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a b s t r a c t

Geometric iterative methods (GIM), including the progressive–iterative approximation (PIA) and the
geometric interpolation/approximation method, are a class of iterative methods for fitting curves and
surfaces with clear geometric meanings. In this paper, we provide an overview of the interpolatory and
approximate geometric iteration methods, present the local properties and accelerating techniques, and
show their convergence. Moreover, because it is easy to integrate geometric constraints in the iterative
procedure, GIM has been widely applied in geometric design and related areas. We survey the successful
applications of geometric iterative methods, including applications in geometric design, data fitting,
reverse engineering, mesh and NURBS solid generation.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

GIM is an iterative method with clear geometric meanings.
From an initial curve (surface), through iterative adjustments of
the control points, the curve (surface) in the limit can interpolate
or approximate a given data point set. Most traditional fitting
methods entail solving a global linear system and therefore local
modifications are not possible. Specifically, even the change of a
single point that is to be fitted could necessitate solving the global
linear system from the start, thus considerably wasting computa-
tional resources. With GIM, the linear systems in most traditional
fitting methods are avoided. If some data points are changed, the
new fitting procedure can begin using the result generated in the
previous round of GIM iterations. Moreover, because there are
clear geometric meanings in the GIM iteration procedure, it is easy
to integrate geometric constraints in each GIM iteration step, and
then ensure the limit curve or surface satisfies these geometric
constraints. Recently, owing to its desirable properties, GIM has
been successfully applied in geometric design and related areas,
including adaptive data fitting, large scale data fitting, symmetric
surface fitting, generation of curves interpolating given positions,
tangent vectors, and curvature vectors, generation of quadrilateral
and hexahedral meshes with guaranteed quality, generation of
trivariate B-spline solids.

Studies on iterations with geometric meanings began in the
1970s. In 1975, Qi and co-authors developed the ‘‘profit and loss’’
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algorithm for uniform cubic B-spline curves, and showed its con-
vergence [1]. Later, Yamaguchi independently proposed an algo-
rithm similar to [1] in 1977 [2]. In 1979, de Boor re-invented
the algorithm [3]. Over 20 years later, Lin et al. proved the con-
vergence of the ‘‘profit and loss’’ algorithm for nonuniform cubic
B-spline curves and surfaces in 2004 [4]. In 2005, he and co-
authors showed that the algorithm is convergent for curves and
surfaces with normalized and totally positive basis, and coined
the terminology progressive–iterative approximation (PIA) to name
the iterative method [5]. In PIA, the parameters of foot points in a
fitting curve (surface) are fixed in iterations, where foot points are
the points in a fitting curve (surface) with the same parameters as
those of corresponding data points. Thus, iterations in PIA depend
on the parametric distance. On the other hand, there are also GIM
methods that rely on the geometric distance. In 2007, Maekawa
et al., developed an iterationmethod, called geometric interpolation
(GI) [6], that considers the points in a fitting curve (surface) closest
to corresponding data points as the foot points. Thus, the geometric
distance, i.e., the distance between a data point and its closest
point in the fitting curve (surface), is employed in iterations of
GI. Parameter correction is a widely used technique to adjust the
parameter value iteratively in order to force error vectors to be
perpendicular to the interpolating curve (surface) [7]. Therefore, it
can be said that GI conducts parameter correction in each iteration
in an indirect way by moving each control point parallel to the
corresponding error vector. Moreover, the convergence of the GI
iterations was proved in [8,9].

Because the PIA and GI methods are similar, both bearing clear
geometric meanings, we collectively referred to them as geometric
iterative methods (GIM).
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Table 1
GIMs for different types of curves and surfaces.

Type of curves or surfaces Interpolation Approximation

PDa GDb PDa GDb

NURBS
Uniform cubic B-spline curves [1–3,24]
Non-uniform B-spline curves/surfaces [4] [6,8,9] [36,38] [27]
NURBS curve [12]

Normalized and totally positive basis [5]
Triangular Bernstein–Bézier surface [13,16]

Subdivision surfaces
Doo-Sabin surfaces [18,20]
Loop surfaces [19,21] [6] [44]
Catmull-Clark surfaces [22] [6]

Non-standard TP basisc
Wang-Ball curve [32]
Said-Ball surface on triangular domain [33]
Triangular Bézier surface [34]

a PD: parametric distance.
b GD: geometric distance.
c TP basis: totally positive basis.

(a) (b)

(c) (d)

Fig. 1. The iteration procedure of the interpolatory GIM. (a) Data points Qi, i =

0, 1, 2, 3, 4 and the initial control polygon. (b) Generation of the difference vectors
∆

(0)
i = Qi − P (0)(ti), i = 0, 1, 2, 3, 4. (c) Generation of the new control points

P (1)
i , i = 0, 1, 2, 3, 4 by adding the difference vectors to the corresponding control

points. (d) Generation of the new curve.

In this paper, we survey the theories and applications of GIM
comprehensively. The remainder of this paper is organized as
follows. In Section 2, interpolatory GIMs are introduced. Next, ap-
proximating GIMs are reviewed in Section 3. Then, the applications
of GIMs in geometric design and related areas are investigated in
Section 4. Finally, Section 5 concludes the paper.

2. Interpolatory geometric iterative methods

In this section, we review interpolatory GIMs for some com-
monly employed curves and surfaces, including curves and sur-
faces with normalized and totally positive basis, NURBS curves and
surfaces, triangular Bernstein–Bézier (B–B) curves and surfaces,
and subdivision surfaces. Additionally, the iterative acceleration
techniques for GIMs are also introduced. Finally, in conclusion to
this section, GIMs for different types of curves/surfaces are listed
in Table 1.

2.1. Interpolatory GIMs for curves and surfaces

Consider a data point sequence (Fig. 1(a)),

{Qi ∈ R3, i = 0, 1, . . . , n}, (1)

where each data point Qi is assigned a parameter value ti, i =

0, 1, · · · , n, satisfying,

t0 < t1 < · · · < tn.

Considering point sequence (1) as the initial control point se-
quence, we can construct an initial curve,

P (0)(t) =

n∑
i=0

P (0)
i Bi(t), (2)

where P (0)
i = Qi, Bi(t), i = 0, 1, . . . , n are basis functions. Suppose

that the αth curve P (α)(t), generated after the αth iteration, is,

P (α)(t) =

n∑
i=0

P (α)
i Bi(t).

To perform the (α+1)th iteration, we first calculate the difference
vectors (Fig. 1(b)),

∆
(α)
i = Qi − P (α)(ti), i = 0, 1, . . . , n, (3)

and add them to the corresponding control points of the αth curve
P (α)(t), yielding the control points of the (α +1)th curve (Fig. 1(c)),

P (α+1)
i = P (α)

i + ∆
(α)
i .

Thus, the (α + 1)th curve is obtained (Fig. 1(d)):

P (α+1)(t) =

n∑
i=0

P (α+1)
i Bi(t).

The above interpolatory GIM procedure yields a curve sequence:

{P (α)(t), α = 0, 1, . . .}. (4)

Similarly, a surface sequence can be produced by the interpolatory
GIM procedure [4,5].

Denote

∆(α)
= [∆

(α)
0 ,∆

(α)
1 , . . . ,∆(α)

n ]
T .

The matrix form of the aforementioned interpolatory GIM can be
represented as,

∆(α+1)
= (I − C)∆(α),

where I is an identity matrix, and

C =

⎡⎢⎢⎣
B0(t0) B1(t0) · · · Bn(t0)
B0(t1) B1(t1) · · · Bn(t1)

...
...

...

B0(tn) B1(tn) · · · Bn(tn)

⎤⎥⎥⎦ (5)
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is the collocationmatrix of the basis functions Bi(t), i = 0, 1, . . . , n
at tj, j = 0, 1, . . . , n.

In Ref. [4], it was shown that, when the basis functions of the
curves are nonuniform cubic B-spline basis functions, the curve
sequence (4) converges to the curve interpolating the given data
point sequence (1), i.e.,

lim
α→∞

P (α)(ti) = Qi, i = 0, 1, . . ., n.

The nonuniform bi-cubic B-spline surface sequence is also conver-
gent to the surface interpolating the given data point array [4]. It is
called the PIA property of curves and surfaces.Moreover, in Ref. [5],
it was shown that the curve and surface sequence generated by
the interpolatory GIM is convergent if the basis is normalized and
totally positive. Therefore, Bézier curves and surfaces and B-spline
curves and surfaces both have the PIA property. In Fig. 2, a PIA
iteration procedure is illustrated, where a sequence of data points
are fitted by a piece of cubic B-spline curve.

In particular, when the curve is a periodic uniform B-spline
curve, the expression of the limit curve of the PIA iterations can be
determined explicitly [10]. Additionally, the fitting error estima-
tion formula for the PIA iterationswas developed in [11]. Given the
fitting precision and the parameters for data points, the iteration
count can be calculated in advance, using the error estimation
formula [11].

2.2. Interpolatory GIM for NURBS curves

The homogeneous expression of a NURBS curve in the projec-
tive space is,

P̃(t) =

n∑
i=0

P̃iBi(t), (6)

where, P̃i = (wiPi, wi) = (wixi, wiyi, wizi, wi), wi ≥ 0 are the
weights, Pi = (xi, yi, zi) ∈ R3, and Bi(t), i = 0, 1, . . . , n are
the Bernstein basis or B-spline basis functions. The homogeneous
expression (6) corresponds to a rational curve in the Euclidean
space,

P(t) =

∑n
i=0 wiPiBi(t)∑n
i=0 wiBi(t)

.

Supposewe are given a data point sequence {Q̃i = (wq
i Qi, w

q
i ) =

(wq
i x

q
i , w

q
i y

q
i , w

q
i z

q
i , w

q
i ), i = 0, 1, . . . , n} in the homogeneous pro-

jective space, where each point is assigned a parameter ti, i =

0, 1, . . . , n with t0 < t1 < · · · < tn. By the homogeneous
expression, the interpolatory GIM for NURBS curves is the same
as that presented in Section 2.1. Then, a curve sequence in the
homogeneous expression is generated, i.e.,

{P̃ (α)(t) =

n∑
i=0

P̃ (α)
i Bi(t), α = 0, 1, . . .}.

It corresponds to a rational curve sequence in the 3-dimensional
Euclidean space,{
P (α)(t) =

∑n
i=0 w

(α)
i P (α)

i Bi(t)∑n
i=0 w

(α)
i Bi(t)

, α = 0, 1, . . .

}
, (7)

and a weight function sequence,{
w(α)(t) =

n∑
i=0

w
(α)
i Bi(t), α = 0, 1, . . .

}
. (8)

Using inequality techniques, it was shown in [12] that the above
two sequences (7) and (8) are both convergent, and,

lim
α→∞

P (α)(ti) = Qi, lim
α→∞

w(α)(ti) = w
q
i , i = 0, 1, . . ., n. (9)

(a) Step 0.

(b) Step 4.

(c) Step 15.

Fig. 2. A sequence of data points are fitted by a cubic B-spline curve using the
PIA method. The circle marks represent the data points and the blue plus marks
illustrate the foot points on the B-spline curve with the same parameters as the
corresponding data points. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

2.3. Interpolatory GIM for triangular Bernstein–Bézier surfaces

Consider a data point sequence {Qijk, i, j, k = 0, 1, . . . , n, i +
j + k = n}, where each point Qijk corresponds to the parameter
(ui, vj, wk) with ui + vj + wk = 1. Considering these points as the
initial control points, an initial triangular Bernstein–Bézier (B–B)
surface can be constructed,

T (0)(u, v, w) =

∑
i,j,k

T (0)
ijk Bi(u)Bj(v)Bk(w),

where, T (0)
ijk = Qijk, 0 ≤ u, v, w ≤ 1, u + v + w = 1, and

Bi(u), Bj(v), Bk(w) are the Bernstein basis functions.
After the αth iteration, suppose the αth triangular B–B surface

is generated, i.e.,

T (α)(u, v, w) =

∑
i,j,k

T (α)
ijk Bi(u)Bj(v)Bk(w).

For the (α+1)th triangular B–B surface, we calculate the difference
vectors,

∆
(α)
ijk = Qijk − T (α)(ui, vj, wk), i, j, k = 0, 1, . . . , n, i + j + k = n,
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Fig. 3. One iteration of the interpolatory GIM for subdivision surfaces.

and add it to the control points T (α)
ijk , yielding the control points of

the (α + 1)th triangular B–B surface, i.e.,

T (α+1)
ijk = T (α)

ijk + ∆
(α)
ijk , i, j, k = 0, 1, . . . , n, i + j + k = n. (10)

Accordingly, the (α + 1)th triangular B–B surface T (α+1)(u, v, w) is
generated.

The iterative procedure stated above generates a sequence of
triangular B–B surfaces,

{T (α)(u, v, w), 0 ≤ u, v, w ≤ 1, u + v + w = 1}. (11)

When the parameters corresponding to the data points are uni-
form, i.e.,

(ui, vj, wk) =

(
i
n
,
j
n
,
k
n

)
, i, j, k = 0, 1, . . . , n, i + j + k = n,

Chen and Wang [13] proved the convergence of the sequence of
triangular B–B surfaces (11), namely,

lim
α→∞

T (α)
(

i
n
,
j
n
,
k
n

)
= Qijk, i, j, k = 0, 1, . . ., n, i + j + k = n,

by means of the properties of the Bernstein operator and the
relation between the operator andmatrix. Specifically, eigenvalues
of the Bernstein operator lie in the interval (0, 1] [14,15]. It was
shown in [13] that eigenvalues of the Bernstein operator and the
collocation matrix of Bi(u)Bj(v)Bk(w) on the uniform parameters(

i
n
,
j
n
,
k
n

)
, i, j, k = 0, 1, . . . , n, i + j + k = n,

are the same. So the spectral radius of the iterative matrix for
the iterative method (10) is less than 1, and then the sequence of
triangular B–B surfaces (11) is convergent. In the general case, the
convergence of sequence (11) was shown only for the triangular
B–B surfaces with degree less than or equal to 4 [16].

2.4. Interpolatory GIMs for subdivision surfaces

In this section, we consider only approximate subdivision for-
mats, including Catmull–Clark, Doo–Sabin, and Loop subdivision
surfaces. Suppose thatQ = {Qi, i = 0, 1, . . . , n} is the vertex set of
the controlmesh of a subdivision surface. Each controlmesh vertex
Qi has its limit position Qi,∞, i = 0, 1, . . . , n on the subdivision
limit surface,which is the linear combination of some controlmesh
vertices [17–19], i.e.,

Qi,∞ = c1Qi,1 + c2Qi,2 + · · · + ckQi,k, i = 0, 1, . . . , n.

Considering the given mesh Q as the initial control mesh P (0) (Fig.
3), i.e.,

P (0)
= {P (0)

i , i = 0, 1, . . . , n}, where, P (0)
i = Qi,

the initial subdivision surface S(0) can be generated.
As illustrated in Fig. 3, let the control mesh of the αth subdi-

vision surface S(α) after the αth iteration be P (α)
= {P (α)

i , i =

0, 1, . . . , n}. Each mesh vertex P (α)
i corresponds to a limit position

P (α)
i,∞, i = 0, 1, . . . , n on the subdivision surface S(α). Then the

difference vectors are constructed as,

∆
(α)
i = Qi − P (α)

i,∞, i = 0, 1, . . . , n.

Adding the difference vectors to the corresponding control mesh
vertices of S(α), yields the control mesh P (α+1)

= {P (α+1)
i , i =

0, 1, . . . , n} of the (α + 1)th subdivision surface S(α+1), i.e.,

P (α+1)
i = P (α)

i + ∆
(α)
i , i = 0, 1, . . . , n.

Accordingly, a sequence of subdivision surfaces {S(α), α = 0, 1, . . .}
is generated. When the subdivision surface is a Doo–Sabin sub-
division surface [18,20], a Loop subdivision surface [19,21], or
a Catmull–Clark subdivision surface without the mesh vertex of
degree 3 [22], we have,

lim
α→∞

P (α)
i,∞ = Qi, i = 0, 1, . . ., n.

In other words, the subdivision surface sequence {S(α), α =

0, 1, . . .} is convergent, and the subdivision limit surface interpo-
lates the given data points {Qi, i = 0, 1, . . . , n}. Fig. 4 illustrates a
PIA iterative procedure of a Loop subdivision surface.

2.5. Iteration speed of the interpolatory GIM and its acceleration

As stated in Section 2.1, the PIA method is convergent when
the basis functions are normalized and totally positive. Therefore,
the PIA methods for B-spline and Bernstein curves and surfaces
are both convergent. Moreover, in the function space formed by a
normalized and totally positive basis, the PIAmethod for the curve
or surface with a normalized B-basis has the fastest convergent
speed, where a normalized B-basis is the basis with optimal shape
preserving properties in the space with a normalized and totally
positive basis [23,24].

The PIA method can be accelerated by multiplying a weight ω

in front of the difference vectors∆(α)
i , i = 0, 1, . . . , n (3). Then, the

iterative method changes to,

P (α+1)
i = P (α)

i + ω∆
(α)
i , i = 0, 1, . . . , n.

Suppose the minimum eigenvalue of the collocation matrix (5) of
the basis functions is λmin. When ω =

2
1+λmin

, the PIA method
reaches its fastest iteration speed [25,26]. Moreover, Kineri et al.
proposed to accelerate the GI method by either fixing closest
points or optimal repositioning of control points [27]. Fig. 5 shows
the computational time versus the average error with respect
to bounding box diagonal of the model with 10,000 and 40,000
data points for the accelerated GIM by [27] and the traditional
interpolationmethod [7]. It can be clearly seen that the accelerated
GIM is faster than the traditional interpolationmethodwhen the fit
is coarse, while it can progressively obtain a finer fit by performing
more iterations.

In addition, if the collocation matrix is ill-conditioned, the iter-
ative speed will be very slow. In this case, the iterative speed can
be accelerated by introducing the transformationmatrix generated
by the QR decomposition, and optimizing the spectral radius of the
iterative matrix [28].
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(a) Step 0. (b) Step 7. (c) Step 18.

(d) Step 0. (e) Step 7. (f) Step 18.

Fig. 4. A PIA iterative procedure of a Loop subdivision surface, where the points in
red are the data pointswith fitting errors beyond the prescribed fitting precision. (a,
b, c) The control meshes. (d, e, f) The Loop subdivision surfaces. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

2.6. Local property of the interpolatory GIM

In the interpolatory GIM, if the control points corresponding
to a subset of data points are adjusted, and the other control
points are fixed, the limit curve or surface will interpolate only
the subset of data points. As illustrated in Fig. 6(a), the red curve
is an initial Bézier curve, and the circles represent the data points.
In the iterative procedure, only the control point corresponding to
the data point in red is adjusted. In the limit, the fitting curve in red
will interpolate only the data point in red (Fig. 6(d)). This property
affords great flexibility to GIM [29,30]. For example, with the local
property of GIM, the data points can be fitted adaptively, saving
great amount of computations [31].

2.7. Generalization of the interpolatory GIM

The interpolatory GIM can be generalized to curves and surfaces
with the non-standard totally positive basis [32] (refer to Table 1).
If the collocation matrix of a basis is a strictly diagonally dominant
matrix or generalized strictly diagonally dominant matrix at some
parameter sequence, the basis is called a non-standard totally
positive basis [32]. It has been shown that the interpolatory GIM
is convergent when the basis is a non-standard totally positive
basis [32,33]. Therefore, the interpolatory GIMs for Wang–Ball
curves [32], Said-Ball surfaces on triangular domains [33], and
T-Bézier triangular surfaces are all convergent [34]. Here, a T-
Bézier triangular surface is a quadratic triangular surface defined

(a) 10,000 data points.

(b) 40,000 data points.

Fig. 5. Computational time versus average error for the accelerated GIM and the
traditional interpolation method.
Source: Adapted from [27].

(a) Step 0. (b) Step 1.

(c) Step 5. (d) Step 10.

Fig. 6. The local property of the interpolatory GIM (adapted from [29]). The circles
represent data points, and the red curve is a Bézier curve, where the marks ‘+’
denote the points with the same parameters as those of the corresponding data
points. In the iterations, only the control point corresponding to the red data point
is adjusted, and the limit curve interpolate the red data point. (For interpretation of
the references to color in this figure legend, the reader is referred to theweb version
of this article.)

on a triangular domain with a kind of quadratic quasi-Bernstein
basis [34].

In addition, if the weights in front of the difference vectors are
allowed to be different, the convergence rates of difference vec-
tors can be controlled individually [32]. Moreover, by multiplying
a preconditioning matrix in front of the collocation matrix, the
classical PIA, weighted PIA, and the local PIA can be unified into
one formula [35].

3. Approximate geometric iterative methods

In interpolatory GIMs, the number of control points of the curve
or surface should be equal to that of data points. This requirement
restricts the applications of GIMs especially in the cases where the
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(a) (b)

(c)

Fig. 7. The iterative procedure of the approximate GIM. (a) Data points (in blue
circles), the initial control polygon (in green), and the initial curve (in red). (b)
Difference vectors for data points and difference vectors for control points. (c)
Generation of the new control polygon (the purple polygon) and the new curve (the
purple curve). (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

number of given data points is very large. In this section, we will
review the approximate GIMs, where the number of control points
can be less than that of the data points, and the limit curve or
surface will approximate the given data point set.

Similar to the interpolatory GIM, the approximate GIM can be
divided into two categories based on the distance of data points
to curves/surfaces to be approximated, namely, the parametric
distance and geometric distance. Thus far, on one hand, there
are two types of approximate GIMs based on the parametric dis-
tance, that is, the extended progressive–iterative approximation
(EPIA) [36], and the least-squares progressive–iterative approx-
imation (LSPIA) [37,38]. On the other hand, approximate GIMs
based on the geometric distance, called geometric approximation
(GA), was studied by Kineri et al. [27].

3.1. Extended progressive–iterative approximation (EPIA)

Suppose we are given a data point sequence {Qi, i = 0,
1, . . . , n}, where each data point Qi is assigned a parameter ti, i =

0, 1, . . . , n with t0 < t1 < · · · < tn. Then, we construct an initial
curve P (0)(t), and classify the data points into groups. Each group
of data points corresponds to a control point. As illustrated in Fig.
7(a), there are seven control points, and the data points should be
classified into seven groups correspondingly.

Let the αth curve generated after the αth iteration be,

P (α)(t) =

m∑
j=0

P (α)
j Bj(t), m ≤ n.

In each step of the EPIA iterations, the difference vector for the data
point (DVD) is first produced,

δ
(α)
i = Qi − P (α)(ti), i = 0, 1, . . . , n. (12)

Next, the difference vector for the control point (DVC) is generated
by weighted averaging the DVDs corresponding to each group of
data points, i.e.,

∆
(α)
j =

∑
i∈Ij

c jiδ
(α)
i∑

i∈Ij
c ji

, j = 0, 1, . . . ,m, (13)

where, Ij is the index set of the data points in the jth group, and
c ji are weights. In Fig. 7(b), the group of DVDs δ

(0)
i corresponding

to the control point P (0)
5 are illustrated, which are weighted aver-

aged to produce the DVC ∆
(0)
5 . Finally, by adding the DVCs ∆

(α)
j

to the corresponding control points P (α)
j , the new control points

P (α+1)
j , j = 0, 1, . . . ,m are generated, as well as the new curve

(refer to Fig. 7(c)).
In Ref. [36], we showed that, when c ji = 1, then ∆

(α)
j is the

average vector of the DVDs in the jth group, j = 0, 1, . . . ,m,
EPIA is convergent. It should be pointed out that, in the EPIA
method, the selection of the initial curve does not affect the con-
vergence of the EPIA iterations. In addition, in the least-squares
progressive–iterative approximationmethod (refer to Section 3.2),
c ji = Bj(ti), that is, the value of the jth basis function Bj(t) at ti, i =

0, 1, . . . , n, j = 0, 1, . . . ,m. However, the convergence analysis
is an open problem when the weights c ji , i = 0, 1, . . . , n, j =

0, 1, . . . ,m are taken other values.
In Ref. [36], dominant points [39], which are the data points

with local maximum curvatures, are taken as the control points of
the initial curve. Denote γ as the curvature of a data point. Data
points are classified into groups so that the sums of |γ | of the data
points in individual groups are as close as possible [36], where |γ |

is the absolute value of γ . Moreover, if a group contains only one
data point, the limit curve will interpolate the data point. In this
way, the approximate curve fitted to a data point set can be made
to interpolate some data points [36].

3.2. Least-squares progressive–iterative approximation (LSPIA)

LSPIA is actually a special iterative form of EPIA with a special
data point grouping manner. Suppose the given data points and
their parameterizations are the same as specified in Section 3.1,
and the initial curve is,

P (0)(t) =

m∑
j=0

P (0)
j Bj(t).

Then, all of the data points, whose parameters ti lie in the local
support region of the jth basis function Bj(t), i.e., Bj(ti) ̸= 0,
are classified into the jth group, corresponding to the jth control
point, where i = 0, 1, . . . , n, j = 0, 1, . . . ,m. In the LSPIA
method, the weights c ji (13) are taken as Bj(ti), i.e., c

j
i = Bj(ti),

i = 0, 1, . . . , n, j = 0, 1, . . . ,m. Therefore, in LSPIA, the DVCs
are generated using,

∆
(α)
j =

∑
i∈Ij

Bj(ti)δ
(α)
i∑

i∈Ij
Bj(ti)

, i = 0, 1, . . . , n, j = 0, 1, . . . ,m,

where, Ij is the index set of the data points in the jth group, and
δ
(α)
i is a DVD, same as that in Eq. (12). It can be shown that, LSPIA

is convergent, and it converges to the least-squares fitting result
to the given data points [37,38]. Moreover, Zhang et al. showed
that the LSPIA algorithm is also convergent for generalized B-spline
curves with two different types of weights [40].

LSPIA has some desirable properties. First, because the con-
vergence of the LSPIA method is unrelated to the initial curves
or surfaces, the LSPIA method is insensitive to them. In Fig. 8, a
LSPIA iterative procedure is demonstrated. Although the shape of
the initial cubic B-spline curve is far different from that of the
data point set, after 70 step LSPIA iterations, the B-spline curve
approximates the data points faithfully (Fig. 8(d)). Second, when
the basis functions of a curve or surface are locally supported,
the computational complexity in each LSPIA iteration step is only
related to the number of data points, and unrelated to the number
of control points (i.e., the unknowns) [37]. Therefore, LSPIA is
suitable to fit large data sets incrementally. Finally, LSPIA is so
robust that whether its iterative matrix is singular or not, LSPIA
is always convergent [37,38].
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(a) Step 20. (b) Step 40. (c) Step 60. (d) Step 70.

Fig. 8. A LSPIA iterative procedure with several iteration steps (adapted from [38]). Here, the blue dots are data points, the green circles are control points, and the red curve
is a cubic B-spline curve. The two end control points are the same as the two end points of the input data points, and the other initial control points are all taken as the point
with coordinates (100, 1), far from the data points within the range [0, 2.5]× [−0.5, 5]. Therefore, the shape of the initial B-spline curve is far different from that of the data
point set. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

3.3. Geometric approximation

The algorithm [27] takes a set of randomly distributed data
points Qk, k = 0, . . . ,N as input and generates a B-spline surface
that approximates the data points. The Douglas–Peucker algo-
rithm [41] is used to determine the initial control points of the
boundary curves from a series of data points along the boundaries
for the iterative geometric fitting algorithm. Farin’s technique [42,
Chapter 22] is used to generate the base surface for a simple
surface, whereas dynamically fitted surfaces to geometries implied
by point clouds are used to construct the base surface for a complex
surface [43].

Once the base surface is constructed, they compute the error
vectorQk−P (0)(ûk, v̂k) for eachdata pointQk where (ûk, v̂k) denotes
the parameter value of the closest point. At the parameter value
of the closest point (ûk, v̂k) (up < ûk < up+1, vq < v̂k < vq+1)
corresponding to Qk, there are K × L nonzero multiples of basis
functions Ni,K (ûk)Nj,L(v̂k), i = p − K + 1, . . . , p, j = q − L +

1, . . . , q. As B-spline surfaces are defined as a linear combination
of control points and B-spline basis functions, the multiple of the
basis functions Ni,K (u)Nj,L(v) is associated with the control point
Pij. Note that the sum of the weights is one. In order to distribute
the error vector to the appropriate control points, Kineri et al. [27]
distribute the error vectorQk−P (0)(ûk, v̂k) to the control pointsP

(0)
ij ,

i= p−K+1, . . . , p, j= q−L+1, . . . , qwithweightsNi,K (ûk)Nj,L(v̂k).
The difference vector for the control point with index (i, j) is,

∆
(α+1)
ij =

∑
k∈Iij

w
ij
k

(
Qk − P (α+1)(ûk, v̂k)

)
= ∆

(α)
ij −

n∑
g=0

m∑
h=0

∆
(α)
gh

∑
k∈Iij

w
ij
kNg,K (ûk)Nh,L(v̂k),

where w
ij
k denotes the weight for the error vector and Iij denotes

the set of data points Qk that contribute to the repositioning vector
∆ij. By arranging the difference vectors for the control points in a
one-dimensional array,

∆(β)
= [∆

(β)
00 ,∆

(β)
01 , . . . ,∆

(β)
0m, . . . ,∆

(β)
10 , . . . ,∆

(β)
1m, . . . ,∆

(β)
n0 ,

. . . ,∆(β)
nm]

T ,

β = α, α + 1,

(14)

we obtain the iterative form,

∆(α+1)
= (I − C)∆(α). (15)

Since ∥C∥∞ = 1, all of the eigenvalues of C are less than or equal
to 1. In conclusion, the eigenvalues of C satisfy,

0 < λ(C) ≤ 1. (16)

Therefore, the eigenvalues of I − C fulfill,

0 ≤ λ(I − C) = 1 − λ(C) < 1, (17)

which means that the iterative method (15) is convergent.
Moreover, the geometric approximation can also be applied in

the Loop subdivision fitting [44].

3.4. Discussion

In this section, three approximate GIMs, i.e., EPIA, LSPIA, and the
geometric approximation, were presented. While EPIA and LSPIA
rely on the parametric distance, geometric approximation depends
on the geometric distance.

Comparedwith LSPIA, the groupingmanner of EPIA is very flexi-
ble [36].When there is only one point in a group, the limit curve (or
surface) generated by EPIAwill interpolate the point. Therefore, by
EPIA, an approximate curve (or surface) can bemade to interpolate
some specified data points. However, the convergence of EPIA is
proved just for a special case, that all of the weights are equal to 1.
The convergence of EPIA in the generic case is an open problem.

Because the groupingmanner of LSPIA is fixed, the convergence
analysis of LSPIA is easy to be established [37,38], compared with
EPIA. It was shown that LSPIA not only converges, but also con-
verges to the least-squares fitting result. Recently, we showed that,
LSPIA converges evenwhen the iterativematrix is singular [45]. Be-
cause the iteration of LSPIA is related to the number of data points,
and unrelated to the number of control points (the unknowns), it
is suitable for the large scale data fitting.

Finally, because the geometric approximation method depends
on the geometric distance [27], the computation of geometric
approximation is more complicated than those of EPIA and LSPIA.
However, the fairness of curves and surfaces generated by the
geometric approximation method is usually better than those by
LSPIA [27].
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Table 2
Applications of GIMs.

Geometric design

Degree reduction of Bézier curve [46,47]
Rational triangular B–B patch approximation by polynomial [48]
Offset curve approximation [49]
Hermite interpolation [50–52]
Modifying Bézier curve/surface with interpolation constraints [53]
Modifying spline surfaces with interpolation constraints [54]
Fair curve and surface generation [55]

Data fitting Fitting large scale data set by T-spline [37]

Reverse engineering

Enveloping strip-shaped point cloud [56]
Generating high quality class A surface [57]
Reconstructing symmetrical surface [27]
Reconstructing mesh model with correct topology [58]

Mesh and solid generation
Quality-guaranteed hexahedron mesh generation [59,60]
Planar quadrilateral mesh generation [61]
Trivariate B-spline solid generation [62,63]

Other applications

Satellite image processing [64]
Pattern recognition [65]
Handwritten curve approximation [66]
Rational curve approximation [67]
Watermarking NURBS surface [68]
Stem form modeling [69]
Parametric wing modeling [70]
Fitting of component characteristics of turbine engine [71]
Shape optimization of vehicle lights [72]
Energy absorption characteristics [73]
Heterogeneous object modeling [74]

4. Applications of GIMs

Thus far, GIMs have been extensively applied in academic
studies and engineering practices. With GIMs, desirable results
are achieved not only in solving classical problems in geometric
design, such as offset curves, degree reduction, and polynomial ap-
proximation to rational curves and surfaces, but also in related ar-
eas, such as adaptive data fitting, large scale data fitting, symmetric
surface fitting, generation of curves interpolating given positions,
tangent, and curvature vectors, generation of quality guaranteed
quadrilateral and hexahedral meshes, generation of trivariate B-
spline solids. In this section, we survey the applications of GIMs
in these areas. For clarity, the applications of GIMs are listed in
Table 2.

4.1. Applications in geometric design

GIMs have been successfully employed to solve various kinds of
problems in geometric design. In order to improve the robustness
of degree reduction for the Bézier curve, an iterative method was
developed in Ref. [46]. Beginning with an initial Bézier curve, this
method shifts the control points of the Bézier curve iteratively,
and generates the approximate curve with the minimum L2 error
in the limit, thus improving the robustness of degree reduction
greatly [46]. Moreover, starting with an initial Bézier curve, and
taking Lp(p = 1, 2, ∞) error as the measure, the optimal approx-
imate Bézier curve in Lp(p = 1, 2, ∞) norm can be produced by
iteratively adjusting control points of the Bézier curve [47]. Sim-
ilarly, PIA was also applied in calculating the polynomial surface
approximating a rational triangular B–B surface [48].

Furthermore, by sampling points on the offset curve, and taking
them as the initial control points, PIA can be utilized to generate
the approximate offset curve [49]. This method not only unifies
both the polynomial approximation and rational approximation to
the offset curve, but also has superiorities with respect to both a
lesser number of control points and better approximation error,
compared with existing methods [49].

In addition, by adding suitable geometric constraints in the it-
eration procedure, GIM can be employed to generate a high quality
curve that interpolates the given positions, tangent vectors, and
curvature vectors simultaneously [50–52] (Fig. 9). Similarly, based

(a) (b)

(c)

Fig. 9. Using the interpolatory GIM, a uniform B-spline curve can be constructed
to interpolate given positions, tangent vectors, and curvature vectors (adapted
from [51]). (a) The given positions, tangent vectors, curvature vectors, and the
constructed B-spline curve by GIM. (b) The curvature comb plot of the B-spline
curve. (c) Close-up view of the curvature comb plot.

on the local property of GIM, Bézier and B-spline surfaces can be
modified in real time, and the surfaces aftermodification can inter-
polate prescribed data points [53]. In Ref. [54], GIMwas designed to
modify B-spline surfaces, making the B-spline surfaces interpolate
specified positions, tangent vectors, and curvature vectors at knots.
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(a) Step 0. (b) Step 1.

(c) Step 4. (d) Step 11.

Fig. 10. Adaptive data fitting saves considerable amount of computational resources
(adapted from [31]). The data points in red are active data points. While the control
points corresponding to the active data points are adjusted in the iterations, the
other control points are fixed in iterations. (a) Initially, nearly all of the control
points are active. (b) After the first iteration, nearly half of the control points are
fixed. (c) After the fourth iteration, only one tenth of the control points are active.
(d) After the eleventh iteration, all of the control points are fixed. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Moreover, the variational PIA method was developed to produce
fair curves and surfaces [55].

Implementation of GIM is much easier than the traditional
methods, and the fairness of curves and surfaces generated by GIM
is usually better than that of the traditional methods. Moreover,
the local property of GIM can be employed to improve the fairness
of curves and surfaces by fine and local modifications.

4.2. Applications in data fitting

As stated above, the local property of GIM affords great flexibil-
ity to data fitting [29,30]. Based on this property, the fitting error
for each data point can be controlled individually in the iteration
procedure. If the fitting error of a data point achieves the prescribed
fitting precision, the control point corresponding to the data point

(a) (b)

Fig. 11. An automobile hood surface with reflection symmetry (adapted from [27]).
(a) Reconstructed surface without symmetry constraints. (b) Reconstructed surface
with symmetry constraints.

can be fixed in the next iterations. Accordingly, the data points
are fitted adaptively. Theoretical analysis and numerical exam-
ples show that, adaptive data fitting saves considerable amount
of computational resources (Fig. 10) [31]. Moreover, by virtue of
the property that the iterative speed of LSPIA is only related to
the number of data points (unrelated to the number of control
points), and the property that LSPIA is easy to parallelize, a LSPIA
algorithm for T-spline was presented in Ref. [37]. Together with
the adaptivity of the representation of T-spline, this algorithm is
suitable for fitting large scale data sets. For example, it is able
to fit high resolution images with 50 million pixels in a common
laptop [37]. The adaptivity and the independence of the number
of unknowns endow GIM with the capability of large scale data
fitting. Although GIM converges slower than traditional iteration
methods when the number of unknowns is small, the convergence
speed of GIM exceeds traditional methods when the number of
unknowns is large enough [37].

4.3. Applications in reverse engineering

There are some successful applications of GIMs in reverse engi-
neering. In the field of curve reconstruction, an interval B-spline
curve was designed to envelop a strip-shaped point cloud, and
the central curve of the interval B-spline curve is taken as the
reconstructed curve [56]. In this method, the central curve and the
boundary curves of the interval B-spline curve are all generated us-
ing PIA [56]. In the field of surface reconstruction, PIA is employed
to slightly adjust the control points of a surface, for generating
high quality class A surface [57].Moreover, by continually checking
and correcting the topological structure of the reconstructedmodel
in the GIM iterations, it can be guaranteed that the topological
structure of the reconstructed model by GIM is correct [58]. Ad-
ditionally, using GIM, symmetrical surfaces can be reconstructed
from given point clouds with symmetry [27]. Specifically, in each
iteration step of GIM, the mirror mapping is performed to the
left and right part of the control net of the reconstructed surface,
and then the original control net and the mirrored control net
are averaged to improve the symmetry [27]. Fig. 11(b) shows a
reconstructed automobile hood surface with reflection symmetry,
(with zebra mapping on it), generated by the GIM method stated
above. As a comparison, Fig. 11(a) demonstrates the reconstructed
surfacewithout symmetry constraints. In conclusion, because each
iteration step of GIM has geometric meanings, constraints are easy
to be integrated into the iterations of GIM, such as the symmetry,
topological conditions, and then the curves and surfaces generated
by GIM can be made to satisfy complicated constraints.
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(a) Ball Joint. (b) Duck.

Fig. 12. Two trivariate B-spline solids generated by the LSPIA method.
Source: Adapted from [63].

4.4. Applications in the generation of meshes and NURBS solids

The generation of hexahedralmeshes is a challenging task in the
field of finite element analysis, because it is difficult to guarantee
that there is no overlapping area in the generated hexahedral
mesh, i.e., the Jacobian values at mesh vertices are all positive.
In such cases, GIM can be employed to generate a hexahedral
mesh with a quality guarantee that there is no overlapping area
in the generated mesh [59,60]. Specifically, starting with an ini-
tial hexahedral mesh without the overlapping area, in each step
of the GIM iterations, a feasible region for each mesh vertex is
constructed, based on the evident geometric meaning of GIM and
the condition ensuring the positive Jacobian values at the vertex
and its adjacent vertices. If each mesh vertex does not exceed its
feasible region in each iteration, it is guaranteed that there is no
overlapping area in the hexahedralmesh [59,60]. A similarmethod
can be utilized to produce the planar quadrilateral mesh without
the overlapping area [61]. The generation of quality guaranteed
hexahedralmeshes by GIM once again demonstrates the capability
of GIM in integrating complicated constraints.

With the development of isogeometric analysis [75], it is impor-
tant to develop efficient methods for generating trivariate NURBS
solids. A practical way for generating the trivariate NURBS solid is
to fit a given tetrahedral mesh with a NURBS solid. However, the
number of tetrahedral mesh vertices is usually very large, which
leads to the following two problems: (1) The computations are
very complicated; (2) more importantly, the coefficient matrix
of the system of fitting equations is of large condition number,
even singular. LSPIA is able to solve the system of equations for
fitting a given tetrahedral mesh robustly and efficiently, producing
desirable trivariate NURBS solids (Fig. 12) [62,63]. In Fig. 12, two
trivariate B-spline solids generated by the LSPIA method are illus-
trated.

4.5. Other applications

In 2013, Natasha et al. published four papers. In these pa-
pers, PIA was applied in satellite image processing [64], pattern
recognition [65], approximation of handwritten curve [66], and
rational curve approximation [67], respectively. Moreover, PIA
was also employed in watermarking NURBS surface [68], and
stem form modeling [69]. More importantly, PIA was successfully
employed in engineering practices, such as the parametric wing
modeling [70], fitting of component characteristics of a turbine
engine [71], and shape optimization of vehicle lights [72].

(a) (b)

Fig. 13. (a) Generation of a profile curve. (b) The curvature values at the peaks of
the wavelike profile curves were gradually increased from left to right, which leads
to the formations of a valley between two mountains (Pattern I), a flat hill (Pattern
II), and one large steep mountain (Pattern III) in the curvature comb plot for each
half-wavelength.
Source: Adapted from [73].

(a) (b) (c)

Fig. 14. Fitting of the volumetric attribute data of a toothmodel [adapted from [74]].
(a) Geometric model. (b) Color-coded input data based on the distance function. (c)
Fitted result. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Imai et al. [73] studied the effects of curvatures on the en-
ergy absorption characteristics of cylindrical corrugated tubes un-
der compression by isogeometric analysis and experiments as
shown in Fig. 13. The profile curves of the corrugated tubes were
constructed by interpolating a sequence of data points under
tangent and curvature vector constraints using the geometric al-
gorithm [51]. They found that curvature distribution patterns of
the profile curve significantly affected the energy absorption char-
acteristics of the corrugated tube. Pattern I is shown to have the
lowest reaction force and tallest fold, whereas Pattern III has the
highest reaction force and shortest fold. This leads to the fact that
the Pattern III has the highest energy absorption profile. These
results provide a new tool for controlling the energy absorption
characteristics of cylindrical corrugated tubes.

Sasaki et al. [74] introduced a framework for modeling het-
erogeneous objects in terms of trivariate B-spline functions and a
method for slicing them directly for additive manufacturing (see
Fig. 14). The attribute data are approximated by B-spline ordinates
of a graph function whose abscissae are (u, v, w) using the geo-
metric approximation under the assumption that the geometric
volume is already defined by the trivariate B-spline functions.

5. Conclusions and future work

Since PIA was presented in 2005, not only has its theory sys-
tem been continually perfected, but it has also been successfully
applied in a number of fields of academic studies and engineering
practices. In this paper, on one hand,we surveyed the interpolatory
GIMs, their convergence analysis, convergence speed and acceler-
ation, local property, and some generalizations. On the other hand,
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three kinds of approximate GIMs, i.e., EPIA, LSPIA, and the geo-
metric approximation, were introduced, with their convergence
analysis. Moreover, the successful applications of GIMs in several
fields were also reviewed in this paper, including applications in
geometric design, data fitting, reverse engineering, generation of
meshes and NURBS solids. Because GIMs have evident geometric
meanings, geometric constraints are easy to be integrated in GIM
iterations. Thereby, GIMs can be used to solve some problems
that existing methods are unable to solve or cannot solve well. In
summary, GIMs have wide applications in academic studies and
engineering practices.
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