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Abstract
Widely used for morphing between objects with arbitrary topology, distance field interpolation (DFI) handles
topological transition naturally without the need for correspondence or remeshing, unlike surface-based interpolation approaches. However, lack of correspondence in DFI also leads to ineffective control over the morphing
process. In particular, unless the user specifies a dense set of landmarks, it is not even possible to measure the
distortion of intermediate shapes during interpolation, let alone control it. To remedy such issues, we introduce
an approach for establishing correspondence between the interior of two arbitrary objects, formulated as an optimal mass transport problem with a sparse set of landmarks. This correspondence enables us to compute non-rigid
warping functions that better align the source and target objects as well as to incorporate local rigidity constraints
to perform as-rigid-as-possible DFI. We demonstrate how our approach helps achieve flexible morphing results
with a small number of landmarks.
Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling—Geometric algorithms, languages, and systems

1. Introduction
Shape interpolation/morphing between 2D or 3D objects
with arbitrary topology is of great interest for various applications. As a useful tool for smooth transition from a source
object to a target object, it has long been used in animation
and special effects in the film industry. There are two main
approaches for the morphing problem, surface morphing and
distance field interpolation (DFI). Surface morphing usually
establishes one-to-one correspondence between the source
and target surfaces via cross-parameterization and remeshing, and achieves as-rigid-as-possible interpolation results.
It, however, has difficulty in handling objects with different
topologies. DFI approaches, on the other hand, represent the
shape as an isosurface, which does not require dense surface
correspondences and allows topological change without special treatment.
However, without dense correspondences, DFI approaches also lack effective control over the morphing process. One solution [COSL98] is to specify sparse anchor
points in the source and target objects, compute a warping function associated with the anchors, and then blend the
two warped distance fields to create intermediate objects. In
this manner, the morphing process is roughly controlled by
c 2013 The Author(s)
Computer Graphics Forum c 2013 The Eurographics Association and John
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the sparse anchor points. Another solution [TPG01] approximates the volume enclosed by the surface with spheres, using correspondences between source and target spheres to
provide control. Unfortunately, the sparse correspondences
used in these approaches are not enough to precisely align
the features during the morphing process. There is no way
to perform as-rigid-as-possible interpolation, which needs
neighborhood correspondences.
In order to improve the controllability and quality of the
DFI process, we propose a novel approach to as-rigid-aspossible distance field morphing. We first construct shape
interior correspondence, a per-voxel fuzzy correspondence
between two distance fields. Such a correspondence allows
maintaining shape alignment throughout the morphing process, without an excessive number of landmarks. Making use
of this correspondence, we then warp the source and target
distance fields to an intermediate time and blend them to
generate the intermediate distance field, taking into account
the local rigidity constraints implied in the correspondence.
The result is an as-rigid-as-possible distance field metamorphosis algorithm that can generate superior morphing sequences to those produced by previous DFI methods.
Our shape interior correspondence is computed through
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Figure 1: Top row: a morphing sequence generated by our algorithm. Bottom row: the corresponding sequence generated
using [COSL98]. The user-specified anchor points are also shown in the top row.
minimizing earth mover’s distance [Kan06], based on sparse
corresponding anchor points. Thus, our initial correspondence is a fuzzy many-to-many correspondence, represented
by a function storing the portion of a source voxel transported to each target voxel. With a simple weighted average, each target voxel center corresponds to a point in
the source domain. This procedure avoids the difficulty in
directly establishing a one-to-one correspondence between
voxels, while reducing the shape distortion in the morphing
as well as providing flexible control.
We tested our approach on several 2D and 3D objects
with complicated shapes and topologies. In these tests, our
voxel-level as-rigid-as possible interpolation scheme produced smooth morphing results with proper feature alignment, as shown in Fig. 1, Fig. 5 and Fig. 7.
1.1. Related Work
We briefly review both the surface-based and the volumetric
approaches for morphing. We also discuss the mass transport
problem, the technique used in our fuzzy correspondence algorithm, in the context of related areas.
Surface morphing: Surface morphing techniques usually
start with building dense vertex-to-vertex correspondences
and then compute vertex paths to create intermediate shapes.
Since the source and target shapes are usually of different mesh connectivity, a cross parameterization method
is required to remesh the shapes and build correspondence [KS04, SAPH04]. The vertex correspondences can
also be established through functional correspondences on
the mesh, such as harmonic coordinates [ZRKS05] and functional maps [OBCS∗ 12].
The challenge in vertex path computation is how to
reduce the shape distortion in the morphing. Sederberg
et al. [SGWM93] developed an intrinsic coordinate for
2D shape blending, using edge lengths and interior angles. This method has been extended to polyhedral meshes

in [SWC97]. To reduce the non-rigid distortion in surface
shape blending, the as-rigid-as possible interpolation technique was introduced in [ACOL00, IMH05]. The technique
proposed by Alexa et al. [ACOL00] can handle volumetric
object interpolation but requires that the source and target
objects have the same number of tetrahedra and the same
connectivity. For 3D meshes, low-distortion surface morphing results can be achieved by changing the underlying
surface representation. Laplacian coordinates [SCOL∗ 04],
rotation-invariant coordinates [LSLCO05] and Poisson
shape representation [XZWB05] are popular techniques to
enforce the local rigidity constraint during morphing. A recent contribution [KMP07] realized as-isometric-as-possible
shape morphing results via finding a geodesic path in shape
space with the designated metric.
DFI morphing: Signed distance field is an implicit representation of a surface. One of its advantages in shape morphing is that it can handle the topological change during
the morphing between two surfaces with different topology
without any additional processing, while a triangle-based
representation requires special topological modifications for
surface split and merge operations and may have to remesh
some regions to maintain reasonable triangle shapes.
The early work in DFI morphing simply cross-dissolves
two distance fields and reconstructs the intermediate surface from the blended distance field [PT92]. However, this
simple scheme cannot preserve the essential features in
the source and target objects. To improve feature preservation, a wavelet volumetric morphing technique is developed in [HWK94]. Fine control of feature alignment for
two distance fields is achieved in [LGL95] by using various types of feature handles. Sphere correspondences are
adopted in [TPG01] to control the DFI morphing process.
The most related DFI method to our work is the 3D distance field metamorphosis by Cohen-Or et al. [COSL98]. It
separates the transformation between source and target objects into rigid and non-rigid parts according to the sparse
correspondence points on the surface, and the intermediate
c 2013 The Author(s)
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distance field is generated by blending the warped distance
fields.
As described earlier, the advantage of our algorithm is to
compute a dense shape interior correspondence, which allows the shape alignment to be consistent with the 3D objects enclosed by the surfaces. To our knowledge, ours is
the first algorithm that incorporates local rigidity constraints
into DFI morhping, leading to reduced distortion.
Mass transport: We model the morphing problem as a
mass transport problem, a shape transformation with a mass
preservation property, where the weighted 2D or 3D volume
is treated as the mass to be transported. The optimal mass
transport of this sort was first considered in 1781 by Gaspard
Monge, who referred to it as the “Earth Mover’s Distance”
(EMD). Its modern formulation first appeared in [Kan06].
Optimal mass transport has been applied to image registration [HZTA04], content-based image retrieval [RTG00]
and feature similarity measure [GD05]. In [MY11], EMD
is also applied to topology free 2D image morphing. However, explicit non-rigid distortion control is not directly
available in this method, which hinders its application to
shape morphing with the feature preservation requirement.
In [LPD11, SNB∗ 12], EMD is used to compute soft correspondences between surfaces.
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plate spline interpolation to compute warping functions
W0→1 and W1→0 that can align the shapes of Ω0 and Ω1
as well as possible (Sec. 3.1), i.e.,
W0→1 (Ω0 ) ≈ Ω1 , W1→0 (Ω1 ) ≈ Ω0 .

(1)

Next, given a morphing parameter t ∈ [0, 1], we find warping functions W0→t (W1→t ) that can transform Ω0 (Ω1 ) to
time t (Sec. 3.2) as an as-rigid-as-possible interpolation between the identity transformation and W0→1 (W1→0 ). We
then compute their inverses, the backward mapping functions Bt→0 and Bt→1 . Finally, the distance field Dt at t can
be evaluated as the interpolation of D0 and D1 guided by the
backward mappings:
Dt (v) = (1 − t)D0 (Bt→0 (v)) + tD1 (Bt→1 (v)),

(2)

where v is an arbitrary voxel in the domain.

1.2. Overview

Once we have the distance field, we can use the marching
cubes method [LC87] to extract the zero set surface, which
is represented as a triangular mesh. Note that the extracted
meshes at contiguous time frames may have different number of vertices/triangles and connectivity, and it is difficult
to enforce any temporal coherence between the two meshes.
Fortunately, in practice, we found that the generated morphing sequences exhibit smooth transition as demonstrated in
our video demo. It is also possible to use the recent surface
tracking technique [BHLW12] to track the correspondence
for the mesh sequence and improve the mesh coherence.

We present the overall framework here, before elaborating
on the algorithm in the following sections.

2. Shape Interior Correspondence

The two given 3D solid objects, a source Ω0 and a target Ω1 , are represented as signed distance fields to their respective boundary surfaces, D0 and D1 , stored on a volumetric grid. More precisely, for any point q in the domain, the
value of D0 (q) (or D1 (q)) is defined as the signed shortest
Euclidean distance between q and the boundary of Ω0 (or
Ω1 ), negative for points inside the objects and positive for
the outside points. Our goal is to continuously deform Ω0 to
Ω1 and produce the in-between objects {Ωt , 0 < t < 1} (i.e.,
{Dt , 0 < t < 1}). The user can specify a set of anchor point
pairs {(pi0 , pi1 ), 1 ≤ i ≤ K}, such that point pi0 in the source
domain corresponds to point pi1 in the target domain.
Our algorithm first establishes a fuzzy correspondence between the interiors of Ω0 and Ω1 (Sec. 2). Treating morphing
as a process of transporting the mass of Ω0 to Ω1 , we formulate the correspondence as the solution to an optimal mass
transport problem from the interior voxels of Ω0 to those of
Ω1 . The underlying physical optimality of this correspondence makes the morphing results reasonable, in the sense
that it moves the voxels with the minimum total transport
cost. To produce correspondences consistent with the userspecified anchor pairs, we define a mass transportation cost
induced by the anchor points.
Making use of the above correspondence, we use thin
c 2013 The Author(s)
Computer Graphics Forum c 2013 The Eurographics Association and John Wiley & Sons Ltd

We formulate the desired shape interior correspondence between Ω0 and Ω1 as the optimal mass transport. Suppose
that the total mass of a solid object is a constant value 1,
evenly distributed among its interior voxels. The problem is
then to find a mapping f that transports all the mass from
the interior voxels of Ω0 to those of Ω1 with the minimal
transportation cost.
Specifically, let Ω0 have N0 interior voxels and Ω1 have
N1 interior voxels. We construct a complete bipartite graph,
with N0 source nodes each of which corresponds to an interior voxel of Ω0 and N1 target nodes each of which corresponds to an interior voxel of Ω1 . We can then regard the
mapping f as an assignment of edge weights, with f (i, j)
representing the amount of mass transported from source
voxel i to target voxel j (see Fig. 2). The goal is thus to
solve for the mapping f that minimizes the total transportation cost,
arg min ∑ d(i, j) · f (i, j),
f

(3)

i, j

subject to f (i, j) ≥ 0, ∑i f (i, j) = 1/N1 and ∑ j f (i, j) =
1/N0 , where 0 < i ≤ N0 and 0 < j ≤ N1 . Here d(i, j) is
some distance between the i-th source node and the j-th target node. We solve Eq. (3) using the network simplex algorithm proposed by Bonneel et al. [BPPH11].
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j

source corresponding position of the j-th target node, q0 , is
then computed through

f (i, j)
j

i

j

q0 =
Figure 2: Illustration of shape interior correspondence. For
every source node i and target node j, f (i, j) represents the
amount of mass transported from source voxel i to target
voxel j.
The distance d(i, j) between source nodes and target
nodes should be defined with the correspondence of userspecified anchor point pairs taken into account. Intuitively,
if (i, j) is an anchor point pair, d(i, j) should be a minimal value to favor the mass transportation between the two
nodes. Inspired by Zayer et al.’s work [ZRKS05], we compute a K-dimensional vector field in either of the source
or target domains with respect to the K anchor point pairs.
Specifically, for each source anchor point i, we compute a
harmonic field hi0 in the source domain with Dirichlet boundary conditions by setting its value to 1 at this anchor point
and to 0 at all other source anchor points. This is equivalent
to solving the following linear system in the volumetric grid
∆hi0

= 0, with

where ∆ =

2

∂
∂x2

2

hi0 (pi0 ) = 1,

j
hi0 (p0 ) = 0,

j 6= i,

(4)

2

∂
∂
+ ∂y
2 + ∂z2 is the Laplacian operator. In our

current implementation, the Laplacian at voxel v, ∆hi0 (v),
is calculated as hi0 (v) − 16 ∑u∈Ψ(v) hi0 (u), where Ψ(v) represents v’s 6-connected neighboring voxels.
Solving the above equation for all K source anchor points
gives us a K-dimensional vector field h0 = (h10 , ..., hK
0 ). Similarly we can compute a K-dimensional vector field h1 =
(h11 , ..., hK
1 ) in the target domain. We then define the distance
between source node i and target node j as
j

d(i, j) = kh0 (vi0 ) − h1 (v1 )k,
vi0

(5)

v1j

where and are the positions of the i-th source node and
the j-th target node respectively.
Note that unlike [ZRKS05], we cannot directly use the
harmonic fields to construct the correspondence as this may
make exterior regions of the source correspond to interior regions of the target or vice versa. We only use harmonic fields
to calculate the distance between source and target nodes.
The final correspondence is computed by minimizing the total mass transportation cost.
The minimizer f of the total transportation cost gives a
many-to-many correspondence: for each target node j, any
source node i that has a nonzero f (i, j) could partially correspond to j. To perform DFI, we need to compute a unique
corresponding position in the source domain for each target
node j. For this purpose, we first find the source node with
the largest f (i, j) with given j, i.e., l = arg maxi f (i, j). The

k
∑k∈ϒ(l) f (k, j)v0
,
∑k∈ϒ(l) f (k, j)

(6)

where ϒ(l) is the 3 × 3 × 3 volume grid centered at source
node l. We can compute the target corresponding position qi1
of every source node i in a similar way.
Although we compute a unique corresponding position in
the source for each target node, such a correspondence is
not a one-to-one mapping between the source and target domains. Our intuition is that although the corresponding position of each individual node may not be optimal, the corresponding positions of all nodes can be used as a good guidance to aligning the source and target shapes. Note that as
we only need a fuzzy correspondence, we can also compute
j
q0 as the the average position of all source nodes having
nonzero f (i, j) values. According to our experiments, this
hardly affects the final morphing results.

3. As-Rigid-As-Possible Distance Field Interpolation
We first describe how to compute warping functions that
align the source and target shapes as well as possible, then
introduce an algorithm to perform as-rigid-as-possible interpolation for these warping functions and generate the intermediate shape.

3.1. Computing Warping Functions
We employ thin plate spline (TPS) interpolation [Boo89] to
compute the warping functions from the dense correspondence computed in the previous section.
Specifically, to compute the warping function W1→0 from
the target shape to the source shape, we solve the following
problem
W1→0 = arg min ∑ kW (v1 ) − q0 k2 + λ
j

W

j

j

Z

|D2W |2 ,

(7)

where D2W is the matrix of second-order partial derivatives
of W and the matrix norm used in |D2W |2 is the Frobenius
norm. The first term preserves the interior correspondence,
and the second term ensures the smoothness of the warping.
The weight λ is set to 0.5 in all of our tests.
The above problem has a closed form solution when restricted to the following form:
j

W1→0 (p) = a1 + a2 px + a3 py + a4 pz + ∑ ci ϕ(kp − v1 k),
j

(8)
where px , py and pz indicate coordinate components of p,
ϕ(r) = r2 log r is the kernel function, and a1 , a2 , a3 , a4
and c j are mapping coefficients (∈ R3 ) solved from Eq. (7),
c 2013 The Author(s)
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Figure 3: Illustration of the eight trirectangular tetrahedra
surrounding voxel i. For each tetrahedron, an affine transformation can be computed from its node positions in the
source (a) and target (d). Interpolating the transformations
of the eight tetrahedra independently will disconnect them
(b). Our global optimization stitches them together again (c).
which is simply a quadratic energy minimization with respect to these coefficients. See [Boo89] for details on computing the mapping coefficients.
The warping function from the source to the target, W0→1 ,
can be computed in a similar way.

Figure 4: A horse is warped to align with a mechanical-like
horse. Left: our alignment result. Right: the alignment result
by [COSL98]. We only show the silhouette of the horse for
better illustration.
Following [ACOL00, SZGP05], we decompose M (deformation gradient) through polar decomposition into a single rotation and a symmetric matrix (right stretch tensor):
M = Rr S. Based on this decomposition, the transformation
for the tetrahedron at time t can be constructed by linearly
interpolating the free parameters in the factorization
M(t) = Rt ((1 − t)I + tS),

(12)

3.2. As-Rigid-As-Possible Interpolation

where I is an identity matrix.

Given the warping functions W0→1 and W1→0 computed
above, we can now warp both the source Ω0 and the target Ω1 to time t and compute the intermediate shape Ωt .
First, we need to compute the warping functions W0→t and
W1→t , and their backward mappings Bt→0 and Bt→1 . Then,
Ωt (represented by Dt ) is generated according to Eq. (2).

Under this transformation and ignoring the translation, the
positions of the tetrahedron at time t should be

Note that W0→t should be smoothly changing with t, and
be the identity transformation at t = 0 and W0→1 at t = 1.
At time t, each interior voxel vi in the source domain will be
transformed to vti = W0→t (vi ). In the following we describe
an approach for computing W0→t as an as-rigid-as-possible
interpolation between the identity transformation and W0→1 .
We first explain how to solve for the optimal positions of all
interior voxels vt = (vt1 , . . ., vtN0 ) at time t.
For each interior voxel vi and its 6-connected neighbors in
the source domain (see Fig. 3), we can construct eight trirectangular tetrahedra with voxel center vi as their right angle.
Let (vi , v j , vk , vl ) be one of the tetrahedra, we can find its
corresponding tetrahedra (ui , u j , uk , ul ) in the target domain
through W0→1 ,

gtm = M(t)vm , m ∈ {i, j, k, l}.

(13)

Now we solve for the optimal vt that can match the shape
of tetrahedron (vi , v j , vk , vl ) at time t to the shape of the tetrahedron computed with Eq. (13) as much as possible. Specifically, we measure the similarity using the relative positions
of v j , vk and vl to vi , and propose the following energy
Ea (vti , vtj , vtk , vtl ) =

∑

kvtm − vti − (gtm − gti )k2 . (14)

m∈{ j,k,l}

The optimal positions of all interior voxels can be calculated by summing the energies for all possible tetrahedra
together
Ea (vti , vtj , vtk , vtl ),
arg min
t ∑
v

(15)

where the summation is over all tetrahedra whose vertices
are all interior voxels.

(10)

As Ea is a quadratic function, the above equation can be
solved via least-squares optimization (using a conjugate gradient solver in our implementation). To set the boundary
condition, we ask the user to specify an anchor point whose
position is directly computed via linear interpolation. Alternatively, the center of mass can be forced to be static. This
forms the boundary condition for Eq. (15).

M = [u j − ui uk − ui ul − ui ][v j − vi vk − vi vl − vi ]−1 .
(11)

Having solved vt , we directly apply the TPS interpolation
described in Sec. 3.1 to calculate W0→t and its backward
mapping Bt→0 . W1→t and Bt→1 can be computed in a similar way.

um = W0→1 (vm ), m ∈ {i, j, k, l}.

(9)

An affine transformation defined by a 3 × 3 matrix M and
a displacement vector b can transform the source tetrahedron
to the target tetrahedron
um = Mvm + b, m ∈ {i, j, k, l}.
M can be easily solved through

c 2013 The Author(s)
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Figure 5: Top row: a morphing sequence generated by our algorithm. Bottom row: the corresponding sequence generated
using [COSL98]. The user-specified anchor points are also shown in the top row.

Figure 6: Top row: a morphing sequence generated by our as-rigid-as-possible DFI. Bottom row: the corresponding sequence
generated using linearly interpolated warping functions.
We note that many tetrahedra constructed in our approach
overlap with each other and do not form a tetrahedralization of the object. They are only used to impose local transformation constraints and finally produce global as-rigid-aspossible interpolation. This distinguishes our approach from
[ACOL00], where an isomorphic tetrahedralization needs to
be constructed for two objects with the correspondence on
the boundaries already established.
4. Experimental Results
We have implemented the correspondence and DFI morphing algorithms on an Intel Xeon E5620 workstation. We provide statistics for the models presented in this paper in Table 1, including the timings and the numbers of anchor points
used. We selected several examples to demonstrate the effects of the resulting algorithm. See also the accompanying
video for morphing animations.
As shown in Table 1, among the stages of our approach,
constructing correspondence takes the least amount of time
as it is performed on grids of smaller sizes. TPS interpolation and as-rigid-as-possible DFI spend comparable time.

Example
Fig. 1
Fig. 5
Fig. 7
Fig. 9
Fig. 10
Fig. 11

Grid Size
1803 /403
5002 /502
1803 /303
1803 /403
1803 /403
1803 /403

#Achors
12
12
5
13
14
12

Corresp.
10
1
9
10
9
10

TPS
58
14
20
62
21
19

Interp.
24
1
22
18
33
27

Table 1: The volume grid sizes for distance fields/mass
transport, the number of anchor points and the timing results
(in seconds) for building correspondence, TPS interpolation,
and as-rigid-as-possible DFI for a single frame.
The zero set surface extraction (i.e., marching cube) takes
less than two seconds for a single frame in all examples.
Overall, we can generate an animation frame in less than
two minutes, with much room for acceleration as the current
implementation is not well optimized.
Fig. 1 demonstrates the advantages of our dense interior
correspondence. As only twelve anchors are specified by the
user, some shape features of the source and target are not
well aligned by the warping function computed in [COSL98]
(see Fig. 4, right), producing artifacts (e.g., small blobs) durc 2013 The Author(s)
Computer Graphics Forum c 2013 The Eurographics Association and John Wiley & Sons Ltd
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Figure 7: Morphing a simple object of genus 2 to the Bunny model. Top row: a morphing sequence generated by our as-rigidas-possible DFI. Middle row: the corresponding sequence generated using linearly interpolated warping functions with our
interior correspondence. Bottom row: the corresponding sequence generated using [COSL98].
ing morphing as observed in the bottom row of Fig. 1. While
increasing the number of anchor points can help alleviate
this problem, it becomes a tedious trial-and-error process. In
contrast, using the same sparse anchor points, our algorithm
can compute a dense interior correspondence that better
aligns shape features such as the horse leg (see Fig. 4, left),
generating superior results to those produced by [COSL98].
Fig. 5 compares our algorithm with [COSL98] in a 2D example. While judging the quality of the morphing results in
this example could be subjective and different people may
have different opinions, we would like to point out that our
interior correspondence helps to avoid creating unpleasant
ghosting features during morphing that are not exhibited in
the source and target, as highlighted in the the bottom row
of Fig. 5.
Our as-rigid-as-possible DFI can greatly improve the
quality of the morphing results. Fig. 6 shows a 2D example.
The results in both the first and second rows are generated
using our dense interior correspondence, which is employed
to compute the warping functions between the source and
target. In the first row, we perform as-rigid-as-possible DFI,
while in the second row we linearly interpolate the warping functions. A shown, as-rigid-as-possible DFI can generc 2013 The Author(s)
Computer Graphics Forum c 2013 The Eurographics Association and John Wiley & Sons Ltd

ate more natural intermediate objects with less distortion –
linear interpolation makes the dinosaur’s tail shrink in the
morphing process.
In Fig. 7, an object of genus two is changing smoothly
to the Bunny model. Again, the sparse correspondence of
five landmarks cannot align the source and target well, resulting in disconnected components in the morphing results
produced by [COSL98] (see the bottom row). While linear
interpolation using our computed dense interior correspondence greatly improves the results (the middle row), it introduces significant volume shrinkage in the bunny’s body part,
leading to more distortion than our as-rigid-as-possible DFI
results (the top row).
Limitations and Discussion. Although our technique can
produce visually plausible morphing animations with a small
number of landmarks, we note that in order to get satisfactory results these landmarks need to be carefully placed in
meaningful positions that correspond to geometric features
of the source and target objects. And if the number of landmarks is too low, our approach may generate unwanted results (see Fig. 8, top row). Adding more landmarks can certainly improve the results (see Fig. 8, bottom row).
One problem with our current correspondence is that the
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Figure 9: Top row: a morphing sequence generated using
harmonic fields computed in the whole volume. Bottom row:
the corresponding sequence generated using harmonic fields
computed in the shape interior.
Figure 8: Morphing results with different numbers of landmarks. Top row: the results of three landmarks. Bottom row:
the results of five landmarks.
computation of harmonic fields is performed in the ambient
space and does not consider the shapes of the source and
target objects. This may cause correspondences not in accordance with the user’s perception of the shapes and generates unsatisfactory morphing results (see Fig. 9, top row). To
remedy this problem, we can restrict the harmonic field computation in Sec. 2 to be within the shape interior. Specifically,
we only compute the harmonic field values for interior voxels. And when calculating the Laplacian at a voxel, we only
consider those interior voxels in its 6-connected neighbors.
The harmonic fields computed this way lead to a better correspondence and significant improve the morphing results
(see Fig. 9, bottom row). Fig. 10 and Fig. 11 show two more
morphing results generated using this approach. Note that
this approach works only for shapes containing a single connected component (i.e., all interior voxels of the shape are
connected). For shapes with multiple disconnected components such as those shown in Fig. 1 and Fig. 5, we still have
to compute harmonic fields in the ambient space.
Another problem of our work is that the computed correspondence is not a one-to-one correspondence between
shapes. It is thus difficult to evaluate the quality of the correspondence as in surface parameterization where the distortion of the correspondence can be rigorously defined.
While the morphing results based on this correspondence
are better than previous DFI methods, we found it hard to
further improve the results without using more landmarks.
Furthermore, lack of one-to-one correspondence also makes
our method problematic when handling colored or textured
shapes. The correspondence of each individual voxel is
fuzzy, which may cause unpleasant ghosting artifacts if it is
directly used for color interpolation. A possible solution is to
firstly generate the morphing surfaces using our algorithm,
track the correspondence information through time for the
surfaces using the recent method introduced in [BHLW12],
and use the tracked correspondence for color interpolation.
Finally, if an object contains multiple sematic components, we have to treat the object as a single distance field

and ignore the semantic information. This may generate
morphing results that do not capture structure-aware effects,
which are critical for some manmade objects (e.g., furniture). We would like to explore these problems in the future.
5. Conclusion
We have introduced a novel approach to performing as-rigidas-possible interpolation between two distance fields. It establishes dense correspondence between the interior of two
arbitrary objects based on the theory of optimal mass transportation. The resulting correspondence is consistent with
the user-specified anchor pairs, enabling us to compute nonrigid warping functions that better align the source and target objects, and thus makes it possible to incorporate local
rigidity constraints to perform as-rigid-as-possible DFI. We
found in our tests that our approach greatly improves the
quality and flexibility of DFI morphing techniques.
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