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A b s t r a c t - - I n  this paper, we study the progresswe ~teratzon approxzrnatwn property of a curve 
(tensor product surface) generated by blending a given data point set and a set of basis functmns 
The curve (tensor product surface) has the progresswe zteratzon approxzmatwn property as long as 
the basis is totally positive and the corresponding collocatmn matrix m nonsingular. Thus, the B- 
spline and NURBS curve (surface) have the progresszve zteration approxzmatzon property, and B4zier 
curve (surface) also has the property ff the corresponding collocatmn matrix is nonslngular. (~ 2005 
Elsevmr Ltd. All rights reserved. 

K e y w o r d s - - P r o g r e s s l v e  iteration approxlmauon, Total posltivity, NURBS, B-sphne, B4zmr. 

1.  I N T R O D U C T I O N  

Given a sequence of points {P*},~0, the i th point of which is assigned a paramete r  value t,, 
. .  _ . . . ,  n B 0, 1,. , n, and a nonnegative basis {B, (t) > 0 I t E R, ~ = 0, 1, n )  with }-'~-,=0 * (t) -= 1, 

, = ~ _ p  n the initial curve can be generated as follows, i.e C o (t) }-~,=0 P°B* (t), with {p0 _ *},=0- 
By calculating the adjusting vector for each control point A0 = p ,  _ C O ( t , ) ,  i = 0, 1 , . . . ,  n, and 
letting {P~ 0 0 n }-~=0 P~B,  and on. = p~ + A }~=0, we can get the next curve C 1 (t) = ( t ) , . . . ,  so 
Thus,  at last, we get a sequence of curves {C k (t) I k = 0, 1 , . . . }  (see Figure 1). 

Qi and de Boor have shown that ,  if the given nonnegative basis is a uniform cubic B-spline 
basis, and the paramete r  value t, assigned to each da ta  point happens to be at the knot of the 
knot  vector on which the uniform cubic B-spline basis is defined, the curve sequence converges to 
a curve interpolat ing the given point sequence, i.e., l im C k (t,) = p0 ,  ~ = 0, 1 , . . . , n  [1,2]. We 

say tha t  the initial curve has the progresswe iteratwn approximation property.  
Purthermore,  in [3], the authors have shown tha t  not only the nonuniform cubic B-spline 

curve, but  the nonuniform cubic B-spline tensor product  surface also has the progressive iteration 
approxzmatwn prope r ty .  
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of China (No. 60373033, No. 60333010), the National Natural Science Foundation for Innovatwe Paesearch Groups 
(No 60021201), and the Fund of Zhejlang Univermty for Startup of Research (No. 124000-361312) 
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Figure 1 Progressive iteration approxlmatmn, from Ck(t) to C k+l (t). 

In this paper, we will show that, as long as the given basis is totally positive, and its corre- 
sponding collocation matrix is nonsingular, the curve and tensor product surface generated by 
the basis have the progressive iteration approximation property. So, the B-spline, and NURBS 
curve and surface all have the progressive ~teration approximation property, and B4zier curves 
and surfaces also have the progressive iteration approximatwn property, if the corresponding 

collocation matrix is nonsingular 
The layout of this paper is as follows. In Section 2, we establish the progressive ~teratwn 

approx,mation property of the curve and tensor product surface generated by a totally posi- 
tive blending basis with nonsingular collocation matrix. In Section 3, we point out that the 
NURBS curve and surface have the progressive i teratwn approximatwn property. In Section 4, 
some results illustrating the progresswe i teratwn approxzmation property of the B4zier (B-spline, 
NURBS) curve (surface) are given, and the fitting errors are also listed. At last, we conclude the 

paper in Section 5. 

2. P R O G R E S S I V E  I T E R A T I O N  A P P R O X I M A T I O N  
OF C U R V E S  A N D  SURFACES 

n A nonnegative basis {B~ _> 0 1 z - - 0 ,  1 , . . . ,  n} with ~ i=0  B~ = 1 is called a blending baszs. 
p 3 l m  n Based on the blending basis and a given data point set {P~ E R3}~=o ({P~3 e h=o,3=o/, we 

can generate a blending curve, 
n 

c (t) = y ~  P , B ~  (t) ,  (2.1) 

or a tensor product blending surface, 

S (u, v) = E P*3 B, (u) Ba (v), (2.2) 
~=0 j=O 

where P~ and P~3 are called control points. 
In the following, we first present the definition of a totally positive basis. 

DEFINITION 2 1. Given a basis {Bi(t) > 0 ] z = 0, 1 , . . . ,  n} defined on ~ C_ R and an increasing 

sequence Wo < vl < . . .  < T m  in E, the collocation matrix  o f  Bo, . . . , Bn at TO < v'l < ""  < rm is 

the matrix ,  

M ( B ° ' ' ' ' ' B n )  (2.3) 
r o , . . . , r , ~  :=  ( B 3 ( r ~ ) k = o  . . . . .  ~=o . . . .  • 
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The basis {B0, B 1 , . . . ,  Bn} is called totally pos~twe basis if its collocation mat r ix  at any in- 

creasing sequence ls a total ly positive matr ix,  tha t  is, all of its minors are nonnegative [4,5]. 

2.1. Progressive Iteration Approximation of Blending Curves 

Given a point sequence {P~ E R a ] z  = 0, 1 , . . .  ,n}, we first parameter ize  the points with the 

real increasing sequence, 
to < tl  < . . .  < t~. (2.4) 

Namely, the paramete r  t, is assigned to the ,th point P~ (z = 0, 1 , . . . ,  n). Then,  we can generate 
the first curve by blending the point sequence {p0 = p ,  I * = 0, 1 , . .  , n} and the total ly positive 
blending basis {B~ > 0 ] , = 0, 1 , . . . ,  n}, tha t  m, 

C O (t) = ~ P°B, (t). (2.5) 
z=0 

By comput ing the adjusting vectors of the control points, 

A ° = P , -  C O (t~), ~ = 0 , 1 , . . . , n ,  (2.6) 

and letting 

we can get the second curve, 

P} P°+A° = ~, ~=O,l,...,n, (2.7) 

n 

C 1 (t) = E P~B~ (t). (2.8) 
z = 0  

Similarly, if we get the (k + 1) st curve C k (t) after the k th i teration, and let 

~ = P ~ - C  k(t~),  ~ = 0 , 1 , . . . , n ,  and p k + l = p k + ~ k ~ ,  ~ = 0 , 1 , . . . , n ,  (2.9) 

we can get the (k + 2) nd curve after the (k + 1) st i teration, 

C k+l (t) = E n P ~ + I B , ( t ) .  (2.10) 
z=0 

Thus, we get a curve sequence {Ck(t)  I k = 0 ,1 , . . . } .  If  limk__.~ Ck( t , )  = p O , ,  = 0 , 1 , . . .  ,n,  
the initial curve (2.5) has the progresswe zteratwn approxzmatwn property.  

Due to 

a ,  = (t,) = P, - (P~ + zx~)B~ (t,) 
~ = 0  

= (Pc - C k (t3)) - ~ A~B,  (t ,)  
~ = 0  

3--1 

~=0 

k ~ A~B~(t,). + (1 - B ,  ( t , ) )  4 ,  - 
~=3+i 

(3 = 0 , 1 , . . . , n ;  k = 0 , 1  . . . .  ) ,  

(2.11) 

we can get the i terative format  in mat r ix  form of the adjusting vectors of the control points, 

[A0k+l, Alk+l ' ., Ank+l] T D [A0k,Ak T • ' = 1, ' , A ~ ]  , D = I - B ;  k = 0 , 1 , . . . ,  (2.12) 
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where I is the n ÷ 1 rank identity matrix,  and B is the collocation mat r ix  of the blending basis 
{B, > 0 I x = 0 , 1 , . .  , n} at {to, tl ,  . . ,  t~}, namely, 

B0(t0) B l ( t0 )  . . .  Bn(to) l 
B0 (tl) B l ( t~)  ... B~(t~)/ 

B:- / 

LBo(tn) Bz(t~)  . . .  B , ( t ~ ) ]  

(2.13) 

In Theorem 2.1, we give a sufficient condition for the i terative format  (2.12) to converge to 
zero, and then the curve (2.5) has progresswe 4eratwn approx~matwn property. In the following, 
we denote by A~(M), z = 1, 2 , . . . ,  m, the e~genvalues of the m × m mat r ix  M,  and by p(M),  the 
spec t rum radms of M.  

THEOREM 2.1. A piece of blending curve (2.5) has the progressive iteration approxzmatwn prop- 
erty, if the basis is totally positive and its collocation matr ix  B at  {to, t l , . . . ,  tn} is nonsingular. 

PROOF. Since the blending basis {B, > 0 [ ~ -- 0, 1 , . . . ,  n} is total ly positive, its collocation ma- 
trix B has n + 1 nonnegative eigenwlues A,(B), i -- 0, 1 , . .  , n [6,7]. Together with the fact tha t  
the collocation matr ix  B is nonsingular, its n + 1 eigenvMues are all positive. Note tha t  the basis 
{B, >_ 0 I x  = 0 , 1 , . . . , n }  is a blending basis, namely, ~,n=0B, = 1, so nS[too = 1. Therefore, 
0 < A , ( B ) < I , ~ = 0 , 1 ,  . . , n ,  so, 0 < A , ( D ) = l - A , ( B ) < l , z = 0 , 1 , . . . , n .  This result implies 
p(D) < 1, so the iterative format  (2 12) converges to zero vector; hence, l i m k - ~  Ck( t , )  = p0,  
i = 0 , 1 , . . . , n .  

2.2.  P r o g r e s s i v e  I t e r a t i o n  A p p r o x i m a t i o n  o f  B l e n d i n g  S u r f a c e s  

In this section, we s tudy the progresswe zteration approximation proper ty  of tensor product  
R 3 1 m  n blending surfaces. Given an ordered point set {P~3 E J~=o3=o, we first assign the following 

rn n D33m n parameter  values {(u~, v3)}~=o3= o to the points {P~3 E ~ I~=03=0, 

u0 < ul < . . .  < u,~, (2.14) 
Vo ~ V l  ~ " "  ~ V n .  

Similar to section 2.1, we can generate an initial surface, 

~_~ n 

~=0 3=0 

and a surface sequence, 

{ S k ( u , v ) = E E p k ,  B ' ( u )  B ' ( v ) ] k = 0 ' l '  . 
'~=0 3=0 

If 

with { P °  = P~3 }~=03~--0 • 

lim S k(u~,v 3 ) = P % ,  z = 0 , 1 , . . . , m ,  3 = 0 , 1 , . . . , n ,  
k--*oo 

(2.16) 

the tensor product  surface generated by blending the blending basra {B~ >__ 0 I ~ = 0 , 1 , . . . ,  n)  and 
D3 ~m n has the progresswe ~teratwn approximatzon property. the control points {P~3 E ~ s~=0 3=o 

Suppose tha t  S k (u, v) is the surface after the k th iteration. The  adjusting vector of the (h, l)th 

control point in the (k + 1) st i teration is 

}-~'ff _ 

(2.17) 

-= E m o E  ° 
- -  3 ~ 0  

( h = 0 , 1 ,  . . , m ,  / = 0 , 1  . . . .  ,n,  k = 0 , 1 , . . . ) .  
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Thus,  we can get the i terative format  in matr ix  form of the adjusting vectors of the control 

points, 
Ak+l  = D A  k, 

Here, 

h 3 [ / ~ 0 ,  A . ~ I ,  Z~k 3 h ~ 0  , " " ~ 0~n, ' 

D = I -  B,  k = 0 , 1 , . . . .  (2.18) 

A 9 3 ] T , l n , ' " , A ~ I , ' " , A ~ n  3 = k, k + 1, (2.19) 

I is the identity matr ix ,  and mat r ix  B is the Kronecker product  of the matrices B1 and B2 [8], 
t ha t  is, B = B1 ® B2, where 

I B0(u0) BI(U0) . . .  Bra(u0) ] 
B0 (ul) B1 ( U l )  * . .  Bm ( U l )  / 

B 1 = . / and 
' . .  . .  ' .  

L B 0 ( u ~ )  B~ (um) . . .  Bm (~m) J 

Bo . . .  Bn ] 
Bo (~1) B1 (v l )  . . .  B n  (Vl) / 

82 = / '.. " .  ' .  

LBo( n) B l ( v n )  . . .  

(2.20) 

LEMMA 2.1. Conslder the matr ices A E R "~×m, and B E R '~×~. Every eigenvalue of thelr 
Kronecker product A ® B can be expressed as the product of the eigenvalues of A and B. 
Namely~ ifA ( g )  = {At, ,Am}, and A(B) -- { ~ i , p 2 , . . .  ,P~}, 

; ~ ( A ® B )  = {A,#3 I z = 1 , 2 , . . . , m ;  j = 1,2,  . . , n } .  

Here, the eigenvalues are counted with their algebraic multiplicity [8]. 

THEOREM 2.2. A piece of a tensor product blending surface (2.15) has the progresswe ~tera- 
tzon approxzmatwn property, if the bases {B~}~0 and {Bj}j~=0 are totally positive and their 
collocation matrices at {Uo,.. , urn} and { V o , . . ,  v~} are nonsingular. 

PROOF. As to the i terative format  (2 18), we can know first from the proof  of Theorem 2.1 tha t  
0 < A~(B1) _< 1, z = 0 , 1 , . . . , m ,  and 0 < A~(B2) _< 1, z = 0 , 1 , . . . , n ;  second, from Lemma  2.1, 
we can get 0 < A~3(B1 ® B 2 )  = A~(B]) • A3(B2 ) _~ 1, i = 0 , 1 , . . .  ,m ,  3 = 0 , 1 , . . .  ,n.  So, 

0 _< A~ (D) = 1 -  A~ (B1 ® B 2 )  < 1, z = 0 , 1 , . . . , r a n .  

Tha t  is, p(D)  < 1. Therefore, the i terative format  (2.18) converges to the zero vector, so, 
limk-,~¢ S k (u~, v3) = p0  ~ = 0, 1,. m, j = 0, 1, n. | 

'~3' ' '  ' ' ' ' '  

3.  P R O G R E S S I V E  I T E R A T I O N  A P P R O X I M A T I O N  

O F  N U R B S  C U R V E S  A N D  S U R F A C E S  

In this section, we will s tudy the progresswe zteratwn appro~mation proper ty  of B~zier, B- 
spline, and NURBS curves and surfaces. 

Because the Bernstein basis is total ly positive [4], B~zier curves and surfaces have the proper ty  
of progresswe zteration approx~matwn if the corresponding collocation mat r ix  is nonsingular. 

Lin et al. have shown tha t  nonuniform cubic B-spline curves and surfaces have the proper ty  of 
progresswe ~teratwn approx~matwn [3]. Specifically, given a sequence of points {P~ E RS}~_0, we 
first define a knot  vector, 

T-~{~'tP+I'""tp+n-]'~PTn'""tP'I-n] p-~l  (3.1) 
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where 

0 ~ tp  < tp+ 1 < . .  < t p T n ,  

and assign the paramete r  value tp+, to the ~th point P , ,  ~ = 0, 1 , . . . ,  n. Similar to section 2.1, 
we can get a sequence of curves 

c '  ( t ) =  Z p [ tp ,  . . . .  , P,N~ (t) l t e  tp+n] 1=0,1, 
z=0 

where [ N P { t  ~ l - p + n - 1  t , ~ J J,=0 are t h e / h - d e g r e e  nonuniform B-sphne basis functions defined on the above 
knot vector (3.1), 

{P/o = P~ . . . . .  P}p_l ]_ l  = P o  I / =0 ,  i , . . . } ,  

{P/+n-1 l l } = Pp+n-2 . . . . .  Pp+n-[p-lJ = P n  I l = O, 1 , . . .  , and (3.2) 

= = o ,  

Due to the fact tha t  the nonuniform B-spline basis, INP(t ~p+n-1 t , t Js~=0 , is total ly positive [9,10] and 
its collocation mat r ix  at the knot  vector {tp, tp+l,..., tp+n} is obviously nonsingular from the 
local support  proper ty  of the B-spline basis, the curve sequence converges to the B-spline curve 
interpolating the given points, tha t  is, the initial curve has the progressive iteration approximation 
property. 

For surfaces, given an ordered point set 

3~m n 
{P~3 C R J~=o 3=0 ' 

we first define two knot vectors along the u-directlon and the v-direction, i.e., 

= Z 
= j=0 

0 -~ U 0 . . . . .  Up < Up.I- 1 < " '"  < Up+ m ~-- Up+m-l-1 . . . . .  Up-{-2m, (3.3) 

0 ~-- VO . . . . .  Vq < Vq+ 1 < . . "  < Vq+ n --~ Vq+n+ 1 . . . .  V2q-l-n. (3.4) 

Then,  we assign the parameter  vector (up+,, Vq+3) to the ( i , j )  th point P,3 (i = 0, 1 . . . . .  m, 
3 = 0, 1 , . . . ,  n). Similar to Section 2.2, a sequence of surfaces can be generated as follows, 

re+p--1 n+q--1 l p } 
P,,1V ~, (u)N}(v) lue  [up,up+m], v E [Vq,Vq+n], / = 0 , 1 , . . .  , (3.5) 

where 

and 

p r n + p -  1 
{N~ (u)},= o 

- 1  

are the pth-degree and the qth-degree nonumform B-sphne basis functions defined on the above 
two knot vectors (3.3) and (3.4), and 

{ -[ [p-l l  [q-tl 
Pl,3 = P [p - l l , [ q - l l  ~,=0, j=0 ' 

{ , }p+,~-I  [q- ' l  (3.6) P',-3 = PFm-ll+m, Fq-ll ,,=Fp-ll+-,,,3=o ' 
,, r p - l l  q+n--1 

Pz'3 = P [ p - l l ' [ q - l l + n ~ = o ,  j=[q--1]+n' 
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-i p+m-- 1 q+n-- 1 

P{3 = PD-aT+m,Fq-ll+~=F~_ll+m ' ,=[q-1]+~ 

P ] [p-l] 
P{,rq-11+a = o~L=o, 3=o' 

{ p l  _ )p+m--1 [q-1] 
= 1-'~o } 

,3 J*=  [p+ 1] +m, o=O 
~p+m--1 n 

t = Pmo } , P~, [q- 11 +a J ,=  [p-- 1.1 +m, a =0 

{ } __ p,n}rn q+n--1 . 
P p-1]+~,3 -- , ~=0, ,=[q-1]+n' 

{ P ~ p + l ] + % [ q + l ] + 3  -~-- P'3}m__o,3Lo " 

(3.6)(cont.) 

Here, [p~ denotes the least integer not less than  the integer p, and [2J the biggest integer not 
greater than  p. Again, the initial surface S°(u, v) has the prvgresswe ~teration approxzmation 
property.  

On the other hand, since the NURBS basis is also total ly positive, and its collocation matr ix  
at  a knot  vector  is obviously nonsingular from the local suppor t  of the NURBS basis, similar to 
the B-spline case, the first curve of the curve sequence, 

C l (t) : E t E [ t0 , tn ] ,  l : 0 , 1 , . . .  , 
,=o E %N~ (t) 

3=0 

(3.7) 

where }p+n--1 
~N~ (t) 

n 

is the pth-degree NURBS basis defined on the knot  vector (3.1), and 

{p l~P+n-1 
--~J~=O 

is defined as (3.2), has the progressive zteratzon approxzmatwn property.  Furthermore,  the first 
surface of the surface sequence, 

I m+p--1 n+q--1 
S l (u, v ) =  E ~ P' w,N~ (u) ~3 re+p--1 nTq--1 

~=0 9=0 E WkN~ (4) E 
k=O k=O 

v e [Vq,Vq+n], 1 = 0,1,... } ,  

w,N, ~ (v) 

(3.8) 

where re+p-- 1 

m-l-p-- 1 

/=0 ~=0 
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F i g u r e  2 F i t t i n g  a P l r i f e r m  c u r v e  w i t h  a B~zmr  c u r v e  Lef t  t h e  i t e r a t i o n  level is 0, 

t h e  e r r o r  is 7 .6564e  - 001, midd le ,  t h e  i t e r a t i o n  level  is 20, t h e  e r r o r  is 1 .2117e  - 001,  
r i g h t '  t h e  I t e r a t i o n  level is 60, t h e  e r r o r  m 1 1491e  - 001 

. , , . , . :  
'7~" DPIB e 

~ .  . . . .  I / '  ¢, 

• .-% "~'x % i 

"\N.,, 
",. / 

F i g u r e  3 F i t t i n g  a P l r i f o r m  c u r v e  wa th  a 3 r d - d e g r e e  B - s p l i n e  cu rve .  Lef t :  t h e  

l t e r a t t o n  level is 0, t h e  e r r o r  is 2 .6908e  - 001;  middle :  t h e  i t e r a t i o n  level  is 20, t h e  

e r r o r  is 8 .3898e  - 005; r i g h t '  t h e  i t e r a t i o n  level is 60, t h e  e r r o r  is 1 .1618e  - 011 

-. ,,, .-- "%-x x .,--~." ~,,~,,, 

F a g u r e  4. F i t t i n g  a P i r i f o r m  c u r v e  w i t h  a 3 r a - d e g r e e  N U R B S  cu rve .  Lef t  t h e  
i t e r a t i o n  level is 0, t h e  e r r o r  is 1 .7006e  - 001; m i d d l e '  t h e  i t e r a t i o n  level m 20, t h e  

e r r o r  is 1 8 7 7 8 e  - 005, r i g h t '  t h e  i t e r a t i o n  level is 60, t h e  e r r o r  is 8 1035e  - 013  

and n+q--1 

n + q - 1  

E wtN~ (V) 
/ = 0  j = 0  

are N U R B S  bases  def ined on the  kno t  vec tors  (3.3) and  (3.4), respect ive ly ,  and  

p /  .~ m+p--1 n.4-q--1 
--~3 Jz=O,  3 = 0  

is def ined as (3.6), also has  the  progresszve zteratzon approzzmatzon proper ty .  
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• " .  , . . . . .  " . , ,  . . . ,  

, ; ' z : z .  

"\ 

., - . . . . . . .  - .£..:. . . . . . .  

" ' 7 " -  

Figure 5 Fi t t ing  a helix with a B6zler curve. Left: the  l tera tmn level is 0, the  error 
is 7.8931e - 001, middle the  l te ra tmn level is 20, the  error is 2.8426e - 002; right: 
the  i teration level is 40, the  error is 7 9672e - 003 

l 

: : ' -  - - . . .  < ,  - ' -  . . . .  

. . . . . . .  ; - - , . .  - : . : -  , ; , . . . : . _ _  - 

Figure 6. F i t t ing  a helix with a 3rd-degree B-sphne  curve. Left: t he  i terat ion level is 
0, the  error is 1 0245e-001 ,  middle the  t teration level is 20, the  error is 1 .5577e-006;  
right the  i teration level is 40, the  error is 2 5245e - 010. 

%x "N% 

% " 'x  

i 

Figure 7 Fi t t ing a helix with a 3rd-degree NURBS curve. Left the  i terat ion level is 
0, the  error is 8 5859e-002 ,  middle, the  i teration level is 20, the  error is 2 4585e-007;  
right the  i teration level is 40, the  error ts 3 1921e - 011 
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4. R E S U L T S  

I n  t h i s  s e c t i o n ,  we  wi l l  i l l u s t r a t e  t h e  progresswe iteration approx~matwn p r o p e r t y  o f  B~z ie r ,  

B - s p l i n e ,  a n d  N U R B S  c u r v e s  a n d  s u r f a c e s ,  n a m e l y ,  t h e  c o n v e r g e n c e  o f  t h e  c o r r e s p o n d i n g  c u r v e  

a n d  s u r f a c e  s e q u e n c e s .  Spec i f i ca l l y ,  i n  F i g u r e s  2 - 4 ,  a r e  c u r v e  s e q u e n c e s  f i t t i n g  t h e  P i r i f o r m  c u r v e ,  

i.e., 

x = a ( 1  + c o s 0 ) ,  

y = a s i n 0  (1 + c o s 0 ) ,  

g e n e r a t e d  b y  progresswe ~teratwn approxzmatwn o f  a B 6 z i e r  c u r v e ,  a 3 r d - d e g r e e  B - s p l i n e  c u r v e ,  
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Figure 8. F i t t ing  a Peaks functmn m MATLAB w~th a B~zier surface Left '  the  

~teration level ~s 0, the  error ~s 4 8653e + 000, m~ddle' the  i tera t ion level ~s 20, the 
error is 1 6600e + 000, right '  the  i terat ion level is 40, the  error is 8.2323e - 001. 
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Figure 9. F i t t ing  a Peaks function in MATLAB wi th  a 3rd-degree B-sphne surface• 
Left. the  i terat ion level is 0, the error is 1.7822e - 001, middle the  i terat ion level is 
20, the error is 5 2065e-003 ,  right the l t e ra tmn level is 40, the  error is 3 .1430e-004  
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Figure 10 F i t t ing  a Peaks function in MATLAB with a 3rd-degree NURBS surface. 
Left' the  i terat ion level is 0, the error is 1.8328e + 000, middle: the  i tera t ion level is 
20, the error is 5 .1819e-003,  mght: the  i terat ion level is 40, the error is 3 .2116e-004.  

and a 3rd-degree NURBS curve• In Figures 5-7, are curve sequences fitting a helix generated 
by progresswe ~teratwn approx~matwn of a B@zier curve, a 3rd-degree B-spline curve, and a 3 rd- 
degree NURBS curve. Finally, in Figures 8-10, are surface sequences fitting the Peaks function 
in MATLAB generated by progresswe ~teratzon approx~matwn of a B~zier surface, a 3rd-degree 
B-spline surface, and a 3rd-degree NURBS surface. The weights {w~}z~=0 of the NURBS curves 
m Figure 4 and Figure 7 are taken as {1, 2 , . . . ,  (n + 1)/2, (n + 1) / :2 , . . . ,  2, 1} if n + 1 is even, or 
{1, 2, (n + 2)/2, 2, 1} if n + 1 is odd. Similarly, the weights, :w  ~m n of the NURBS 

• ~ . -  ~ L ' ~ 3 J z ~ O , j ~ O ,  

surface in Figure I0 are taken as 

n+l  o÷12 ,21} 
m m , .  • . . ,  ~ , , 
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if n + 1 is even, or 

T , . . . , 2 , 1  , 

if n + 1 is odd, where ~ = 0, 1 , . . .  ,m. All of illustrations are programmed with MATLAB, and 
run on a PC with 2.8 GHz CPU and 512 MB Memory. In Table 1, we list the fitting errors of the 
curve (surface) sequences after specific iteration levels. The fitting error is taken as the maximum 
norm of the adjusting vectors defined in (2.11) and (2.17), that  is, 

m a ~ { l l ~ . H  I * = O , l , . . . , m ;  2 = 0 , 1 , . . . , n }  

and 

m~x{ l l '% l l  I~ = 0 , 1 , . .  ,n}.  

T a b l e  1 F i t t i n g  e r r o r s  o f  t h e  c u r v e  ( su r face )  s e q u e n c e s  in  F i g u r e s  2 - 1 0  

F i g u r e s  0 th  L e v e l  10 th L e v e l  20  th L e v e l  30  th  L e v e l  

F i g u r e  2 7 6 5 6 4 e  - 001 2 1043e  - 001 1 .2117e  - 001 1 .2002e  - 001 

F i g u r e  3 2 .6908e  - 001 4 .2569e  - 003  8 .3898e  - 005  1 6 2 8 4 e  - 006  

F i g u r e  4 1 .7006e  - 001 1 ,3073e  - 003 1 .8778e  - 005  2 7 0 5 0 e -  007  

F i g u r e  5 7 8931e  - 001 8 9 4 0 8 e  - 002 2 8426e  - 002  1 3 6 3 7 e  - 002  

F i g u r e  6 1 0 2 4 5 e  - 001 1 6375e  - 004  1 5577e  - 006 1 . 8 9 2 0 e - 0 0 8  

F i g u r e  7 8 .5859e  - 002 3 . 3 3 4 8 e  - 005  2 .4585e  - 007  2 . 6 2 8 4 e  - 009  

F i g u r e  8 4 8 6 5 3 e  - 000 2 5 2 0 2 e  - 000  1 6600e  - 000  1 1453e  - 000  

F i g u r e  9 1 .7822e  - 001 4 1888e  - 002  5 . 2 0 6 5 e  - 003  1 .2696e  - 003  

F i g u r e  10 1 .8328e  -- 000  3 5677e  -- 002  5 1819e  - 003  1 2834e  -- 003  

F i g u r e s  40  th  L e v e l  50 th  L e v e l  60 th  L e v e l  

F i g u r e  2 1 1943e  - 001 1 1844e  - 001 1 .1491e  - 001 

F i g u r e  3 3 ,1410e  - 008 6 0 4 3 8 e  - 010  1 .1618e  - 011 

F i g u r e  4 3 8990e  - 009 5 6 2 0 6 e  - 011 8 1035e  - 013  

F i g u r e  5 7 9672e  - 003  5 2059e  - 003 3 6700e  - 003  

F i g u r e  6 2 5245e  -- 010  3 5481e  -- 012  5 2134e  -- 014  

F i g u r e  7 3 .1921e  - 011 4 .1400e  - 013  5 5 5 1 1 e  - 015  

F i g u r e  8 8 .2323e  - 001 7 .2588e  - 001 7 1093e  - 001 

F i g u r e  9 3 1430e  - 004  8 .2850e  - 005 2 3 0 0 9 e  - 005  

F ~ u r e  10 3 .2116e  - 004 8 .4641e  - 005  2 3 2 7 8 e  - 005  

5. C O N C L U S I O N  

Given a blending basis and a set of ordered data points, a curve (tensor product surface) 
generated by blending the data points and the basis functions has the progresswe zteration ap- 
proximatwn property, as long as the given basis is totally positive and its collocation matrix 
at the corresponding parameter set is nonsingular That  is, the curve (tensor product surface) 
sequence generated by adjusting the control points lteratively converges to the curve (tensor 
product surface) interpolating the given data points. Specifically, B~zier, B-spline, and NURBS 
curves (surfaces) have the progresswe zteratwn approximatwn property. However, because differ- 
ent bases have different convergence rates, it needs to be studied in the future which bases have 
the fastest convergence rates 
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