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Motion Specification

Low level technigques (techniques that aid the animator in precisely
specifying motion)

High level techniques (techniques used to describe general motion
behavior)
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Technical Background

e Spaces and transformations

m Coordinate Space: left-handed, right-handed, local coordinate system, global
coordinate system

= Viewing pipeline
o Homogeneous coordinate, Transformation matrix, Matrix Concatenation
e Orientation representation

= Rotation matrix

m Fixed angle

= Euler angle

= Angle and AXiIs

s Quaternion



Space Transformation in Display Pipeline




3-D Transformations

e Translate, scale, or rotate a point p to p’
mp=p+T

mp’=3p
m PP’=Rp

e How to treat these transformations in a unified way?

mp’ =Mp
= All In the homogeneous coordinate

e M can be used for animation, viewing, or modeling



Homogeneous Coordinate

e In graphics, we use homogeneous coordinate for transformation

e 4x4 matrix can represent translation, scaling, and rotation and
other transformations

(X y YA
w w'w

) & x,y,z,w]

e Typically, when transforming a point in 3D space, we setw =1

(x,y,2) € |x,y,2,1]



Translation
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e X axis

R, (6)
e Y axis

Ry (6)

o Z axis
R,(6)
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Rotation
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Transformations Concatenation (¥R & )

e Transformations can be treated as a series of matrix
multiplications
P’ — M1M2M3 MnP
M — M1M2M3 MTl
P' = MP

PT = (M;M,M;---M,P)T
M =MIM!_,...MIMI
P'T =pPTMT



Transformation Concatenation
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Compound Transformation(E &8 #k)

rotation, scaling
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Orientation Representation

orientation
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Interpolation




Rotation Matrix (FA 4% 3B B3R < HEd% )

e Rows/columns of matrix must be orthonormal
= Unit length and orthogonal (BE{\<EFILERR)

e Numerical errors cause a nonorthonormal matrix when a series
of rotations apply

e How to Interpolate between matrices?

m Interpolating the components of two matrices doesn’t maintain the
orthonormality

= [he generated matrix Is not a rotation matrix




Interpolating Rotation Matrices?

0 —1 0] 0 1 O
1 0 O .|—1 0 O
0 0 1. 0 0 1
90° z-axis -90° z-axis

e The halfway matrix you get by linearly interpolating each entry is

0 0 O
[0 0 O]

0 0 1
= Not a rotation matrix any more!



Other 3D rotation representations

o Rotation Matrix (HE&5%EFE)
e Fixed Angle (Ef)

e Euler Angle (BXHifH)

e AXis angle (3hiZk )

e Quaternion (FU7T#)



Fixed Angle Representation

e Ordered triple of rotations about fixed axes
e Any triple can be used that doesn’t repeat an axis

Immediately, e.g., X-y-z Is fine, so IS X-y-X. But X-x-z IS not.
Y

e.g., x-y-z order (0,,0,,0,) XXJ [l
I L_j/j
P = Rz(ez)Ry(ey)Rx(ex)P " %&
X



Fixed Angle Representation

Orientation (10, 45, 90)



Fixed Angle Representation

e (0,90,0) In x-y-z order

Y Y
(0,90,0)
X ' X
7 /

Z »/
e (90,45,90) In x-y-z order

v Y
(90,45,90)
X X
Z / Z




Gimbal (5 I3)

e A gimbal is a mechanical device allowing the rotation of an
object in multiple dimensions

How a Gimbal Works

ROTATIONAL MOVEMENT STATIC POSITION



Gimbal Lock(A ML)

e Gimbal lock occurs when two of the rotation axes align; e.g., X
and y axes in the figure

m Lost a degree of freedom; cannot rotate about x-axis (XFyZE %)

X X
Z Z

=)

y y

Gimbal Locked Gimbal



Gimbal Lock(A P FEH)

e For an orientation (0, 90, 0),
= A slight change in the first value (+/-¢, 90, 0)
= A slight change in the 3" value (0, 90, +/-¢)

= 90-degree y-axis rotation essentially makes x-axis align with z-axis -
gimbal lock

o From (0, 90, 0), the object can no longer be rotated about x-axis by a small
change since orientation actually performed is (90, 90+ ¢, 90)



Gimbal Lock(A P FEH)

2 >

Z

(+/—€, 90, 0) orientation (0, 90 +/—€, 0) orientation (0, 90, +/—€) orientation

Figure 2.17 Effect of slightly altering values of fixed angle representation (0, 90, 0)



Gimbal lock Video




Interpolation Problem in Fixed Angle

e The rotation from (0,90,0) to (90,45,90) is a 45-degree x-axis rotation
m Impossible because the first 90-degree y-axis rotation

e Directly interpolating between (0,90,0) and (90,45,90) produces a
halfway orientation (45, 67.5, 45)

m Desired halfway orientation is (90, 22.5, 90)
Y

Y
Vo
27 2

(0,90,0) (90,45,90)




Fixed Angle Representation

e Compact
e Fairly intuitive
e Easy to work

e But not the most desirable representation to use

because of gimbal lock problem.



Euler Angle(BRHIE)

EulerZZ#e & —M EMRME— MM (EEREGHL) B —38 €5 F KR T
HkUE: Bt AE %5 Leonard Euler

Ordered triple of rotations about local axes

As with fixed angles, any triple can be used that doesn’t immediately
repeat an axis, e.g., X-y-z, Is fine, so Is x-y-x. But X-x-z iIs not.

Euler angle ordering Is equivalent to reverse ordering in fixed angles

s Why?

m The Euler angle representation has exactly the same advantages and disadvantages

as those of the fixed angle representation.



Euler Angle(BXhifR)

y
> N
) x
Global coordinate system Local coordinate system

attached to object
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EulerZq#t: Head, Pitch and Roll
HEwZHR: xroll, yroll, zroll. £ K{TFHHiEY, X HyawliiEhead



Euler Angle

e Euler angle ordering is equivalent to reverse ordering in fixed angles.

e For a Euler angle representation in X-y-z ordering

m Y-axis rotation: around the y-axis of the local, rotated coordinate system
Fixed Angle - A Euler Angle

y(ﬂ)Rx(a)_ x(a)Ry(ﬁ)Rx( CZ)Rx(CZ)— x(a)Ry(:B)

m Z-axis rotation: around the twice-rotated frame

RORER@ o
= Ru ()R, (B)R, ()R, (—B)Re(—~a)Re(@)R, (B)
— Rx(“)Ry(,B)Rz(V)

Euler Angle



e Gimbal lockIZ: 23
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MEulerZE#IXENEH
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cosrcosh —sinrsinpsinh —sinrcosp cosrsinh+sinrsinpcosh
F=|sinrcosh+cosrsinpsinh cosrcosp sinrsinh —cosrsinpcosh
—cospsinh sinp cospcosh

« HJsinp=f,, f,,/f;=-tanr, f, /f,,=-tan h

=R Z I E N
h = atan2 (-f,, f,,)
p = arcsin(f,,)

r = atan2(-f,,,f;,)
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Fixed Angle vs. Euler Angle

e Fixed angle: (90,45,90) in x-y-z order

Y Y




Fixed Angle vs. Euler Angle

e Fixed angle: (90,45,90) in x-y-z order
Y

Y
(90,0,0)
X X
Z /

Z

e Euler angle: (90,45,90) in z’-y’-x’ order
Y

Y
(90,00) A"
X Y X
7/ e //




Fixed Angle vs. Euler Angle

e Fixed angle: (90,45,90) in x-y-z order

v Y
(90,45,0)

X X
z / Z

e Euler angle: (90,45,90) in z’-y’-x’ order

Y Y
(90,45,0) X
> 9
X y X
7 / 7




Fixed Angle vs. Euler Angle

e Fixed angle: (90,45,90) in x-y-z order

. Y
(90,45,90)
X X
7 /

Z

e Euler angle: (90,45,90) in z’-y’-x’ order
Y

Y
9
(90,45,90) v X
X ] X

2 2




Angle and Axis Representation (F{iL#%)

e Euler’s rotation theorem

= One orientation can be derived from another by a single rotation
about an axis
m SO, We can use an axis and a single angle to represent an

orientation (with respect to the object’s 1nitial orientation)

e Interpolation can be implemented by interpolating axes of
rotation and angles separately; but the transformation
concatenation cannot be done easily.



Angle and Axis Representation

Angle and axis

. . y y of rotation
Orientation A e

Orientation B




Angle and Axis Representation

¢ = cos™! (A1 'A?-)
Aql A

A, = Rotate(B, k¢, Ay)

Z ' 6k=(1—k)-61+k-62

Interpolating axis-angle representations from (A1, 61) to (A2, 62)

Rotate(x, y, z): rotate z around x by y degree



Angle and Axis Representation




3D Rotation Representations (review)

e Rotation Matrix

= orthonormal columns/rows

= bad for interpolation
e Fixed Angle

= rotate about global axes

= bad for interpolation, has gimbal lock
e Euler Angle

= rotate about local axes
= same problem as fixed angle (also has gimbal lock)



3D Rotation Representations (review)

e AXIs angle
= rotate about A by @, (6, A A,A)
m good interpolation, no gimbal lock

m bad for compounding rotations
e Quaternion
= similar to axis angle but in different form

= =[S, V]
= good for interpolation and compounding rotations



Quaternions (McY)

o xEHSir William Rowan HamiltonF184352H, NEHUE
2| PY2EZS||)
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Quaternions (P97t %)

e Similar to axis-angle representations
= 4-tuple of real numbers
o g=(s, X, V, z) or [s, v], sisascalar; v is a vector

e The quaternion for rotating an angle about an
axlis (an axis-angle rotation):

q = Rot(0, (ay, ay,a;)) yvs 2 (aga,a)
= COS(E), sin(E) - (ay, ay, ay) 0
X

If a 1s unit length, then g will be also Z



Quaternions (P97t %)

If a 1s unit length, then q will be also

IqI=JQS+qf+q§+Q§

6 6 6 6
= . COSZE + a2 sinzf +a; sinZE + a? sinzf
6 6
= [cos? = +sin? = (aZ + a2 + a2)
\ 2 2
6 6 6 6
= [cos?=+sin?=|al? = |[cos?—=+ sin?—
\ 2 2 \ 2 2

=V1=1



Quaternions (P97t %)

e Rotating some angle around an axis Is the same as rotating
the negative angle around the negated axis

' o 0
ROt g_(xy,) = |~ c0s(5), = sin(5)(x,, z)] = —q

—0= ROt—e,—(x,y,Z)

=[cos(-0/2),sin((-6) / 2) » (~(x, ¥, 2))]
=[cos(6/2),-sin(6/2) e (—(x,Y,2))]
—[cos(8/2),sin(612) e (x, Y, 2)]

= Rot

=0

0.(x,y,z)
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Quaternion Math

|51, V1] + [S2, Vo] = [s1 + 52, V4 + V3]

e Multiplication

e Multiplication is associative but not commutative (

[s1, V1] [S2, Vo] = [S155 — V4 - V3,51 V5 + 5,v1 + vy X V]

ANIFER

B

)

q1(9293) = (9192)95 9192 * 4291

=) Q:I:A/E

LS

b i



Quaternion Math (cont.)

o Multiplicative identity(GRyEEAr): [1, 0,0,0]
g[1,0,0,0] = g

— [S, —U] —
e Inverse: q7'= TETE qq~* =[1,0,0,0]

e Normalization for unit quaternion

q ”q” ||Q||:\/52+x2+y2+22



Quaternion Math (cont.)

o XJFER(\IE2Y, B coso+ isinf=e"
XTFERIIYTTEA: 9= sinbug+ cosd = et

o JYE=H: log(g)=log(e™)=0u,

o IHEUZH: q'=(sinbuy, cos)=eMa =sin(Bt)u,+ cos(6t)
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Rotating Vectors Using Quaternion

e A point in space, v, Is represented as [0, V]

e To rotate a vector v using quaternion g
= Represent the vector as v = [0, V]
= Represent the rotation as a quaternion g
= Using quaternion multiplication

v' = Rot, (V) = qvq~*

o The proof 1sn’t that hard
= Note that the result v’ always has zero scalar value



Compose Rotations

e Rotating a vector v by first quaternion p followed by a
quaternion q Is like rotation using qp

Rot,(Rot,(v)) = Rot,(pvp™1)

= qpvp~lq~!
= (qp)v(gqp) "
= Rotg, (V)

Prove by yourselfthat: p~'q~!' = (gp)~*!



Compose Rotations

e To rotate a vector v by quaternion g followed by Iits
inverse quaternion g

Rot -1(Rot,(V)) = Rot,-1(qvq™")

=q 'qvq'q
=V



Quaternion Interpolation

e A guaternion is a point on a 4D unit sphere
= Unit quaternion: g=(s,x,y,2), ||g|| =1
o Form a subspace: a 4D sphere
e Interpolating quaternion means moving between
two points on the 4D unit sphere
= A unit quaternion at each step — another point
on the 4D unit sphere
= Move with constant angular velocity
along the greatest circle between the
two points on the 4D unit sphere




Linear Interpolation

e Linear interpolation generates unequal spacing of points
after projecting to circle




Spherical Linear Interpolation (Slerp)

e Want equal increment along arc connecting two quaternion on
the spherical surface

= Spherical linear interpolation (slerp)

sin( (1 —uw)0) sin(u@)
q1 +

slerp(q1,q2,u) = q2

sin 6 sin @

= Normalize to regain unit quaternion



Spherical Linear Interpolation (Slerp)

Letq = aq: + b q>
We can solve for given:

lqll = 1,
qd1°q2 =0,
qi1-q = ub
to give

sin( (1 —u)6) sin(uf)

117 sin 6

q>

slerp(q1,q2,u) = e



Spherical Linear Interpolation (Slerp)

q1-q2 >0




Spherical Linear Interpolation (Slerp)

e Recall that g and —q represent same rotation
e What is the difference between:

Slerp(u, d;, d,) and  Slerp(u, ds, -q,) ?

= One of these will travel less than 90 degrees while the other will
travel more than 90 degrees across the sphere

m This corresponds to rotating the ‘short way’ or the ‘long way’

e Usually, we want to take the short way, so we negate one of
them If their dot product is <0



Spherical Linear Interpolation (Slerp)

e If we have an intermediate position q,, the interpolation from
d,-->0,-->05 Will not necessarily follow the same path as the
Interpolation from g, to qs.

G0Lea01, Figd



Useful Analogies

Euclidean Space 4D Spherical Space
Position H Orientation

Linear interpolation Spherical linear interpolation (Slerp)




Advantages of Quaternion

e Good and smooth interpolation
e No gimbal lock

e Can be composed much more efficiently (requiring 8
multiplications and 4 divides)

e But
= Impossible to visualize
= Unintuitive

e Good for internal representation of rotation!



VU e E DEMO

www.fraps.com

CINTX reular squad




= Quaternion () ¥h&E—
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ToE, ¥J8R14£9(0,0,0,1).

= Quaternion (float xx, float yy, float zz, float ww) fa1&—NYTTE

= Quaternion getConjugated () const 15%!

= Quaternion getlnversed () const 1SZlH [T

= void multiply (const Quaternion &q) 43

(|

o

= const Quaternion operator* (const Quaternion &q) const TT&EI1%IT
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http://api.cocos.com/cn/d3/d53/classcocos2d_1_1_quaternion.html#a65ed15cc19af958b5933b5c522f10e66
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http://api.cocos.com/cn/d3/d53/classcocos2d_1_1_quaternion.html
http://api.cocos.com/cn/d3/d53/classcocos2d_1_1_quaternion.html#aa489ebccab55634d1c99f63b311fb207
http://api.cocos.com/cn/d3/d53/classcocos2d_1_1_quaternion.html

Cocos2d-xH HJQuaternion3k

static void squad (const Quaternion & g1, const Quaternion & g2, const

Quaternion & s1, const Quaternion & s2, float t, Quaternion * dst )
E—RHIUITEF, (FERBKEEESRERIE.
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http://api.cocos.com/cn/d3/d53/classcocos2d_1_1_quaternion.html
http://api.cocos.com/cn/d3/d53/classcocos2d_1_1_quaternion.html
http://api.cocos.com/cn/d3/d53/classcocos2d_1_1_quaternion.html
http://api.cocos.com/cn/d3/d53/classcocos2d_1_1_quaternion.html
http://api.cocos.com/cn/d3/d53/classcocos2d_1_1_quaternion.html
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The End



