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Abstract

Predicting the flux density distribution on the receiver surface is of significance for designing and deploying
a central receiver system. In this paper, an analytical model with a closed-form expression is presented to
accurately describe the flux density distribution that a flat heliostat reflects on the receiver plane. The flux spot
is modeled as a two dimensional convolution between a uniform light flux density distribution over the heliostat
effective reflection surface and a quasi-Cauchy kernel. The convolution is solved analytically as a closed-form
expression. The proposed model takes into account the sunlight direction, sun shape, heliostat position, size,
orientation, slope error, and shadowing and blocking effects, etc. Extensive experiments and comparisons were
conducted, and it shows that the proposed model is more accurate than the prevalent elliptical Gaussian model,
in terms of total power and flux density distribution. Due to its closed-form expression, the proposed model can
also be efficiently evaluated on a contemporary graphics processing unit to predict the flux spot of a heliostat

within 2.8 milliseconds. Thus this model has promising potential in the practical optimization applications.

Keywords: Central receiver system, Convolution, Two dimensional Quasi-Cauchy kernel, Oblique parallel
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1. Introduction

Solar thermal power generation through a central receiver system (CRS) is one of the sustainable and
environmentally friendly technologies to meet increasing global energy demands (Romero and Steinfeld, 2OT7;
Avila-Marin_ef_all, PUT3). The operational strategies of such a system, particularly during unsteady operation
states, require intensive transient flux simulation. In addition to the power generation efficiency, the flux
density distribution on the receiver surface is also important to ensure system safety (Roldn_and Monferreal,
201d). Consequently, an accurate model of the flux spot reflected by a heliostat is of significance to facilitate
the tower concept solar energy collection simulation in CRS (Garciaef all, PO0R). Further, the flat heliostat
and the focusing heliostat are two common types of heliostat deployed in commercial CRS (Osuna ef all,
2004; Schell, POTT). The model for the flat heliostat is important because it is the basis to the research of the
composite focusing heliostat. It has been investigated by different researchers since the 1970’s (Walzel_ef all,
r977; Elsayed et all, T995). However, it is nontrivial because the spot is influenced by many factors, such as
the heliostat position, size, orientation, slope error, sunlight direction and sun shape (Collado _ef"all, T9RG).
Shadowing and blocking effects caused by neighbor heliostats should also be thoroughly addressed.
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The existing simulation methods can be basically classified into two categories, namely, the ray tracing
approach and the analytical approach (Garcia’ef all, 200R). The ray tracing approach simulates the light energy
transition among the sun, heliostat and receiver by sampling and tracing a huge amount of rays discretely. This
approach is capable of achieving an accurate prediction of the flux distribution at the cost of high computing
complexity. On the other hand, the analytical method describes the flux density distribution with an empirical
function, thus decreasing the computing time significantly and has been widely applied in heliostat field layout
design (Cruz et all, PUTR) and aiming strategy optimization (Wang_ et all, ZUT7). In general, the distribution
model is represented in terms of a convolution that is related to multiple factors involving the sun, heliostat
and receiver. However, a closed-form solution to this convolution is still unknown. The convolution based
model is solved either via numerical approximation (Walzel'et all, [977), which is also time consuming, or via
model simplifications (Schwarzhozl et all, 2009), which suffers from the loss of simulation accuracy.

To address the problems in the analytical approach, we propose a new flux density distribution model with
a closed-form expression to describe the flux spot on a receiver plane that is reflected by a flat heliostat. An
imaginary flux density scalar field is first established on the heliostat via a 2D convolution between a uniform
flux density distribution function and a quasi-Cauchy kernel, which naturally takes shadowing and blocking
effects into account. The convolution is solved as a closed-form expression. Then, the imaginary flux density
distribution is projected to the receiver plane through parallel projection. Experiments and comparisons show
that the proposed analytical model is accurate; furthermore, it can be efficiently evaluated in parallel on a
contemporary GPU due to its closed-form expression. As a result, it will facilitate the flux density distribution
simulation and the related optimizations potentially.

The main nomenclature used in this paper is listed as follows:

Nomenclature
e CSRs circumsolar ratios. o A the flux density value under ideal mirror
o ) reflection assumption.
® o, standard deviation of the heliostat slope
error. e IFDSF imaginary flux density scalar field.
o Ip direct normal irradiance (DNI). o reflection direction of the investigated he-
) ) liostat.
o S.uw area of a micro-heliostat surface.
) ) e N heliostat surface normal.
® cosw heliostat cosine effect.
) o e N, receiver panel normal.
e p heliostat reflectivity.
. ' e 0 heliostat surface center.
® Taa atmospheric attenuation factor.
) o1 unitary matrix.
o Sy heliostat surface area.
) ) ® Crms root mean squared error.
® Ccos¢ receiver plane cosine effect.
e c flux power error.
o Sy the projected heliostat surface area on power
the receiver. ® Cpeak peak error.

The rest of the paper is organized as follows. Section B reviews the relevant work on the analytical approach
for flux simulation and the sun shape model. Section B provides preliminary knowledge. Section B briefly

describes an improved GPU-implemented ray tracing simulation and its validation; this result is used as the



ground truth for the analytical model derivation. Section B analyzes the modeling process from a theoretical
point of view. Section B elaborates the derivation of the analytical model and presents a parameter optimization
method. Section [@ describes extensive experiments and comparisons with other related works. Section B draws
conclusions and discusses planned future work.

2. Related work

2.1. Analytical models for the flux density distribution simulation

An analytical approach is one possible way to simulate the received flux density distribution on a receiver re-
flected by a heliostat, which takes multiple factors into account, such as the sun parameters, heliostat properties
and atmospheric attenuation.

Biggs and Vittitod (T978) proposed statistically incorporating the effects of several nondeterministic factors
(e.g., sun tracking errors and facet-surface errors) through a convolution that is solved numerically by using
Fourier transformation. Walzel'ef all (T977) predicted the flux density distribution on the receiver reflected by
a flat heliostat statistically by using a 2D Hermite function. The results are consistent with those generated
by previous analytical models but only take about one tenth of the computing time. Lipps and Walzel ([978)
proposed an analytical model for a round heliostat and a numerical method to describe the flux density
distribution of a heliostat of arbitrary shape, which considers shadowing and blocking effects. The authors
indicated that their method was less efficient but more accurate than the Hermite function method (Walzel
ef-all, 1977). Hennefand Abafufl (T984) derived a complex analytical flux density distribution model by solving
the convolution over the intersection area between the solar disc and the principal image of a heliostat on the
receiver. The shadowing effect was handled in a straightforward manner by uniformly decreasing the reflected
power according to the percentage of the shadowed area on the heliostat, which is not accurate enough for
flux density distribution prediction. Callada et all (I98A) presented the UNIZAR model in the integral form to
describe the flux density distribution on the receiver reflected by a focusing heliostat, which is the convolution
of several Gaussian distributions. They verified the analytical model by comparing simulated isoflux contours
and the total power with practical measurement results. In summary, a general and closed-form solution to
the above convolution approaches for flux density distribution simulation is still unknown.

Elsayed et al] (T995) measured the flux density distribution on a planar receiver reflected by a flat heliostat.
They identified two images (namely, an apparent image and a mirrored reflected-radiation image) based on the
measured data, which turned out to be quite consistent with the results of our analytical model. The flux data
was regularly distributed along the primary axes of the principal image (the oblique projection of the mirror
surface on the receiver plane). A 1D analytical model (Elsayed and Fathalall, 1994) considering shadowing and
blocking effects was given and validated against the measurements (Elsayed et all, T995).

As an alternative, the convolution-based analytical model can be simplified as a closed-form expression,
which may sacrifice the accuracy of the model to some extent. Schwarzhozl ef all (PII9) approximated the flux
distribution on the receiver surface with a circular Gaussian distribution, namely, the HFLCAL model. The
attributes regarding the sun shape, mirror slope errors and tracking errors were parameterized as the deviations
of the Gaussian model, which was then verified by comparison with measured data (Calladd, 2010). The model
was then applied to heliostat-aiming optimization (Salomé et all, POT3; Besarati ef all, P0T4). (Garcia ef al
(P0T15) refined the HFLCAL model by first modeling the reflected flux density as a circular normal distribution
on the heliostat and then projecting it to the planar receiver through the homography transformation, i.e.,
oblique parallel projection. Such projection more closely approximates the distorted flux spot in the real scene
and thus leads to a more accurate representation. Huang and Sun (P0I6) proposed modeling the flux density

distribution by a focusing heliostat with an elliptical Gaussian distribution. Shadowing and blocking effects



were not considered. Based on the HFLCAL model, He“ef all (2017) proposed a fast simulation method for
flux density prediction on the receiver by exploiting the parallel computing and rendering capability of modern
GPUs, taking both shadowing and blocking effects into consideration. Due to the flux density distribution
model adopted and the characteristics of the z-buffering algorithm (Cafmull, I974; Kessenich ef all, 2016), the
flux distribution along the silhouettes of the blocked or shadowed areas is sharp, which is inconsistent with

actual observations. To overcome this problem, a new model considering both shadowing and blocking effects

merits investigation.

2.2. Sun shape model

The sun shape model is essential for accurate flux density distribution analysis, which describes the terres-
trial brightness distributions of the sun. In contrast, the direct normal irradiance (DNI) is a general measure-
ment of the solar irradiance reaching a surface perpendicular to the sunlight direction. A simple profile, e.g., the
pillbox distribution (Biggs and Vittitod, I976) or the Gaussian distribution (Bendi_and Rabl, [9XT) provides
only a rough approximation of the sun shape. Based on the measured data, Nenmann et all (2007) presented
several sun shape profiles corresponding to different circumsolar ratios (CSRs), which are the ratios of the solar

power hosted by the solar aureole to the total energy emitted from the sun. Based on their work, Buie_ef"all
(2003) proposed an empirical model to describe the relationship between the normalized solar intensity (S(0))

and the angular displacement from the center of the sun:

c0s(0.3266)
COS-07%9) 19 e R|0 < 0 < 4.65 mrad
S(9) = { cos(0.3086) { | } (1)

e, {0 € R|0 > 4.65 mrad}

v =22In(0.52x)x"* - 0.1, x=09In(13.5x)x"%3, x=CSR,

which agrees well with the measurements at various sites and has been widely adopted in ray tracing simulations.

An illustration of Buie’s model is shown in Figure 0.
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Figure 1: Sun shape model proposed by Bine et all (20M13)

3. Preliminary knowledge

In this section, we briefly introduce preliminary knowledge used in the derivation of the proposed model.

This includes the definition of various coordinate systems, the Weiler-Atherton clipping algorithm for shadowing



or blocking area extraction, the Green theorem for converting a 2D double integral into 1D line integrals and

a quasi-Cauchy kernel for smooth transition of the flux density distribution.

3.1. Coordinate systems

To describe the heliostat field and the receiver in the CRS, three coordinate systems are defined, namely,
the global coordinate system, heliostat coordinate system and receiver plane coordinate system, as shown in
Figure B:

Global coordinate system O-XYZ. This is a 3D Cartesian coordinate system describing the scene of the
heliostat field and receiver. Its origin is at the center of the tower base; the X-axis and Z-axis point to the
east and the north, respectively, and the Y -axis is vertical to the ground. It is left-handed, which is consistent
with the graphics API adopted, i.e., Direct3D (Coordinate Systems (Direct3D]). The azimuth of the sun is
defined clockwise from east in degrees and the elevation is defined upwards from the horizon.

Heliostat coordinate system o-xy. This is a 2D coordinate system used to describe a heliostat. Its origin o is
at the center of the heliostat surface, and its z-axis is parallel to the long edge of the heliostat.

Receiver plane coordinate system c-uv. This is a 2D coordinate system for describing a planar receiver locally.
Its origin ¢ is at the receiver panel center, and the wu-axis is parallel to the ground. If the receiver is composed

of several planar panels, a receiver plane coordinate system is defined for each panel.

\4

) |- L gl ©
Regf----"7" "
v ¢ "
¢ a2l >~ . Sun
Receiver
POy AY
A X
P
1 0
1
1
Heliostat plane
Y !
VA
o
X North

East

Heliostat

S

Figure 2: Three coordinate systems (namely, the global coordinate system O-XYZ for the heliostat field, heliostat local coordinate
system o-zy for the heliostat plane and c-uv for the receiver plane) and their relationships under oblique parallel projection.

3.2. Weiler-Atherton clipping algorithm

The proposed analytical flux density distribution model aims to handle shadowing and blocking effects
accurately. Hence, the boundary of shadowed and blocked areas should be extracted. The task can be ac-
complished by the Weiler-Atherton clipping algorithm (Weiler_and Afherfon, I977), which is designed for 2D
Boolean operations (Boolean Operations on Polygons) and hidden surface removal in 3D computer graphics.
Its inputs are two polygons and a Boolean operation between them, e.g., AND, OR, and NOT. It then returns
the contours of the resultant polygon. The C open-source library and COM component implemented on a CPU
for a 2D polygon Boolean operation are published online (Weiler Clip Library). The clipping algorithm has also



been adopted by Ramos and Ramod (20014); Cadiz_ef_all (2015); Kim ef all (2007). The proposed approach is
same with those of Ramos and Ramod (2014); Kim_ef_all (2017). (Cadiz_ef-all (2015) handled the shadowing
and blocking problems by firstly projecting the underling heliostat and its shadowing and blocking heliostats to
a common virtual plane, and then performing 2D polygon Boolean operations on the virtual plane. Its result
is identical to the proposed method.

3.3. Quasi-Cauchy function

In the proposed model, a quasi-Cauchy function is adopted to analytically describe the smooth diffusion of
the flux density distribution. This function was first introduced by McCormack and Sherstyuk (T99R) as

1

"= ey

(2)
where r is the Euclidean distance and s(s > 0) specifies the diffusion radius of the kernel, similar to the
standard deviation parameter ¢ in the Gaussian function. The quasi-Cauchy function has been widely used

for convolution surface modeling for multiple geometries, including points, lines, and arcs.

3.4. Green’s theorem

The Green’s theorem will be applied to obtain the closed-form solution to the analytical flux density
distribution model, which is deduced in terms of a 2D convolution between a 2D polygon and a quasi-Cauchy
function. This theorem (Buck, 2003) converts a double integral over a plane region D bounded by a positively
oriented, simple closed curve C to the line integral along C. Let @ and P be the functions of (z,y), which have

continuous partial derivatives on an open region containing D. Green’s theorem states that

/ /D (gij _ g—j)dxdy _ /Cé (Pda + Qdy). (3)

//D %dxdy = féQdy. (4)

4. Numerical simulation with the ray tracing method

Specifically, if P = 0, we have

To derive and validate the proposed analytical model for the flux density prediction on the receiver, a
state-of-the-art ray tracing method (Belhomme ef all, PO0Y) is improved and implemented fully on a GPU with
CUDA (Duan-ef-all, 2019). The flowchart and schematic of the improved ray tracing algorithm are shown in
Figure B.

4.1. Ray tracing method for the flur density distribution simulation

First, each heliostat is assumed to be precisely adjusted through rotations about two axes so that the central
ray from the sun is reflected from the heliostat center to the aiming point on the receiver.

The bidirectional ray tracing method (Belhamme ef all, PO0Y) was adopted for the flux density distribution
simulation, in which rays are generated directly on the underlying heliostat surface and traced along two
directions: the incident direction and the reflection direction. In the method, the heliostat surface is uniformly
tessellated into small pieces, called a micro-heliostat. At each micro-surface center, a bundle of rays (e.g.,
N, rays) is generated. The directions of the rays are independently determined from the solar disc using an
importance sampling approach (McCool'and Fiumé, [992), i.e., more rays are generated from the center than
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Figure 3: Flux density distribution simulation process based on ray tracing: (a) flow chart of the ray tracing method; (b) the
incident rays are generated from the sun cone, which are defined according to the sun shape model(Buie_et-all, P03). They are
then reflected according to the micro-surface’s normal, which is determined by the slope error. Shadowing and blocking effects are
determined discretely by intersection detection of the incident and reflected rays, respectively.

from the rim of the sun according to the sun shape model (Buie_ef all, 2003). The CSR of the sun shape model
is assumed to be 0.2 (Belhomme ef all, 2009). In the incident phase, each ray is checked to determine whether
it collides with other heliostats (shadow test). The ray collision detection is accomplished by a ray traveling
algorithm, i.e., the 3D-DDA algorithm proposed by (986) and implemented on a GPU, which
can exploit the spatial coherence efficiently. If a ray collides with a heliostat, the ray tracing process terminates.
Otherwise, the incident rays are reflected according to the local micro-heliostat’s normal, which is modeled as
an isotropic Gaussian distribution (with standard deviation oy, i.e., slope error) of the angular deviation from
the ideal position (Landman_ef all, 2Z016). A rough heliostat surface corresponds to a larger o, and vice versa.
Next, the reflected rays are traced along the reflection direction with the 3D-DDA algorithm for the block test.
The tracing process for a ray will terminate if the ray collides with a heliostat on the way to the receiver.

The receiver plane is also tessellated into grids uniformly. If a ray reaches the receiver, its associated energy
(W) is accumulated in the corresponding target grid on the GPU. The energy of each incident ray on the same
micro-heliostat surface is equally determined as follows:

_Ip * Sgup * COSW * p

Eray = N * Naa (W)7 (5)

where Ip is the solar DNI in W/ m?, S,y represents the area of one micro-heliostat surface, w is the angle
between the sunlight direction and micro-surface normal, p is the heliostat surface reflectivity and N, is the
number of incident rays sampled on a micro-heliostat surface. 7,, is the atmospheric attenuation factor, which
is related to the slant length d between the heliostat and the receiver (Leary et all, T979):

B 0.99321 — 0.0001176 xd + 1.97« 10~ 8 % d2 d < 1000 m 8
Nlaa = —0.0001106xd d > 1000 m (6)

4.2. Validation of the ray tracing simulation against real data

To verify the accuracy of the proposed ray tracing method, a validation step is conducted by comparing the
simulation results with the measured data and the results from Soltrace (Wendelinl, Z0013; Soltrace project]) and
Tonatiuh (Blancaefall, PU0G; [[onatiuh project]) software. The parameters of the two experimental heliostatsare




Table 1: Basic field parameters in the ray tracing validation

heliostat (1.6 m x 1.25 m)

sun parameters
(p=0.88, 05=2.0 mrad)

receiver panel (4.6 m x 4.6 m)

azimuth | elevation DNI heliostat id position center normal
(W/m?)

-168.06° 53.83° 800.0 S_R108 (90.97, 3.91, -20.97) | (0.0, 55.0, 0.0) | (0.71, 0.0, -0.71)

-173.09° 41.52° 750.0 N_R028 (84.05, 6.29, 35.13) | (0.0, 55.0, 0.0) | (0.71, 0.0, 0.71)

given in Table . The geometry of the heliostat was measured discretely, as shown in Figure @. These heliostats
were adjusted to reflect the sunlight to the center of the target panel at two specific times with the azimuth-
elevation tracking model (Chen et all, 2004). The photographic images of the flux spots on the receiver panel
were captured by an industrial camera (Figure Ba). Then, the target area pre-marked by four labels on the
panel was clipped and rectified as a rectangular region according to the camera parameters (Figure BH). To
eliminate the ambient flux component, the average pixel value of four sampled regions along the image edges

were calculated and subtracted from the whole image. The resultant flux spot (Figure Bd) represents the net
solar energy reflected by the heliostat.

Original heliostat surface data m o 1DV4

1.25m

Helinstat Width

06 04 02 0 02 04 0B
L Helinstat Length

f 1.6m |

Figure 4: Measured geometry of the experimental heliostat: the range of the color bar is from -7.0 x 10~* m to 1.0 x 10~% m,
representing the depth (negative) or elevation (positive) of each square with respect to an imaginary flat plane over the heliostat.

(a) (b) (c)

Figure 5: Preprocessing of the real flux spot image for ray tracing validation: (a) image capture of the flux spot on the receiver;
(b) image correction and ambient flux component extraction; (c) net solar flux reflected by the heliostat.

All the parameters of the experimental heliostats were exactly set and passed to our GPU-based ray tracing



simulation engine. The tessellation granularities for the heliostat and receiver plane were 1 cm and 2 cm,
respectively. On each micro-heliostat surface, 2048 rays were generated. Consequently, 40,960,000 rays were
traced on each heliostat. The simulation results based on the measured heliostat geometry or flat heliostat
assumption (just as Soltrace and Tonatiuh do) are presented in Figure B, along with the measured ground
truth results and the results of Soltrace and Tonatiuh. As it shows, the flux density distribution results from
the proposed improved ray tracing method are well consistent with the real measured data. In Soltrace and
Tonatiuh, same number of rays are traced for each heliostat. Since the ray tracer engines cannot take the
heliostat surface with measured geometry as input in Soltrace and Tonatiuh, the heliostat surface is treated as
a flat plane. As a result, the flux spots predicted by Soltrace and Tonatiuh appear more diffuse than the ground
truth, which are consistent with that by the proposed ray tracing method under flat heliostat assumption. The
runtimes of our ray tracing, Soltrace and Tonatiuh are 11.22 ms (GPU), 5250 ms (multithreading on CPU)
and 10120 ms (multithreading on CPU), respectively.
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Figure 6: Comparison of the measured flux spot (1st column) with the flux contours of the proposed improved ray tracing method

using the heliostat detail geometry (2rd column), proposed ray tracing assuming flat heliostats (3rd column), the Soltrace results
(4th column) and the Tonatiuh results (5th column).

From the above experiments and comparisons, it can be concluded that the proposed ray tracing simulation

engine is reliable, accurate and versatile and is therefore competent for the subsequent analytical flux density
model derivation.

5. Theoretical analysis of the flux density distribution model

In this section, we analyze the flux density modeling process from a theoretical point of view and introduce
the concept of the imaginary flux density scalar field (IFDSF) defined in the heliostat local coordinate system.
A flat heliostat projects a flux spot on the receiver plane, which is roughly the principal image of the
heliostat with overlays of the solar disc (Elsayed et all, T995; Lovegrove and Stein, 2007). This spot is enlarged




due to the imperfect reflection of the mirror. Consequently, the flux density distribution on the receiver is
determined in practice by the sunlight direction and sun shape, the heliostat position, size, orientation and

mirror slope errors (Elsayed et all, T995), as shown in Figure [@.

*. Receiver plane

°

IR Sun
“ sunlight

Figure 7: The flux density distribution on the receiver plane is influenced by the sun shape, the heliostat position, orientation,
size and micro-heliostat surface slope error, among other factors.

Since the flux spot on the receiver is reflected by the heliostat mirror, it is reasonable to first derive an
IFDSF in the 2D heliostat coordinate system and then project this scalar field function to the receiver surface
along the reflection direction. The flux density value (the atmospheric effect is included) of a point on the
receiver equals to the value of the corresponding point on the heliostat under parallel projection. Garcia“ef al
(2015) noted that this procedure can describe the distorted flux spot on the receiver more reasonably.

According to the geometric relationship between the receiver surface and the heliostat in Figure @, we have

Sy -cosw = Shy - cos B, (7)

where Sy is the heliostat surface area, w is the angle between the sunlight direction and the heliostat surface
normal, and S’ is the projection area of the corresponding heliostat surface on the receiver plane under parallel
projection along the reflection direction. ¢ is the angle between the heliostat reflection direction and the receiver
plane normal.

The principle of energy conservation states that the energy reaching the receiver surface is equal to that
reflected by the heliostat, minus the relevant losses. Thus, the uniform flux density on the receiver surface
under the assumptions of ideal mirror reflection and directional light of the sun is
P ea _ Ip - Spcosw pies _

= —ID'p'naa'COS(b(W/mg)? (8)

A
St St

where Py, is the total energy reflected by the heliostat, which equals to a product of the solar DNI (Ip), the
heliostat surface area (Sp), the heliostat cosine effect (cosw) and the heliostat reflectivity (p). 744 is the
atmospheric attenuation factor.

For an ideal flat heliostat, the IFDSF should be constant, as depicted by the green box in Figure Ba.
However, due to the influences of the sun shape and heliostat micro-surface slope error in practice, the reflected
flux beam is scattered, which is usually characterized by the “diffusion radius” of the flux spot on the receiver
surface. The actual IFDSF contains a smooth transition around the heliostat edges, as shown in Figure Bc.
Intuitively, the field can be mathematically described as a convolution between the uniform IFDSF and a proper
convolution kernel. Further, to make the convolution integrable, the quasi-Cauchy function (B) is adopted as

the convolution kernel to model the flux density diffusion effects on the receiver surface analytically.

10



AFlux Density(W/m?) Normalized quasi-Cauchy function A Flux Density(W/m?)
' f Cn=s¥n(1+s%%)? R ptlalalinlelutadubulalalaiaiuie] A
A= : . 04 A e

: p.. N Vy' ' e ' v V

E , s, /0 . S é y 0 RV

P lengé . p, Y 55 X  rrrrre _

0 Heliostat plane Po P
(a) (b) (©)

Figure 8: The IFDSF on the heliostat surface (c) can be depicted as a smoothly diffused function, sketched by the red line, as
derived from the convolution of the uniform IFDSF (a) and a normalized quasi-Cauchy kernel function (b).

6. Modeling the flux density distribution with a closed-form expression

Based on the analysis in Section B, the proposed modeling process for the flux density distribution on
the receiver consists of three steps. First, the effective heliostat reflection surface area is extracted, which
takes shadowing and blocking effects into account. Second, an analytical model with a closed-form expression
for the imaginary flux density distribution defined in the heliostat coordinate system is derived. Finally, the
imaginary distribution is projected to the receiver surface along the reflection direction through an oblique
parallel projection.

6.1. Effective heliostat reflection surface area extraction

First, the shadowing and blocking effects among the heliostats in the field are determined in parallel on the
GPU with the light beam traversal algorithm (He ef-all, 0T7). Then, the shadowing or blocking heliostats are
projected on the underlying heliostat, and the shadowed and blocked areas are precisely clipped by employing
the Weiler-Atherton algorithm. As a result, a heliostat whose shadowed or blocked areas are trimmed out is

obtained, which is also called the effective heliostat reflection surface area (Figure H).

v5 y L4 Vy

SI 'p(x’y)

p u—HLO_Q—q.

_ o ) v P

E‘z:Shadow Projection:‘;: Block Projection
(b)

Figure 9: (a) The incident solar beam (red parallelepiped) and reflected beam (yellow parallelepiped) of a heliostat, which are
occluded by the neighbor heliostats, causing shadowing and blocking effects in the heliostat field; (b) the effective reflection surface
(yellow area S1) of the heliostat defined in the 2D heliostat local coordinate system along with the shadowing and blocking areas
caused by the neighbor heliostats.
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6.2. Modeling of an IFDSF on the heliostat

In this section, we derive a closed-form expression of the imaginary flux density scalar field F(x,y) defined
in the heliostat local coordinate system, which represents the flux density of the projected points on the receiver
surface along the reflection direction of the heliostat.

In the 2D heliostat local coordinate system o-zy, as shown in Figure BH, the effective reflecting surface
area of the heliostat S; is a planar polygon in general, whose vertices are {v;}7_} and edges are {L;}"-'. Each

edge L; from v,;(x;,y;) to vi1(xi41,yir1) can be parameterized as follows:

Li(t) - { Till) = @i + ait telo,1], 9)

7i(t) = yi + bit
where

a; = Tip1 — Tiy by = Yig1 — Yis Un(l”myn) = Uo(fﬁoayo)-

Based on the analysis in Section B, for any point p(x,y) on the 2D heliostat plane, as shown in Figure 8,
the imaginary flux density of p can be modeled as the convolution between the uniform IFDSF H(q) (as shown

in Figure B) and a normalized quasi-Cauchy function C(k) over the heliostat plane. Let F(p) be

F(p) = Fla,y) = (He O)(p ‘0@ c(lp - gl)da, (10)

where
A, gqes 2 1
H(q) = , Clk)= ——us, 11
(q) { O, clse ( ) T (1 + 52]{32)2 ( )
and A is defined in (8).
Therefore,
1
F(x A- dzdy 12
=[] A (R v o ] (12)

Considering Green’s Theorem (H), we set

0Q(T.§) _ 1
oz (724 (x—2)2 + (y — 9)?)*

Q) = [ 40
:}< T—x
2N+ -9+ (@ -2+ (7 -y)?) (14)
. arctan \/%f;_y;z ) |
(s +(H—y)?)2
Combining (@), (8), (I2) and (3), we have

F(z,y) = - //S1 8Q dxdy
n—1

1 v
-HQfQ Mi=A-—= 3 [ Q@i

=0

(13)

then
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C is the boundary of region S, i.e., the union of {L;}7";. Let I; and f;(t) b

/Q bdt, I, —/ Q(F,9) - bidt = £i(1) — £:(0). (16)

Substituting (8) and (Id), f;(¢) is solved as follows:

fi(t) = 1 (254\/7arctan (S5/+/S1) b5, arctan(Ss//S1)
4 b mSQ \/57152
Se (17)
[ e loa(sy) a,log(bfsg)
bimy/m + S2 LS, LS, ’
in which
m=1/s%

Sy =b7(m + (x — 2:)*) + af (m + (y — y:)?) — 2a:bi(x — 2:) (y — i),

Sy =b}(x — x:)* + ai (m + (y — yi)?) — 2abi(x — 2:)(y — vi),

S3 =bi(x — ;) + ai(~y + ¥i),

Sy =bi(—z + ;) + ai(y — ¥i), (18)
Sy =a?t + a;(—x 4 ;) + bi(bit — y + i),

Se =a;t — (v — x;),

Sz =bit — (y — vi),

Sg =m + S¢” + S7*

fi(0) and f;(1) can be easily expressed as in Appendix Al From (IH), we obtain

n—1

LS () - £i(0)). (19)

F(z,y)

1=0

The normalized quasi-Cauchy kernel function C(r) (I) is defined over the whole 2D plane, while the
receiver surface area is limited. Considering energy conservation, the flux density expression (I9) should be
normalized by dividing by the kernel function’s integral (Cy) over the receiver panel’s projection (Srecy_proj)
on the heliostat plane. Finally, the imaginary flux density of point p(z,y) is defined as follows:

F(z,y) = l*:’(os, y)/Cly, (20)

where

s2 1
-2 7d7. 21
Cy T //Srewmoj (1 + s2(z2 Jrgz))gdxdy (21)

Cy is similar to F (z,y) in () and can be analytically computed along the silhouette of Syeco_proj in an
analogous way. We omit the derivation here due to length limitations.

An example of an IFDSF on the heliostat surface in Figure HH is shown in Figure [, calculated analytically
with (20), where the heliostat is 2 m x 2 m, A = 600 W/m? and s = 3.2.
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Figure 10: Example of an IFDSF (a) and flux density contours (b) corresponding to the effective heliostat reflection area in
Figure OB, calculated analytically by (20).

6.3. Oblique parallel projection

The resultant flux density distribution on the receiver surface can be obtained by directly mapping the
imaginary flux density scalar field on the heliostat to the receiver through an oblique parallel projection, as
shown in Figure D.

In the global coordinate system O-XYZ, let R = (R, Ry, R.) be a point on the receiver surface, and let
H = (H,, H,, H,) be the corresponding point on the heliostat under an oblique parallel projection (Figure B);

then,
N-o

N7
where r = (r;,7y,7.) is the reflection direction of the underlying heliostat. N = (N, N, N.) is the heliostat

(22)

1
H=0-—7"N)R
( ~N " )R+

surface normal, and o = (04, 0y, 0,) is the heliostat center. I is the unitary matrix. For the detailed derivation
of (22), refer to

6.4. The model parameter “s”

In general, the ray tracing method is regarded as an accurate method for flux density distribution simulation.
The simulation result obtained via ray tracing can be used as the ground truth. To determine the parameter
“s” in the Cauchy kernel function (IT), it is necessary to make the difference between the analytical flux density
distribution and the ground truth as small as possible. One of the difference measurements is the root mean

squared error (€ms):

o = \/val(F}‘;— B oW m?), (23)

where N is the number of the grids on the receiver surface and F;* and F;" stand for the flux density values
of the proposed analytical method and the ground truth value obtained via the ray tracing method at the ith
grid, respectively.

In addition to the e,,s, which describes the difference globally, the flux peak difference is also important

since the flux peak results in the highest temperature on the receiver. To this end, a weighted objective function
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is defined for optimizing the parameter “s” in the proposed model:

arg min{a * e,pms + (1 — @) * || Frnaz“(8) — Finas' ||} (24)
S
where F,q. and F,,.." represent the flux peaks of the proposed analytical method and the ground truth,
respectively. « is a tunable parameter for practical applications, e.g., the global optimum (a = 1) or peak
optimum (o = 0). We set @ = 0.5 in this paper. In the work by Calladd (2010), the parameter o in the
HFLCAL model is obtained by minimizing the peak difference, referred as one-point fitting, which is a special
case of our optimization. We also propose two error metrics to quantitatively evaluate the analytical models:
the flux power error (epower) and peak error (epeqr). These metrics are defined as follows:
[P — P

- (7 - ||Fmaxa_ maer (7 (25)
Epower = T ( O)a €peak = F T ( 0);

where P" and P® are the flux power predicted by the ray tracing method and the analytical model, and F},

max
and F¢

“ . Tepresent the flux peak of the ray tracing method and the analytical model, respectively.

In theory, the parameter “s” in the Cauchy kernel function () controls the diffusion effect of the reflected
flux spot on the receiver. The diffusion effect is complex and related to many factors, such as the sun position,
the sun shape, the distance between the heliostat and receiver, the heliostat position, the heliostat mirror slope
error, the atmospheric attenuation and scattering, etc. Among these factors, it can be assumed that sunshape,
heliostat mirror slope error, atmospheric attenuation and scattering are fixed to some extent for a specific
heliostat in a given heliostat field. Thus the sun position and the heliostat position are two main factors for
diffusion effect. Similar to the HFLCAL model, where the diffusion effect is simply controlled by a parameter
“o”, the diffusion effect in the proposed model is also controlled by a parameter “s” in a simplified way.
According to our experiments, the range of “s” is 0.3~2.5. When the sun position is changed, the variation of
the parameter “s” is very small, e.g. —0.1 ~ 0.1. As a result, the parameter “s” is mainly related with the
heliostat position. Therefore, a practical method to estimate the parameter “s” for each heliostat would be:
first, calculating the “s” values by optimizing the proposed model against the ground truth (Colladd, 2010) at
several sampled times (different sun positions), e.g. 12 in a day; second, averaging the estimated “s” values

and setting the mean value as the “s” for the heliostat.

7. Experiments and comparisons

In this section, we demonstrate the accuracy and efficiency of the proposed analytical model through
experiments and comparisons.

The proposed analytical flux density distribution model was implemented in a versatile GPU rendering-
pipeline-based framework (He“ef all, PIIT7) on a desktop PC with an Inter core (TM) i5-3450 @3.10 GHz CPU
and an NVIDIA GeForce GTX 1080 GPU.

Table 2: Two sun conditions for the experiment and comparison

Altitude | Azimuth | DNI(W/m?)
Midday 83.15° 88.0° 1000.0
Late afternoon 10.0° 162.0° 600.0

A synthesized radially staggered heliostat field is designed for the experiments, based on the algorithm

proposed by [Lipps and Vant-Hull (T97R), as shown in Figure M. Two representative sun positions (Table B)
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Table 3: Parameters of the heliostats used in the experiment and comparison

Heliostat id | x(m) | y(m) | z(m) | Radius (m) | Azimuth (rad)
137 67.82 2.0 72.77 99.47 0.75
1042 61.43 2.0 192.32 201.89 0.31
1060 165.84 2.0 115.14 201.89 0.96
2255 -71.64 2.0 | 297.54 306.04 -0.23
2307 256.27 2.0 | 167.31 306.04 0.99
3595 -10.96 2.0 | 408.52 408.66 -0.03
6067 -304.53 2.0 517.74 600.66 -0.53
7575 513.43 2.0 | 492.76 711.64 0.81
8677 70.94 2.0 | 805.09 808.21 0.08
9716 17.43 2.0 898.67 898.87 0.01

are chosen. One is in the middle of the day, and the other is in the late afternoon when the sun is low and thus
the shadowing and blocking effects are obvious. The size of the heliostat is 3.2 mx 2.2 m, and its reflectivity
is 0.88. The standard deviation of the heliostat slope error is assumed to be 2.0 mrad. Ten heliostats were
sampled, whose distances to the receiver ranged from approximately 100.0 m to 900.0 m. The parameters of
the selected heliostats are listed in Table B. All the heliostats are aiming at the center (0.0, 137.0, 1.0) of the
receiver plane, which is 12 m x 12 m and its normal IV, = (0.0,0.0, 1.0). The resolutions of the receiver surface
tessellation in the ray tracing method and the proposed analytical method are identically set as 5x5 cm? to

accommodate the trade-off between simulation accuracy and efficiency.

Radially staggered field of 9822 Heliostats
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Figure 11: A radially staggered heliostat field is created. The heliostats being investigated are indicated with their indexes.

In the ray tracing simulation, the heliostat surface is tessellated into 320 x 220 = 70400 micro-heliostat
surfaces. At each micro-heliostat surface, 4096 rays are generated, i.e., a total of 288 million rays are traced.
We compare the proposed model with the ray tracing method and the refined HFLCAL model (Garcia_ef all,
PITH) from the aspects of accuracy and runtime. The refined HFLCAL model was also implemented in the
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same rendering-pipeline-based framework.

7.1. Flux density distribution results and comparisons

Figure @ and Figure I3 show comparisons of the flux density distribution simulation results of selected
heliostats among the ray tracing method, the proposed analytical model and the refined HFLCAL model (Garcia
ef_all, POTH). The corresponding statistics of the metrics (epower and epeqr (E3) and the e, (23)) are shown
in Figure [A. Only some of the selected heliostats were presented due to the limited space.

Several conclusions can be drawn. First, the proposed model accurately predicts the gross flux power with
and without shadowing and blocking effects, while the HFLCAL model manifests relative large error when
shadowing or blocking effects exist. Second, both models can predict the peak value with a very small error of
less than 0.3%. The HFLCAL model is slightly better since it is directly optimized with the peak deviation.
Third, the e,.,,s of the proposed model is always less than that of the HFLCAL model for the heliostats close
to the receiver and those with shadowing and blocking effects, indicating a more accurate description of the
flux density distribution. Some e, is comparably small for the heliostats in the midday case.

The proposed model can naturally take the heliostat position, size, slope error, orientation and shadowing
and blocking effects into account since it is based on a convolution on the effective reflection surface area,
where shadowed or blocked areas are eliminated. On the other hand, the HFLCAL model depicts the flux spot
with a simple Gaussian distribution without considering the heliostat size or shadowing or blocking effects.
Consequently, the flux spots predicted by the proposed analytical method are more consistent with the ground
truth than those predicted by the HFLCAL model, from the aspects of flux spot shapes and distributions.
Further, in the proposed model, the flux density distribution near the boundary of the effective reflection surface
exhibits a smooth transition from lightness to darkness, which is consistent with the ray tracing result and a
previous report (Elsayed et all, T995). In contrast, the results of the HFLCAL model exhibit a relatively large
deviation of the flux density distribution, particularly in the blocked or shadowed area, and an overestimation
of the gross power incident on the receiver (Figure I3, Figure [4d).

Note that the HFLCAL model was initially proposed to assist in heliostat field layout design and optimiza-
tion (Schwarzhdzlef all, 2009), which do not necessarily require accurate flux density prediction on the receiver.
In fact, the HFLCAL model works well for some flat heliostats far from the receiver (Figure [, Figure [31).
For these heliostats, the effects of the sun shape and heliostat slope error are the dominant factors compared to
the heliostat size. Besides, particular errors compensate each other for these cases. Meanwhile, the proposed

model also adapts to these cases and achieves accurate results.

7.2. Computational efficiency

The implementation of the proposed model consists of two steps: effective reflection surface extraction on
CPU and flux calculation on GPU. The corresponding average time costs of the two steps are 2.0 ms and 0.8
ms respectively. The proposed ray tracing engine is efficient. On average, it takes about 51 ms to trace 288
million rays for simulating a single heliostat. The data I/O cost of all the 9822 heliostats between GPU and
CPU is 3~5 milliseconds, which is almost negligible.

As a state-of-the-art analytical model with a closed-form expression, the HFLCAL model (Garcia et all,
201H) depicts the flux spot on the receiver with an oblique Gaussian distribution, which is much simpler
than our model. However, prediction accuracy is sacrificed to some extent, particularly when the heliostat is
partially shadowed or blocked by other heliostats, as described in Section [1. In the GPU implementation of
the HFLCAL model, the flux density calculation takes approximately 0.6 ms.
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Figure 12: Comparison of the simulation results of the proposed analytical model (left column) and the refined HFLCAL model

Receiver Height(m) Receiver Height(m)

Receiver Height(m)

HFLCAL model result of H-137 (Wim?)
8 tracing “="HFLCAL model 500
= N
3 L 4
400
1 L 4
300
17 ] 200
37 1 100
5 : : : : 0
-5 -3 -1 1 3 5
Receiver Width(m)
(b)
HFLCAL model result of H-1042 (Wim?)
Ray tracing &= HFLCAL model 500
3 L 4
400
1 L 4
300
R i
200
37 1 100
5 : : : : 0
-5 -3 -1 1 3 5
Receiver Width(m)
(d)
HFLCAL model result of H-3595 (W/im?)
Ray tracing <& HFLCAL model 500
3 L 4
400
1 L 4
300
R i
200
37 ] 100
-5 : : : ‘ 0
-5 -3 -1 1 3 5
Receiver Width(m)
(f)

(right column) in the midday. The simulation results based on ray tracing (solid line) are regarded as the ground truth.
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Figure 13: Comparison of the simulation results of the proposed analytical model (left column) and the refined HFLCAL model
(right column) in the afternoon. The simulation results based on ray tracing (solid line) are regarded as the ground truth.
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Figure 14: Comparisons of the statistics of the proposed analytical model and the HFLCAL model in terms of epower, €peat and
erms for the selected heliostats (Table B) in the midday and the late afternoon.

8. Conclusion

In this paper, a novel analytical model with a closed-form expression is proposed to describe the flux
density distribution on the receiver plane that is reflected by a flat heliostat. The model takes various factors
like sun, heliostat, atmosphere into account comprehensively, as well as the shadowing and blocking effects. It
is the first convolution model with a closed-form expression for flux spot simulation. Experimental results and
comparisons show that the proposed model is accurate. Due to its close-form expression, the model can be
evaluated efficiently in parallel on a common desktop graphics processing unit. It takes only 2.8 milliseconds
to generate a flux density distribution on the receiver plane. Since flux density distribution computation is one
of the most fundamental operations for flux simulation of the whole field, heliostat field layout optimization
and aiming strategy optimization in a central receiver system, the proposed model will greatly facilitate the
related simulation and optimizations potentially.
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Appendix
Appendix A. Expression of f;(0) and f;(1)

According to (IC4), f;(0) and f;(1) are

254+/S7 arctan(So/+/S1) arctan(So/+/S1)
£.(0) = b ( + 9b, 5, L9 /V L)
bim.Sy VRIS
_ ) —rtx;
2(—y + y;) arctan( m+(_y+yi)2) log(S11) log(b?Su))
+ +a; —a;
bimy/m+ (—y + v;)? S Sa
£i(1) = 1 (254\/7arctan(510/\/7) b, arctan(S10/v/S1) (A1)
4 b ’ITLSQ \/57’152
L . a;—x+x;
n 2bi =y +yi) arctan( \/m—s-(b,:—y—s-w)"’) 4 a‘log(Sm)
bimy/m+ (b —y + y:)? LS
log(b?
—a og(b; 512))
So

in which
Sy =b7(m+ (x—x:)%) + ai(m+ (y — :)?) — 2a:bi(x — 23)(y — i)

(
52 =b(z — x;)* + af (m + (y — 1:)?) — 2a:bi(z — 2;)(y — ys)
bl(m - xz) + az( Yy + yi)
S4 =bi(—z + ) + ai(y — vi)

So =a;(—x + ;) + bi(—y + vi)
S10 =a? + a;(—x + x;) + bi(b; — y + i)
Su=m+ (x —2;)* + (y — yi)?
Sia =m + (a; — (¥ — 2:))* + (b; — (y — v:))?
m =1/s>

Appendix B. Oblique parallel projection equation

In the global coordinate system, suppose that R = (R, Ry, R.) is a point on the receiver surface and that
H = (H,,H,, H,) is the corresponding point on the investigated heliostat surface under parallel projection
along the reflection direction r = (r4,7y,7,). 0 and N are the heliostat center and normal, respectively. Thus,
N - r # 0. The analytical relationship between R and H can be derived as follows.

According to the ray-plane intersection equation

(H—0)-N=0 --- Heliostat surface equation (B.1)
H+tr=R --- Ray equation .
we have N (R )
-(R—o
t= ————. B.2
N (B.2)
Substituting B2 into the ray equation of Bl we obtain
N -(o—R)
H=R+—F—"r. B.
+ ~N (B.3)
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This expression can be rewritten in coordinate form with a = N -r and b = N - o:

Nyry _ N,ry b

a a a a
Nyr N,r N.r
Hy = —— R +(1- )R, —— R +omy
N:L’ z N z NZ z
H,= =R, R, (- R, 400,
a a a
Therefore,
H =MR+ —r,
a
in which
1— Nyry _NyT"t _Nory
M — ngy 1 Ig/yry Ngry —I— ETTN
7N:rz 7Ny';’lz 1— ]%zrz
a a a
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