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Motion Specification

Low level techniques (technigues that aid the animator in precisely
specifying motion)

High level techniques (techniques used to describe general motion
behavior)
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Technical Background

e Spaces and transformations

m Coordinate Space: left-handed, right-handed, local coordinate system, global
coordinate system

= Viewing pipeline
o Homogeneous coordinate, Transformation matrix, Matrix Concatenation
e Orientation representation

= Rotation matrix

= Fixed angle

= Euler angle

= Angle and Axis

s Quaternion



Space Transformation in Display Pipeline




3-D Transformations

e Translate, scale, or rotate a point p to p’
mp'=p+T

mp’=3p
m PP’=Rp

e How to treat these transformations in a unified way?

mp =Mp
= All In the homogeneous coordinate

e M can be used for animation, viewing, or modeling



Homogeneous Coordinate

e In graphics, we use homogeneous coordinate for transformation

e 4x4 matrix can represent translation, scaling, and rotation and
other transformations

X Yy Z
( ,—, )<=[x,y,z,W]
W W W

e Typically, when transforming a point in 3D space, we setw =1

(x,v,2) < |x,v,2, 1]



Translation
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New point in 3D space

Palnt in 3D space
Transformation matrix
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e X axis

R, (0)
e Y axis

Ry (6)

o Z axis
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Rotation

o [E/R1: MShEiRITRK, EB/9

o T[FH2: Fi1

tr(R) =14+ cos286
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Transformations Concatenation (¥R & )

e Transformations can be treated as a series of matrix
multiplications
P’ — M1M2M3 MnP
M — M1M2M3 MTl
P' = MP

P’T — (M1M2M3 MnP)T
M =MIM!_,...MIMI
P'T =pP'MT



Transformation Concatenation

> X

o RKFEMFEFREAAIMRAY, FLUBMRSRIEZSKFEREY

o JEMFERIERYIFAL: TLTEE, REIER



Compound Transformation(E &8 #k)

rotation, scaling
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Orientation Representation

orientation
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Problem: Rotation Interpolation?
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Rotation Matrix (FA 4% 3B B3R < HEd% )

e Rows/columns of matrix must be orthonormal
= Unit length and orthogonal (BE{A<EFILERR)

e Numerical errors cause a nonorthonormal matrix when a series
of rotations apply

e How to Interpolate between matrices?

m Interpolating the components of two matrices doesn’t maintain the
orthonormality

= [he generated matrix Is not a rotation matrix




Interpolating Rotation Matrices?

0 —1 0] 0 1 O
1 0 O .|—1 0 O
0 0 1. 0 0 1
90° z-axis -90° z-axis

e The halfway matrix you get by linearly interpolating each entry is

0 0 O
[0 0 O]

0 0 1
= Not a rotation matrix any more!



Other 3D rotation representations

o Rotation Matrix (GE&E%EFE)
e Fixed Angle (Ef)

e Euler Angle (BXHi )

e AXis angle (BhiZk )

e Quaternion (FU7T#)



Fixed Angle Representation

e Ordered triple of rotations about fixed axes
e Any triple can be used that doesn’t repeat an axis

Immediately, e.qg., X-y-z Is fine, so IS X-y-X. But X-X-z IS not.
Y

e.g., x-y-z order (6y,0,,0,) XXJ []
I f‘
P’ = RZ(HZ)Ry(Hy)Rx(Hx)P " %\
V4 X



Fixed Angle Representation

Orientation (10, 45, 90)



Fixed Angle Representation

e (0,90,0) In x-y-z order

Y Y
(0,90,0)
X ] X
7 /

Z »/
e (90,45,90) In x-y-z order

v Y
(90,45,90)
X X
Z / Z




Gimbal (5 I3)

e A gimbal is a mechanical device allowing the rotation of an
object in multiple dimensions

How a Gimbal Works

ROTATIONAL MOVEMENT STATIC POSITION



Gimbal Lock(A ML)

e Gimbal lock occurs when two of the rotation axes align; e.g., X
and y axes in the figure

m Lost a degree of freedom; cannot rotate about x-axis (XF1yZE %)

X X
Z Z

=)

y y

Gimbal Locked Gimbal



Gimbal Lock(FB BT FEEH)

e For an orientation (0, 90, 0),
= A slight change in the first value (+/-¢, 90, 0)
= A slight change in the 3" value (0, 90, +/-¢)

= 90-degree y-axis rotation essentially makes x-axis align with z-axis -
gimbal lock

o From (0, 90, 0), the object can no longer be rotated about x-axis by a small
change since orientation actually performed is (90, 90+ ¢, 90)



Gimbal Lock(FB BT FEEH)

2 >

2

(+/—€, 90, 0) orientation (0, 90 +/—€, 0) orientation (0, 90, +/—€) orientation

Figure 2.17 Effect of slightly altering values of fixed angle representation (0, 90, 0)



Interpolation Problem in Fixed Angle

e The rotation from (0,90,0) to (90,45,90) is a 45-degree x-axis rotation
m Impossible because the first 90-degree y-axis rotation

e Directly interpolating between (0,90,0) and (90,45,90) produces a
halfway orientation (45, 67.5, 45)

= Desired halfway orientation is (90, 22.5, 90)
Y

Y
Vo
27 2

(0,90,0) (90,45,90)




Fixed Angle Representation

e Compact
e Fairly intuitive
e Easy to work

e But not the most desirable representation to use

because of gimbal lock problem.



Euler Angle(BRHIE)

EulerZZ#e & —M EMRMFE— M (BEREGHL) B —3 g5 H KR RTE.
HkyE: Bt AE %5 Leonard Euler

Ordered triple of rotations about local axes

As with fixed angles, any triple can be used that doesn’t immediately
repeat an axis, e.g., X-y-z, Is fine, so Is xX-y-x. But X-x-z is not.

Euler angle ordering Is equivalent to reverse ordering in fixed angles

s Why?

= The Euler angle representation has exactly the same advantages and disadvantages

as those of the fixed angle representation.



Euler Angle(BRHIf)

y
> N
) x
Global coordinate system Local coordinate system

attached to object
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yaw (head) Y
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pitch

Eulerd#t: Head, Pitch and Roll
HeEdarZHFR: xroll, y-roll, zroll. £ KiTHES, FHyawiiIEhead



Euler Angle

e Euler angle ordering is equivalent to reverse ordering in fixed angles.

e For a Euler angle representation in X-y-z ordering

m Y-axis rotation: around the y-axis of the local, rotated coordinate system
Fixed Angle - A Euler Angle

y(ﬂ)Rx(a)_ x(a)Ry(IB)Rx( a)Rx(a)_ x(a)Ry(.B)

m Z-axis rotation: around the twice-rotated frame

RORER@ o
= Ru ()R, (B)R, ()R, (—B)Re(—~a)Re(@)R, (B)
= R(R, (B)R, ()

Euler Angle



o Gimbal lockIl&: —NE

N/

Erhi P ayGimbal lock

2
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n/2 B, FEPERAE—NE(r+h)

cosrcosh — sinrsinh 0 cosrsinh + sinrcosh
T . . . .
E(h,E,T) = | sinrcosh + cosrsinh 0 sinrsinh — cosrcosh
1 0

0

cos(r+h) 0 sin(r+h)
=\| sin(r+h) 0 —cos(r+ h)
0 1

0



Gimbal lock Video
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cosrcosh —sinrsinpsinh —sinrcosp cosrsinh+sinrsinpcosh
F=|sinrcosh+cosrsinpsinh cosrcosp sinrsinh—cosrsinpcosh
—cospsinh sinp cospcosh

=R Z I E N
h = atan2 (-f,, f,,)
p = arcsin(f,,)

r = atan2(-f,,,f;,)
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cos(r+h) O sin(r £ h)
F=|sin(rxh) 0 —cos(rxh)

0 +1 0

[ fE =B E h=0, B 2] r = atan2(f,,, )
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Fixed Angle vs. Euler Angle

e Fixed angle: (90,45,90) in x-y-z order

Y Y




Fixed Angle vs. Euler Angle

e Fixed angle: (90,45,90) in x-y-z order
Y

Y
(90,0,0)
X X
z /

Z

e Euler angle: (90,45,90) in z’-y’-x’ order
Y

Y
(90,0,0) A"
X Y X
Z / Z




Fixed Angle vs. Euler Angle

e Fixed angle: (90,45,90) in x-y-z order

v Y
(90,45,0)

X X
z / z

e Euler angle: (90,45,90) in z’-y’-x’ order

Y Y
(90,45,0) X
> 9
X y X
2 z




Fixed Angle vs. Euler Angle

e Fixed angle: (90,45,90) in x-y-z order

v Y
(90,45,90)
X X
7 /

Z

e Euler angle: (90,45,90) in z’-y’-x’ order
Y

Y
9
(90,45,90) ., X
X ] X

e 2




Angle and Axis Representation (F{iL#%)

e Euler’s rotation theorem

= One orientation can be derived from another by a single rotation
about an axis
m S0, we can use an axis and a single angle to represent an

orientation (with respect to the object’s 1nitial orientation)

e Interpolation can be implemented by interpolating axes of
rotation and angles separately; but the transformation
concatenation cannot be done easily.



Angle and Axis Representation

Angle and axis

. . y 4 of rotation
Orientation A o~ o

Orientation B




Angle and Axis Representation

A
0, ® ¢ =cos™ (A1 'AQ)
Ayl A

P X
A, = Rotate(B, k¢, Ay)

KB ZIATREEE (AK, 6K)

Interpolating axis-angle representations from (A1, 61) to (A2, 62)

Rotate(x, y, z): rotate z around x by y degree

K €[0,1]



Angle and Axis Representation




3D Rotation Representations (review)

e Rotation Matrix

= orthonormal columns/rows

= bad for interpolation
e Fixed Angle

= rotate about global axes

= bad for interpolation, has gimbal lock
e Euler Angle

= rotate about local axes
= same problem as fixed angle (also has gimbal lock)



3D Rotation Representations (review)

e AXIs angle
= rotate about A by @, (6, A A,A)
m good interpolation, no gimbal lock

m bad for compounding rotations
e Quaternion
= similar to axis angle but in different form

= =[S, V]
= good for interpolation and compounding rotations



Quaternions (MciY)

o T eI FiTENaNE. HENEFE. =HEe. hEhxE, TERT
mﬁﬁﬁg'ij‘ir] E2EhSir William Rowan HamiltonF184358H, S *ﬁ?ﬁ
R IQZE=S[a],

o BEE-ZEISZMN (180588H4H - 1865F982H) , B/IR=#=F3. ¥EZF
%&9&3’1—7—% ISR ARIREAET RN 7 Ucsl, FE2) iz ATHE
FEAOE (WEEERHIR) .

e 19854, ShoemakeiBPU;cEis I NITEVIEF .S, Shoemake K. Animating
rotation W|th quaternlon curves. Computer Graphics, 1985, 19(3):245~254 (202654

H9H, 5|H: 3548R)
o XIS HE, iTFEulerfa, BEFRREER, HHGEERERTR.
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Quaternions (P97t %)

e Similar to axis-angle representations
= 4-tuple of real numbers
o g=(s, X, Y, z) or [s, v], sisascalar; v is a vector

e The quaternion for rotating an angle about an
axlis (an axis-angle rotation):

q = Rot(0, (ay, ay,a;)) yvs 2 (aca,a)
= COS(E), sin(E) - (ay, ay, ay) 0
X

If a 1s unit length, then g will be also Z



Quaternions (P97t %)

If a 1s unit length, then g will be also

IqI=JQS+qf+q§+Q§

6 6 6 6
= . COSZE + a? sinzf +a; sinZE + a2 sinzf
6 6
= [cos? = +sin? = (aZ + a2 + a2)
\ 2 2
6 6 6 6
= [cos?=+sin?—=|a|? = |[cos?—=+ sin?—
\ 2 2 \ 2 2

=V1=1



Quaternions (P97t %)

e Rotating some angle around an axis Is the same as rotating
the negative angle around the negated axis

' o 0
ROt g, _(xy) = |~ Cos(3), —sin(5)(x,, z)] = —q

—0= ROt—e,—(x,y,Z)

=[cos(-012),sin((-6) / 2) » (~(x, ¥, 2))]
=[cos(6/2),-sin(612) e (—(x,Y,2))]
—[cos(8/2),sin(612) e (x, Y, 2)]

= Rot

=0

0.(x,y,z)



o Additi

onxE X

Quaternion Math

|51, V1] + [S2, Vo] = [s1 + 52, V4 + V3]

e Multiplication’E X

o Multiplication is associative but not commutative G

[s1, V1] [S2, Vo] = [S152 — V4 - V3, 51V5 + 5,v1 + vy X V,]

ANIFER

E S HHRLE

)

q1(9293) = (9192)95 9192 * 4291

m| Q:I:A/E

LS

b i



Quaternion Math (cont.)

o Multiplicative identity(GRiEEAr): [1, 0,0,0]

q[1,0,0,0] =gq
s, =] _
o Inverse: q7'= TPTE qq~* =[1,0,0,0]

e Normalization for unit quaternion

q ”q” ||Q||:\/52+x2+y2+22
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Quaternion Math (cont.)

o XJFER(\IE2Y, B coso+ isinf=e"
XTTFERPYTTEA: g=sindu + cosd = et

o JYE=H: log(g)=log(e™)=0u,

o IHEUEHE: ('=(sinBugy, coso)=eMa=sin(Bt)u,+ cos(ot)
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« SIFLEEIITTE q = (Gu) 9o @y» )1 IEEEEAIIRIRL
HOiEREAERE, IS

[1-2@5+42) 2(4xdy = awz)  2(qx0z + qwdy)
M7 = | 20@xqy T qwdz) 1-2(a7 +4a7) 2(dy9z — quwdx)

\Z(QxCIZ —qwdy) 2(9y9; +qwqx) 1—2(qz +q5)
0 0 0
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My, —my, = 4qyqy

q q

My, — My = 4'qwqy

q q

My — Moy = 4quq;

w3, Wa,. q,. o fFF 7. &

tr(M?) = 4 — 2s(q% + q;

9

+q%)

qx + 95+ qz
=4(1-5"52 "
qc +q; + 92 + q3
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Rotating Vectors Using Quaternion

e A point in space, v, Is represented as [0, V]

e To rotate a vector v using quaternion g
= Represent the vector as v = [0, V]
= Represent the rotation as a quaternion g
= Using quaternion multiplication

v' = Rot, (V) = qvq~*

o The proof 1sn’t that hard
= Note that the result v’ always has zero scalar value



Compose Rotations

e Rotating a vector v by first quaternion p followed by a
quaternion q Is like rotation using qp

Rot,(Rot,(v)) = Rot,(pvp™1)

= qpvp~tq~!
= (qp)v(gqp)~"
= Rotg, (V)

Prove by yourselfthat: p~'q~' = (gp)~*!



At ANl LARThEE: (MRAGIZHA)

IR0, n) BRRGSNEEAR:, BERSRATT TS Er MESTFlSEr

r,=(ner)n, r =r—(ner)n

B, DEr SnleRaRFAE, BIRr = . DEr [eREEEET S Er LM hefARr | . EFER LS
—EBTr HXREV,
V=nxr =nxr
Eitt, KErEnifiEtoRENEEN: Rr=Rr +Rr, =r +(cosd)r, +(sing)V
= (ner)n+cos@(r —(ner)n) + (sin@nxr
= (cosA)r+ (1—cosB)(ner)n+(sind)nxr




At ANl LARThEE: (MRAGIZHA)

XErgIfaiiz(o, n)
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Compose Rotations

e To rotate a vector v by quaternion g followed by Its
inverse quaternion g

Rot -1(Rot,(V)) = Rot,-1(qvq™")

=q 'qvq'q
=V



Quaternion Interpolation

e A guaternion is a point on a 4D unit sphere
= Unit quaternion: g=(s,x,y,2), ||g|| =1
o Form a subspace: a 4D sphere
e Interpolating quaternion means moving between
two points on the 4D unit sphere
= A unit quaternion at each step — another point
on the 4D unit sphere
= Move with constant angular velocity
along the greatest circle between the
two points on the 4D unit sphere




Linear Interpolation

e Linear interpolation generates unequal spacing of points
after projecting to circle




Spherical Linear Interpolation (Slerp)

e Want equal increment along arc connecting two quaternion on
the spherical surface

= Spherical linear interpolation (slerp)

sin( (1 —uw)0) sin(u@)
q1 +

slerp(q1,q2,u) = q2

sin 6 sin @

= Normalize to regain unit quaternion



Spherical Linear Interpolation (Slerp)

Letq = aq: + pq>
We can solve for given:

lqll = 1,
qd1-q2 =0,
qi1-q = ub
to give

sin( (1 —u)6) sin(uf)

117 sin 6

q>

slerp(q1,q2,u) = e



Spherical Linear Interpolation (Slerp)

q1°-q2 >0




Spherical Linear Interpolation (Slerp)

e Recall that g and —q represent same rotation
e What is the difference between:

Slerp(u, d,, 4;) and  Slerp(u, dy, -d) ?

= One of these will travel less than 90 degrees while the other will
travel more than 90 degrees across the sphere

m This corresponds to rotating the ‘short way’ or the ‘long way’

e Usually, we want to take the short way, so we negate one of
them If their dot product is <0



Spherical Linear Interpolation (Slerp)

e If we have an intermediate position q,, the interpolation from
d,-->0,-->05 Will not necessarily follow the same path as the
Interpolation from g, to qs.

G0Lea01, Figd
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JNAtEERYRELE

o KEV=(XY,2) FIES: -V=(-x, -y, -2) o PUTTERG=[W, (X, V, )IHIES: oi=[-w, -(x, y, 2)] ;
o KEVIHRIULLHIGEMEFuER: uV o LIAFURSTQIAITELHIGERUEE!: 9" = [cosud, nsinud]

PUTTERAQHBY TR, : AQ =0, O,

o KEAVIBXREV,TH]EV,: AV=V,-V,

o BV, FOIV,Z [ BILRES lerp(V,,V, ;u), o BIUTEERIVEKE S EEslerp /.

MV=lerp(V,,V, ; u)=u(V, - V, )+ V,, uel0,1] g =slerp(q,,0, ; u)=(d, g, ™4)" a;



FE=2ERX

53 (Pis1 -Pi.

]_) /Z%J\EJ\EO

i2 double(p,q)=2q-p; Bisect(p,q)=(p+q)/2

Hrhdouble(p,q)Z=ap T of9%dF 7=, Bisect(p,q)/9 pFlgaIFEIE.
B REIYIREBIFS (P, -piy) 121K, FA1EE!

+ pi+l; pi—l — 2 pi B p|2—1 + pi+l — BISGCt(DOUble( pi—l’ pi)’ pi+1)

P;

APRIIREEE (0L, -p) 2KE, BASE]

b, = Double(a;, p;)

PAIEFZEELIEHE ZI MY e i=sTa) !

CZSIE), 1P, PP ATEBRYKEIZS A, Np RV S 2R
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Double(gi-1 ,9i)

Gi-1(Pit)




Advantages of Quaternion

e Good and smooth interpolation
e No gimbal lock

e Can be composed much more efficiently (requiring 8
multiplications and 4 divides)

e But
= Impossible to visualize
= Unintuitive

e Good for internal representation of rotation!
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static void squad (const Quaternion & g1, const Quaternion & g2, const
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