Second, skele-61

tal animation systems require the skinning weights for eachvertex62

of the mesh to be carefully assigned. We shall rely on the surface63

reconstruction of our volume-based space deformation to return a64

smooth representation of the deformed model. A further distinc-65

tion of the deformation approach is the direct manipulationof mesh66

vertices as handles, as compared to skeleton links or end effectors.67

Joint constraints have also been considered in the context of defor-68

mation models. Some methods require support from an underlying69

skeleton [Huang et al. 2006; Shi et al. 2007]. Others detect near-70

rigid components from example poses [James and Twigg 2005].In71

this work, we focus on articulated mechanisms whose components72

are connected by mechanical joints. We apply a shape analysis al-73

gorithm, originally designed to segment kinematic surfaces of 3D74

scanned shapes [Gelfand and Guibas 2004], to extract joint con-75

straints. We further augment these joints with automatically de-76

tected parameters that prescribe the available range of motion for77

each joint. Virtual joints can also be inserted into disconnected78

models or single-component models. The joint constraints are then79

directly incorporated into the deformation objective to maintain80

physically plausible spatial relationships between components.81
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Our space deformation algorithm follows the philosophy of reduced82

deformable models and subspace techniques to decouple the defor-83

mation complexity from the geometric complexity [Der et al.2006;84

Huang et al. 2006]. More specifically, we use an aggregation of85

elastically-coupled as-rigid-as-possible cuboid cells to enclose the86

model of interest. Each cell has its own associated affine trans-87

formation to be optimized, which will then be interpolated using88

Moving-Least-Squares (MLS) in order to reconstruct the deformed89

model [Kaufmann et al. 2008]. Rigid or near-rigid volumetric cells90

have been proven to be robust and to yield physically-inspired be-91

havior [Botsch et al. 2007]. The component-based space deforma-92

tion we propose allows different components to have independent93

spatial discretizations. Rigid components are represented by only94

one cell, and deformable components employ multiple cells.For95

any given component, users can choose between octree-stylesubdi-96

vision or uniform decomposition, according to their needs.Objects97

can consist of an arbitrary mix of rigid and deformable components.98

We integrate manipulation handle constraints, multiple compo-99

nents, joint constraints, joint limits, and deformation energies into100

a single volumetric-cell-based space deformation problem. The101

transformations associated with each cell form the optimization pa-102

rameters. An iterative, parallelized Gauss-Newton solveris used to103

solve the resulting non-linear optimization.104

Contributions: We present a novel deformation framework that105

naturally supports arbitrary mixes of rigid and deformablecompo-106

nents, connected by a variety of joint types. To the best of our107

knowledge, we are the first to apply slippage analysis for theauto-108

matic detection of joint constraints – we develop the assorted steps109

that are necessary beyond the slippage analysis to make the joint110

analysis work. Our implementation and results demonstratethe111

combined promise of these ideas.112

2 Related Work113

Mesh Deformation Surface-based mesh deformation methods114

have been widely used in mesh editing and animation. Repre-115

sentative works include multi-resolution editing [Zorin et al. 1997;116

Kobbelt et al. 1998], Laplacian surface editing [Sorkine etal. 2004;117

Yu et al. 2004; Lipman et al. 2005; Botsch and Sorkine 2008],118

and coupled prisms [Botsch et al. 2006]. These methods target the119

preservation of surface details on single-component models, i.e., a120

single connected mesh. Although potentially applicable tomultiple121

components, these methods on their own do not provide the mech-122

anisms to handle boundary conditions and spatial relationships be-123

tween components imposed by joint constraints.124

Volume-based space deformation methods deform a 3D model by125

warping its ambient space [Sumner et al. 2005; Huang et al. 2006;126

Sumner et al. 2007; Botsch et al. 2007; Shi et al. 2007]. Reduced127

models and subspace techniques are commonly exploited to de-128

couple the deformation complexity from the underlying geometric129

complexity, thus enabling interactive manipulation of high resolu-130

tion meshes. Direct manipulation techniques ease shape deforma-131

tion through intuitive control of individual mesh vertices, and have132

become increasingly popular.133

Our work follows these same principles to achieve interactive per-134

formance and intuitive interactions. More specifically, weformu-135

late space deformation as a nonlinear optimization problem, similar136

to the recent work on embedded deformation and rigid cell defor-137

mations [Sumner et al. 2007; Botsch et al. 2007]. The transforma-138

tions associated with each deformation unit, be it deformation graph139

nodes or volumetric cells, form the optimization parameters. Unlike140

previous work, we focus on complex models with multiple com-141

ponents. Volumetric cells for different components are decoupled142

so that the deformation framework can exploit the inter-component143

degrees of freedom provided by joints.144

Material-aware mesh deformation incorporates non-uniform mate-145

rials into the geometric deformation framework [Popa et al.2006].146

Material stiffness can be specified with a paint-like interface or can147

be learned from a sequence of example deformations. A knee joint148

can be emulated by specifying an anisotropic material that is flex-149

ible in one direction and rigid in the other two. Mechanical joints150

cannot be realized this way, however. Moreover, our work handles151

multiple types of joints with joint limit constraints.152

Non-homogeneous resizing is needed to preserve important struc-153

ture and features, such as circular shapes, of complex models con-154

sisting of multiple components [Kraevoy et al. 2008]. A protective155

grid, or vulnerability map, is first constructed. A space deforma-156

tion technique then scales different regions non-homogeneously to157

respect this map. Our method addresses issues that are comple-158

mentary to such resizing problems. Cylindrical and spherical joints159

between components, such as hinges and ball-and-socket joints, are160

automatically preserved by our joint-aware deformation, although161

for different underlying reasons than those proposed by Kraevoy et162

al.[2008].163

Inverse Kinematics Inverse Kinematics(IK) is a standard problem164

in robotics [Murray et al. 1994] and posing characters in computer165

animation [Tolani et al. 2000]. Given an articulated kinematic chain166

of rigid bodies, IK solves for joint angles that achieve a desired167

configuration of the end effector. IK usually deals with under-168

constrained problems when there are more joint degrees of free-169

dom (DOFs) available than the DOFs of the end effector. IK meth-170

ods commonly use the inverse Jacobian or cast the problem as an171

optimization. Mesh-based Inverse Kinematics (MESHIK) consid-172

ers the problem of finding meaningful mesh deformations thatmeet173

specified vertex constrains [Sumner et al. 2005; Der et al. 2006].174

This requires a collection of sample poses, which is often not read-175

ily available for complex models. Constraint-based mesh deforma-176

tion techniques can usually incorporate joint constraintsto some177

extent, if a reasonable skeleton is provided [Huang et al. 2006; Shi178

et al. 2007]. Our work integrates articulation and deformation in a179

skeleton-free way, handles more types of joints, and automatically180

detects joints that are implicit in the geometry.181

Shape Analysis Shape analysis algorithms study a variety of geo-182

metric, structural, or semantic features and metrics, including mesh183

saliency, symmetry, up-right orientation, and feature vulnerability,184

to name a few. A wide spectrum of applications, such as mesh seg-185

mentation, viewpoint selection, shape retrieval, and shape recog-186

nition, can benefit from such analysis [Katz and Tal 2003; Mitra187

et al. 2007; Kraevoy et al. 2008]. Similar to our consideration of188

complex models, 3D exploded view diagrams often take compli-189

cated mechanical assemblies with multiple parts as input ofinter-190

est. To visualize the spatial relationships between parts,blocking191

constraints along explosion directions have to be investigated when192

generating such diagrams [Li et al. 2008]. Our application requires193

analysis of diverse joints to constrain the relative configurations and194

motions between components. Slippable motion analysis [Gelfand195

and Guibas 2004] lies at the core of our joint analysis algorithm and196

will be discussed in detail shortly (§3.1).197

3 Joint Constraint Analysis198

In mechanics and robotics, the wordsjoint andconstraintare often199

used interchangeably to represent a relationship that is enforced be-200

tween two bodies so that they can only have certain positionsand201

orientations relative to each other. Our deformation system models202

motion constraints for articulation with typical types of joints used203

in mechanics.204
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Figure 2: Joint analysis: (aa) An input model with two components. (ab) Parts seg-
mented. (ac) Valid points on the intersection surfaces passed to shape analysis. (ad)
The joint frame associated with the identified revolute joint. (b) A robot brush with
components shown in different colors and joints labelled.

3.1 Slippable Motions205

Common mechanical joints have characteristic shapes, suchas the206

revolute joint shown in Figure 2. The core of our joint analy-207

sis is based on the notion of slippable shapes and slippable mo-208

tions [Gelfand and Guibas 2004]. Slippable motions are defined209

as rigid motions which, when applied to a shape, slide the trans-210

formed version against the original copy without forming any gaps.211

That is, the shape is invariant under its slippable motions.Slippable212

shapes include rotationally and translationally symmetrical shapes213

such as planes, spheres, and cylinders. Touching slippableshapes214

can undergo their corresponding slippable motions withoutpene-215

trating each other, and therefore are often found in joints for me-216

chanical models. For instance, the slippable motions for a cylinder217

include rotations around the cylinder’s axis and translations along218

the axis.219

Slippage analysis was originally designed to reverse engineer CAD220

objects, and segment complex shapes into simple geometric parts.221

Slippable motions can be computed as a least-squares problem222

whose minimum is the solution of a linear systemCx = 0. The223

slippable motions of a PointsetP are those that belong to the null224

space of the covariance matrixC. Eigenvectors ofC whose corre-225

sponding eigenvalues are zero correspond to the slippable motions226

of P. In practice, due to noiseC is likely to be full rank, and we227

choose those eigenvectors whose eigenvalues are sufficiently small228

as slippable motions. We refer the reader to [Gelfand and Guibas229

2004] for more details. Here we simply state that we can effectively230

determine the valid relative motions between two components by231

detecting their intersection surfaces and calculating their slippable232

motions. Table 1 shows the slippable motions of different surfaces.233

3.2 Joint Detection234

Given a complex mesh model as input, we first analyze the connec-235

tivity of triangles and separate them into connected components.236

Smaller components or semantically coupled components canbe237

merged into larger components by users as they see fit. Intersecting238

surfaces of adjacent components are then passed to the slippable239

motion analyzer to identify potential degrees of freedom ofthe rel-240

ative motions between the surfaces, such as translations and rota-241

tions. We further model the detected DOFs of slippable motions as242

different types of mechanical joints, such as revolute and prismatic243

joints. From an input model to final joint constraints, thereare four244

major steps involved: intersection surface detection, slippable mo-245

tion analysis, range of motion detection, and mapping of allowable246

DOFs to joints. We now describe each step in detail.247

Intersection surface detection: We begin by searching for the248

shortest distance between each pair of components in the complex249

model. If this minimal distance is less than a user specified thresh-250

old, the two components are selected as candidates for further inter-251

section surface detection. We first segment components intonear-252

Type of Num. small Slippable Type of
Surface Eigenvalues Motions Joint
sphere 3 3 rot. ball
plane 3 2 tran., 1 rot. plane

cylinder 2 1 tran., 1 rot. cylinder
linear extrusion 1 1 tran. prismatic

surface of revolution 1 1 rot. revolute
non-slippable 0 0 tran., 0 rot. fixed

Table 1: Slippbale motions of various surfaces, and the corresponding mapping to
joints.

convex semantic parts [Katz and Tal 2003]. Convex hulls are then253

computed for each part and intersections between each pair of con-254

vex hulls are located. The intersection surfaces are simplythe sur-255

faces in the intersecting regions. If two components are in contact256

and do not intersect with each other, there will be no intersection257

from their convex hulls. In this case, we look for vertices which are258

within the distance threshold to each other from the two compo-259

nents under inspection. The vertices of the intersection and contact260

surfaces are then passed to slippable motion analysis as input.261

Erroneous vertices may be detected in the above step. To filter262

these, we project a vertex of one component along its normal until263

it intersects with a triangle on the other component, and then com-264

pute the normal of the intersected triangle. Only when the angle265

between these two normals exceed a certain threshold (145 degrees266

for all the examples shown in this paper), can the vertex be kept for267

subsequent analysis.268

Slippable motion analysis: From the vertices and their normals269

detected in the previous step, we can easily analyze the allowable270

slippable motions between two components. The output of theslip-271

pable motion analysis are the number of translational and rotational272

degrees of freedom, and their corresponding axes.273

Note that slippable motion analysis may not be completely accurate274

for digital mesh models. There are two factors that most affect the275

stability and accuracy of the analysis. Letλ1 ≤ λ2 ≤ λ3 ≤ λ4 ≤276

λ5 ≤ λ6 be the eigenvalues ofC. We call the eigenvalueλ j small277

if the ratio λ6
λ j

is greater than a chosen thresholdg. The condition278

numberg determines how many slippable motions are returned, and279

is adjusted so that the maximum number of slippable motions is280

three. By default, we chooseg conservatively in the range of 100281

to 200 in our implementation. Users can also adjustg interactively282

from the graphical user interface (GUI) we provided.283

Slippable motion analysis is more sensitive to the model resolution284

than the value of the condition numberg. For example, if a sphere285

is discretized too coarsely, there may not be any numerically de-286

tectable slippable motions. Segmentation errors in the intersection287

surface detection step can also degrade the quality of slippage anal-288

ysis. Nonetheless, slippable motion analysis can save significant289

time and effort for users in arriving at a reasonable initialclassi-290

fication for all the joints in a complex model. Table 2 provides a291

quantitative summary.292

Range of motion detection: Slippable motion analysis only out-293

puts the DOFs of valid motions between two components. Range294

of motion information, such as angle limits of rotational joints, or295

translational limits of prismatic joints, is not provided.We thus296

need to additionally discover these joint parameters. Feasible range297

of joint limits should keep two components in close proximity with-298

out any visible penetration. To this end, we design a trial-and-error299

bisection process. For instance, translational limits areprobed by300

sliding a component along its translational axis until penetration301

occurs. Angle limits of rotational joints are detected in a similar302

fashion. If the feasible range of a motion direction is less than a303
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chosen threshold, this DOF will be removed from the system.304

Mapping to joints: We model detected slippable motion con-305

straints as typical joint types used in mechanics, as shown in Ta-306

ble 1. While prismatic, revolute and ball joints are standard joints307

in mechanics, the plane, cylinder and fixed joints require additional308

elaboration. Plane joints describe the case of two components have309

planar contacts and can slide and rotate on the plane relative to each310

other. Cylinder joints have an additional translational DOF com-311

pared to revolute joints. Fixed joints maintain a fixed relative posi-312

tion and orientation between two bodies. That means there are no313

allowable motions between these two components. Fixed joints ex-314

ist because all eigenvalues computed by slippable motion analysis315

can be larger than a certain threshold, and semantically these com-316

ponents should not move relatively to each other. The robot brush317

as shown in Figure 2(b) illustrates most of the joint types weimple-318

ment. We also allow users to overwrite the type of joints and adjust319

their range of motion parameters, if they are not satisfied with the320

results suggested by the system.321

We represent joints with local coordinate frames for the conve-322

nience of the constraint formulation to be introduced shortly. Local323

coordinate frames are computed through PCA analysis on valid ver-324

tices of the intersection surfaces, and then aligned with the detected325

translation or rotation axes.326

4 Space Deformation327

Given a set of identified components and their joint constraints, a328

deformation framework needs to be developed that supports this329

rich class of constraints. Prior space deformation methodswhich330

employ a single spatial grid for the whole model cannot easily in-331

corporate and maintain spatial relationships among components.332

Our deformation algorithm advocates building a local spatial grid333

for each component, and associates transformation parameters with334

each local grid. Joints detected by slippage analysis as described in335

the previous step are used to constrain the transformationsof local336

grids.337

We formulate space deformation as a nonlinear optimizationprob-338

lem, which supports deformation edits and joint constraints in a uni-339

fied manner. The objective function is comprised of energy terms340

corresponding to shape deformation and error terms relatedto joint341

constraints and manipulation goals. The transformations associated342

with every component-based local grid represent the optimization343

parameters. If the user wishes to edit the shape of a component344

of interest, the system subdivides its local grid into multiple cells,345

and associates transformation variables with each cell. Aniterative346

Gauss-Newton solver converges to solutions at rates that support in-347

teractive manipulation. From transformations of the coarse cuboid348

cells, we reconstruct the mesh from moving-least-squares interpo-349

lation, similar to [Kaufmann et al. 2008].350

In the following, we first introduce necessary notation and then de-351

tail the energy and constraint formulations used in the objective352

function. We then describe the Gauss-Newton solution method and353

relevant techniques for numerical acceleration.354

4.1 Spatial Grid Generation355

In order to decouple motions of different components, we create356

an individual grid for each identified component. Specifically, we357

calculate an oriented bounding box (OBB)Ck for each component358

k. If the user wants to freely deform componentk, Ck can further359

be subdivided into cells using either octree or uniform subdivision.360

Cm
k denotes themth cell of componentk, andTm

k = {Rm
k ,pm

k } is its361

associated transformation, whereRm
k is a 3×3 matrix andpm

k is a362

3×1 translation vector. The vertices of the cellCm
k are denoted by363

vm,i
k , i = 0. . .7.364

We define theinfluenced regionof a joint as the OBB of the valid365

vertices from the intersection surfaces that generate the joint. The366

cells intersecting with or contained by these influenced regions are367

called influenced cells. All influenced cells from the same compo-368

nent share a common transformation. This is because one joint can369

only relate two transformations. In Section 4.2.2,Tm
k1,T

n
k2 are the370

two transformations influenced by a particular joint, one for themth371

cell from componentk1, and the other for thenth cell from com-372

ponentk2. All other influenced cells have transformations that are373

identical to eitherTm
k1 or Tn

k2, depending on which component they374

belong.375

4.2 Optimization Objectives376

Freeform deformations and joint constraints are implemented by377

separate terms in the optimization objective function. We seek cell378

transformations that minimize a weighted sum of the deformation379

energies and constraint errors.380

4.2.1 Deformation Energies381

We use cells that are as rigid as possible. Freeform deformation is382

achieved by allowing different cells to have different transforma-383

tions, which are “elastically glued” together. Deformation handles384

are formulated as positional constraints that can be interactively de-385

fined on the complex model and can be directly manipulated by386

users.387

Rigidity: Rigidity measures how much a cell preserves its original388

shape. For a rigid transformationTm
k , Rm

k is a rotation in SO(3). We389

measure the rigidity of a transformation by computing the deviation390

of Rm
k from a pure rotation [Sumner et al. 2007]:391

Rigid(Rm
k ) = (cm

k,1 · c
m
k,2)

2 +(cm
k,1 · c

m
k,3)

2 +(cm
k,2 ·c

m
k,3)

2

+(cm
k,1 · c

m
k,1−1)2 +(cm

k,2 · c
m
k,2−1)2

+(cm
k,3 · c

m
k,3−1)2

wherecm
k,i , i = 1,2,3 are the column vectors of matrixRm

k . The
energy termErigid is formed by accumulating the rigidity of every
cell:

Erigid = ∑
k,m

Rigid(Rm
k ) (1)

Elastic strain energy: This term measures the local variation
of transformations, i.e., differences of neighboring cells’ mo-
tions [Botsch et al. 2007]. It emulates the ability of elastic materials
to resist bending and stretching.

Estrain = ∑
k,m

∑
j∈N m

k

‖Tm
k vm,i

k −T j
k vm,i

k ‖2
, i = 0. . .7 (2)

whereN m
k denotes the set of neighboring cells ofCm

k , andvm,i
k , i =392

0. . .7 denotes the eight vertices of cellCm
k .393

Position Constraints: Deformation handles allow for direct user
manipulations and are therefore commonly considered to be intu-
itive to use. We support deformation handles by constraining the
distance between the actual and desired handle positions:

Epos= ∑
i
‖Tm

k vi −qi‖
2 (3)

wherevi is the position of the selected vertex on the model at the394

reference pose, andqi is its target location.Tm
k is the transformation395
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Figure 3: Geometric invariants of revolute and prismatic joints

associated with cellCm
k which contains vertexvi . There are usually396

multiple handles, of which only one is actively controlled by the397

user at a particular instant in time. We visualize active handles by398

red cubes, and inactive handles will be yellow.399

4.2.2 Joint Constraint Errors400

There are two common ways to represent joint constraints in kine-401

matics [Murray et al. 1994]. One is to use the reduced coordinates,402

commonly known as joint angles, to parameterize joints. This ap-403

proach cannot be seamlessly integrated into our cell based defor-404

mation framework. The other is to use the full coordinates supple-405

mented with constraints that remove redundant DOFs. By posing406

joint constraints on the cell transformations in a similar fashion,407

we can develop a unified optimization framework that can main-408

tain joint constraints and achieve freeform deformations at the same409

time. Another benefit of the constraint formulation of joints is that it410

is more modular and flexible than using reduced coordinates,which411

in consequence greatly simplifies the task of slippable motion anal-412

ysis and better supports interactive editing of joint types.413

Let us denote a joint and its attached local frame by{J,c,F =414

{X,Y,Z}}. J represents the type of the joint, which is an element415

from the set{Revolute,Cylinder,Prismatic,Plane,Ball,Fixed}. F416

represents the three mutually orthogonal axes of the local joint417

frame, andc is its origin. Each type of joint defines a set of ge-418

ometric invariants, such as distances between cell vertices and/or419

joint axes. Preserving these invariants during deformation enforces420

the joint constraints accordingly. We now derive a penalty formu-421

lation for each type of joint in Table 1.422

Revolute Joint: A revolute joint{Revolute,c,{X,Y,Z}} only has423

one rotational degree of freedom, wherec is its rotation center, and424

X its rotation axis. The geometric invariants of a revolute joint are425

the projected distance and the axial distance between a cellvertex426

and the rotation axis as illustrated in Figure 3(a). The rotation axis427

should also remain the same under any valid rotation of the revolute428

joint. We formulate the three geometric invariants of a revolute joint429

as follows:430

ERJ1 = ∑
i
‖(Tm

k1vm,i
k1 −Tn

k2c)•Rn
k2X− (vm,i

k1 −c)•X‖2

ERJ2 = ∑
i
‖Tm

k1vm,i
k1 −Tn

k2pm,i
k1 ‖2−‖vm,i

k1 −pm,i
k1 ‖2

ERJ3 = ‖Rn
k1X−Rn

k2X‖2

where• represents dot product.Tm
k1 and Tn

k2 are the transforma-

tions of two cells influenced by the revolute joint, andpm,i
k1 is the

projection point of vertexvm,i
k1 on theX axis. MinimizingERJ1 and

ERJ2 maintains the invariance of the projected and axial distance,
and a zeroERJ3 enforces a static rotation axis under rotations. The
error term of a revolute joint is given by the sum of the above three

terms:
ERev= ERJ1 +ERJ2+ERJ3 (4)

Detected joint limits (§3.2) need to be implemented in order to pre-
vent components connected by the revolute joint from penetrating
each other. We again express these as geometric constraints. For
each cellCm

k1 influenced by a revolute joint, we compute a vector

dm,i
k1 = vm,i

k1 −pm,i
k1 for its ith vertex. dm,i

k1 is then rotated about the
rotation axisX. di

l anddi
u denote the lower and upper bounds when

dm,i
k1 reaches the joint limits. We define a penalty termERM to force

vectordm,i
k1 lie in between these two limit vectorsdi

l anddi
u. When

the transformed vectordm,i
k1 is within the valid range of motion, the

penalty term returns zero. Otherwise it returns the distance to the
closest bounding vectordi .

ERM = ∑
i
‖(Tm,i

k1 vm,i −Tn
k2pm,i

k1 )−Tn
k2di‖2 (5)

Cylinder Joint: A cylinder joint has one more translational degree
of freedom than a revolute joint. Hence we should allow a change-
able projected distance during manipulation of the components. We
simply remove the projected distance termERJ1 from Equation 4,
resulting in the following error for cylinder joints:

ECyn= ERJ2+ERJ3 (6)

Prismatic Joint: Prismatic joints are widely used in mechanisms431

to constrain one component to translate along a fixed axis without432

any rotation. For a prismatic joint{Prismatic,c,{X,Y,Z}}, axis433

X is the sliding axis along which the component can slide. The434

geometric invariants of prismatic joints are the distance between a435

cell vertex and theXY plane, and the projected distance of a cell436

vertex on theY axis, as illustrated in Figure 3(b). We can specify437

the geometric invariants as follows:438

EPJ1 = ∑
i
‖(Tm

k1vm,i
k1 −Tn

k2c)•Rn
k2Z− (vm,i

k1 −c)•Z‖2

EPJ2 = ∑
i
‖(Tm

k1vm,i
k1 −Tn

k2c)•Rn
k2Y− (vm,i

k1 −c)•Y‖2

whereTm
k1 and Tn

k2 are cell transformations from componentsk1
andk2 respectively that are constrained by the prismatic joint.The
total error term for prismatic joints is thus a sum of the above two
terms:

EPrism= EPJ1+EPJ2 (7)

In a similar fashion to revolute joints, we denotedm,i
k1 as the vector439

from the cell vertexvm,i
k1 to its projection on theXY planepm,i

k1 . The440

limit vectorsdi
l ,d

i
u of dm,i

k1 can be calculated as before, and a penalty441

term similar to Equation 5 can be formed.442

Plane Joint: Plane joints are used to enforce planar contacts be-
tween two components. Their geometric invariant is the distance
between a cell vertex and the sliding plane. The error function is
simply:

EPlane= EPJ1 (8)

Ball Joint: Ball-and-socket joints have three rotational degrees of
freedom and are common in biological systems, such as the hipand
shoulder joints of modelled human characters. When two compo-
nents are connected by a ball-and-socket joint{Ball,c,{X,Y,Z}},
they both attach to the centerc. Consequently, transformations of
each component should keep the anchor pointc together. Therefore
the error term to impose ball-and-socket joints is:

EBall = ‖Tm
k1c−Tn

k2c‖2 (9)
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Figure 4: (a) The user can wipe a wall using the robot brush by directly dragging the
tip of the brush (b) The yellow W-shaped segment can extend and fold after the user
changes the fixed joints between the rods to revolute joints.

To enforce joint limits for a ball joint, we first decompose the rota-443

tion betweenTm
k1,T

n
k2 into Euler angles. If they are out of bounds,444

we project them back into the valid range and compute the cor-445

responding limit vectordi by this projected valid rotation. The446

penalty term is then constructed similar to Equation 5.447

Fixed Joint: A fixed joint holds two components fixed with re-448

spect to each other. All cells influenced by the fixed joint from both449

components should have identical transformations. This can be im-450

plemented as a hard constraint in a pre-processing stage before the451

optimization to ensure two components will not move relative to452

each other around the fixed joint.453

4.3 Non-linear Optimization454

Our shape deformation solves the following unconstrained nonlin-
ear optimization problem:

min
x

f(x)T f(x) = EFFD +w jEJNT +wpERM

where: EFFD = wrigid Erigid +wstrainEstrain+wposEpos
EJNT = ERev+ECyn+EPrism+EPlane+EBall

(10)

Here, x is the aggregation of all cell transformationsTm
k , k =455

1. . . j ,m= 1. . . jk. Since each cell transformation has 12 DOFs, the456

total dimension of the optimization parameterx is around twelve457

times of the number of cells.EJNT enforces joint invariants, and458

ERM penalizes violations of joint limits. Fixed joints do not ap-459

pear in the objective function because we explicitly model them by460

mapping all the transformations of influenced cells to one single461

transformation variable. Currently we treat all joints equally in the462

deformation, so that all joint constraints have the same weight. For463

all the examples shown in this paper, we use 1e5 forw j and 1e8464

for wp. The success of our algorithm does not depend on the exact465

values of these weights, however; any large value is sufficient.466

Numerical Solution: We implement an iterative Gauss-Newton
method for the above nonlinear least squares problem [Nocedal and
Wright 1999; Madsen et al. 2004; Sumner et al. 2007]. At each iter-
ationt, the algorithm solves a linearized subproblem, and computes
an updating vectordt to improve the current solutionxt :

min
dt

‖Jt dt + f(xt)‖
2

xt+1 = xt +dt
(11)

whereJt is the Jacobian off(x).467

The analytic JacobianJt is sparse, and its non-zero structure re-468

mains the same across iterations. We can thus reuse a pre-computed469

symbolic factorization ofJT
t Jt to accelerate the numerical fac-470

torization at every iteration. Furthermore, updating ofJt can be471

parallelized on multi-core platforms commonly available today to472

achieve improved performance. For all our demonstrations,we use473

the PARDISO (Parallel Direct Sparse Solver) solver from theIntel474

Math Kernel Library 10.0.475

Inverse Kinematics is fundamentally an under-determined prob-476

lem with possible singular configurations for models with long IK477

(a) (b) (c)

Figure 5: (a) The original model of an office chair. (b) Seat swivelled and armrests
adjusted. (c) Back support tilted and bended.

chains. We use the damped pseudo-inverse to achieve singularity478

robust IK solutions [Chiaverini et al. 1994]. This effectively elim-479

inates oscillatory motions resulting from high joint velocities near480

a singular configuration, and generally smooths out motionswhen481

tracking user-manipulated handles.482

5 Results483

We demonstrate the capability of the proposed deformation frame-484

work on a variety of models in different application scenarios. In485

addition to the pictorial illustrations shown in this section, readers486

are encouraged to see the accompanying video for an interactive487

and animated demonstration of the results. Table 2 shows perfor-488

mance statistics of our experiments. Interactive performances can489

be achieved for all models on a 2.99GHz Intel Quad core machine490

with 4GB of RAM. The time of one Gauss-Newton iteration (col-491

umn Solve) is related to the number of cells and joints. The MLS492

interpolation time is related to the number of vertices and number493

of cells.494

Jointed multi-component models The ideal input to our defor-495

mation system are jointed multi-component models, such as CAD496

models. Figure 4(a) shows the direct manipulation of the tipof the497

robot brush to wipe a wall. The brush can deform naturally, and498

the articulation of the mechanical arm operates cooperatively. If499

the user is unsatisfied with the joint types suggested by the system,500

she can interactively change the type of joints and produce totally501

different animation results in just a few seconds. As shown in Fig-502

ure 4(b), she can instantly make the W-shaped segment extendand503

fold by changing the fixed joints between the yellow rods intorev-504

olute joints.505

Figure 5 demonstrates an adjustable office chair being manipulated506

using our deformation system. The seat and armrests can swivel,507

the armrests can rise and drop, and the back support can tilt and508

bend. Figure 1(b) shows that an Aibo-like robot dog can be inter-509

actively posed to walk and stand up. Its soft tail, body and ears can510

also deform simultaneously.511

Figure 6 compares our component-based spatial discretization512

method to the deformation approach of [Botsch et al. 2007]. Unde-513

sired correlations between spatially nearby parts which are geodesi-514

cally and semantically distant, such as the bee’s abdomen and515

wings, can be eliminated with a smaller number of cells usingour516

method. Dragging the bee’s stinger, which is at the back of its ab-517

domen, does not affect the bee’s wings or legs, which are attached518

to its thorax. To eliminate the effect of rotational joints from our519

method for fair comparison, we use fixed joints to connect allcom-520

ponents so that deformation of one component can pass to its neigh-521

boring components.522

Figure 7(d) demonstrates the advantage of our system over conven-523

tional IK on an Asimo-like robot. Since we allow for deformable524

6
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(a) (b) (c) (d)
Figure 7: (a) An Asimo-like robot with 20 components shown indifferent colors. There is one joint between each pair of adjacent components. Our joint-aware deformations mostly
use revolute joints except that the hips are ball-and-socket joints and the wrist and arm tube attaching points are fixed joints. (b) The cell decomposition for deformable motion
retargeting and inverse kinematics. (c) The robot driven bymotion capture data to shadow box. (d) IK with rigid(left) and deformable(right) body parts.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 6: A comparison of our method and [Botsch et al. 2007].(a)(b) The input bee model and its components
shown in different colors. (c)(d) Our algorithm uses a totalof 421 cells defined on component-based multiple grids,
and dragging the bee’s stinger up and down does not affect thewings or legs, which are attached to the thorax. (e)(f)
[Botsch et al. 2007] uses a single spatial grid of 1364 cells,and the deformation of the stinger undesirably disturb
the wings and legs.

limbs and accessories (e.g., arm tubes), stretching effects can be525

easily achieved. Building deformations into an IK system enables526

artistic exaggerations and supports the artistic license that can be527

used with respect to rigid skeletons, as suggested by [Lasseter 1987;528

Harrison et al. 2004]. Figure 7(c) demonstrates motion retargeting529

of skeletal animations to the robot. Note that the arm tubes deform530

properly as the motion changes. Chosen body parts can be rigid or531

deformable to achieve different styles.532

Non-jointed Models We cannot apply the joint analysis algorithm533

to disconnected multi-component models and single-component534

models. However, such models can still benefit from our deforma-535

tion framework with assistance from users to define desired joints.536

Figure 8(a) illustrates the effect of joint-aware deformation on a537

cartoon snake consisting of multiple disconnected segments. We538

manually create ball joints between adjacent segments to allow the539

snake to dance. To test our deformation framework for single-540

component models, we use the Stanford bunny model. We manu-541

ally create two virtual revolute joints between the ears andthe body542

as shown in Figure 8(b). The head is made fully rigid by designat-543

ing a single shared transformation for all the cells belonging to the544

head region. Because of the existence of the virtual joints,the elas-545

tic strain energy is discontinuous around the base of the ears. Such546

deformations are likely difficult to achieve with the user-painted547

rigidity weights of previous methods.548

6 Discussion and Future Work549

The proposed deformation framework mainly targets at models that550

have built-in joint connections in the mesh, such as CAD models551

for example. For models that do not have joints, or only have joints552

that look right but are mechanically wrong, we allow users toin-553

teractively create and edit joints. This is a critical component com-554

Figure 8: (a) A cartoon snake with multiple disconnected
segments. Virtual ball joints are added between adja-
cent segments to make the snake dance. (b) The single-
component Stanford bunny. Virtual revolute joints are cre-
ated between the ears and the head.

plementary to the shape analysis step. From our experience,CG555

modelers tend to only model joints that are visible from outside556

when given no instructions on the intended application. Forexam-557

ple, the four knees of Aibo are modelled properly but the hip and558

neck joints were skipped. We would also like to know what anima-559

tors think about our system in the near future. To our best knowl-560

edge, currently there is no joint-aware deformation tools available561

in commercial software packages. Imitating soft links in a skele-562

ton requires setting up many small bones and careful tuning of the563

skinning weights. Plane and cylinder joints are not supported either.564

Automating the addition of virtual joints will considerably enhance565

the usability for single-component models. Part-aware shape anal-566

ysis may offer useful suggestions to the users [Liu et al. 2009]. If567

a set of example poses are available, we can also detect near-rigid568

components and place joints accordingly [James and Twigg 2005].569

We are also interested in examining the possibility of deformable570

articulation for dynamic animations as in [Faloutsos et al.1997;571

Galoppo et al. 2007].572

Model #Vert. #Cells #Comp. #Joints Accu. Solve MLS
Brush 6885 176 15 15 100 14.90 1.35
Lamp 25862 76 6 5 100 3.42 10.40
Chair 23279 227 6 5 100 7.45 6.70
Asimo 38807 477 20 21 81 29.58 13.20
Office 53457 70 25 10 70 3.95 5.89
Aibo 14587 153 13 12 60 6.69 2.80
Bee 10607 421 13 13 NA 12.04 3.58

Snake 597 10 10 9 NA 0.54 0.06
Bunny 34835 1895 1 2 NA 103.09 35.74

Table 2: Test data and performance statistics. Timing is measured in milliseconds on
a 2.99GHz Intel Quad core with 4GB of RAM. From left to right: Number of vertices,
number of cells, number of components, number of joints, accuracy of slippable motion
analysis in percentage, time of one Gauss-Newton iteration, MLS interpolation.
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7 Conclusion573

We have presented a joint-aware deformation system for complex574

models. In contrast to previous work that has focused on low-level575

feature preservation, we deem higher-level semantics between com-576

ponents, such as the constrained spatial relationships represented by577

joints, an important clue for achieving deformations that protect the578

design purpose of the modelers and match the intent of the user579

manipulations. Articulation and deformation are integrated seam-580

lessly and flexibly with our method. Joints can be automatically581

inferred by slippable motion analysis, or interactively defined by582

users. Space deformation and joint constraints are framed as one583

nonlinear optimization problem, which is then solved by a fast par-584

allelized Gauss-Newton method.585

We have demonstrated the proposed scheme on a range of mod-586

els, including connected multi-component models, disconnected587

multi-component models, and single-component models. Experi-588

ments show that direct manipulation with our deformation frame-589

work achieves more intuitive and satisfactory results as compared to590

what could be achieved with traditional deformation methods which591

are unaware of components and joints. Our numerical implementa-592

tion is robust and supports interactive direct manipulations.593
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