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Abstract

The objective of this paper is to provide an efficient and reliable algorithm for representing and evaluating the boundary of the interval
Bézier curve in 2- and 3-D. The boundary of the planar Bézier curve is represented by a sequence of Bézier curve segments with same degree
and line segments in the order they are encountered when marching counter-clockwise along its boundary. The boundary can also be
represented as a single B-spline curve having the same degree with the interval Bézier curve. The boundary of the 3-D interval Bézier curve is
made up of trimmed Bézier surface patches and rectangular patches. Some examples illustrate our algorithms. © 2002 Elsevier Science Ltd.

All rights reserved.
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1. Introduction

A fundamental problem in CAD/CAM and computer
graphics is how to represent and approximate curves and
surfaces. A variety of approaches based on implicit, explicit
and parametric representations have been proposed.
Suppose an input curve already has a significant geometric
uncertainty with an ill-posed configuration, its approxima-
tion may result in more serious ambiguities propagated
during the process of approximation. On the other hand,
state-of-the-art CAD/CAM systems using floating point
arithmetic frequently fail in creating and interrogating
curves and surfaces. The ultimate reason for this failure is
the result of the practically limited precision that is inherent
to the internal representation of floating-point number in
geometric computation. One can keep in mind that any
sequence of operations on a digital computer is essentially
equivalent to a finite sequence of manipulations on a
discrete grid of points.

To cope with these adversities, Sederberg and Farouki [1]
introduced a new representation form of parametric curves,
the interval Bézier curves, which is computed in interval
arithmetic [2]. Interval arithmetic leads to numerical robust-
ness and provides results with numerical certainty and
verifiability. Mudur et al. [3] and Snyder [4] applied interval
algorithms to a wide variety of problems in computer
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graphics and geometry processing. Sherbrooke and Patrika-
lakis [5] used interval arithmetic in non-linear polynomial
system solvers. Hu et al. [6,7] presented robust algorithms
for curve and surface intersections by rounded interval arith-
metic. Interval arithmetic is also used in solid modeling
[8,9] and in robust visualization [10]. Recently, Abrams et
al. [11] presented two methods for performing robust
rounded interval arithmetic. The above series of works indi-
cate that using rounded interval arithmetic will substantially
provide results with verifiable numerical certainty in
geometric computations, and thus enhance numerical
robustness of current CAD/CAM systems.

Interval Bézier curves differ from classical Bézier curves
in that the real numbers representing control point coordi-
nates are replaced by intervals. Inspired by Sederberg and
Farouki’s work, such curves have been used in [12] for
approximating offsets of parametric curves. Tuohy and
Patrikalakis [13] used interval Bézier curves for the repre-
sentation of functions with uncertainty. Interval Bézier
curves were used for solving shape interrogation problems
robustly [14,15]. Interval B-spline curves were used in [16]
for the approximation of measured data. The numerical and
geometric properties of interval B-spline curve in general
are discussed in [17]. Chen and Lou [18] discussed the
problem of bounding interval Bézier curves with lower
degree interval Bézier curves.

In interval Bézier curves, the classical control points are
replaced by 2-D rectangles or 3-D boxes. Consequently, an
interval curve represents a region containing a family of
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curves. This implies that, in 2-D plane, an interval Bézier
curve represents a thin stripe and in 3-D space, an interval
Bézier curve represents a slender tube, if the intervals are
chosen sufficiently small.

In fact, interval Bézier curves belong to the class of sweep
objects. Sweeping a simple object along some trajectory is
one of the fundamental operations in geometric and solid
modeling. Sweeps are considered to be one of the basis
representation schemes in [19] and have numerous applica-
tions in graphics, geometric modeling, mechanical design
and manufacturing, and motion planning. Despite their
usefulness, it is non-trivial to construct the boundary of a
general sweep. The problem of determining the boundary of
the swept area generated by a moving planar polygonal
body is discussed variously. But computing boundary repre-
sentation of the sweep is widely viewed as difficult and
expensive. Several methods for generating the approxi-
mated boundary of the sweep are known [20-23].

The determination of the geometry of the interval Bézier
curve is one of the essential steps in the application of
interval Bézier curves such as boundary representation (B-
rep) model by interval Bézier curves, intersection between
interval Bézier curves, numerical control of the tolerance by
interval Bézier curves, etc. In this paper we will investigate
the explicit boundary structure for interval Bézier curves.
Both the two-dimensional and three-dimensional version of
the solution are explained in detail and the implementations
are discussed in this paper. Specifically, in our paper we
aspire to solve the following problem: given an interval
Bézier curve, what is the boundary of the region generated
by this interval Bézier curve?

In this paper we first review a short summary of interval
arithmetic and interval Bézier curve in Section 2. The
boundary of 2-D interval Bézier curve is analyzed and an
efficient and reliable algorithm for representing and evalu-
ating the boundary of the interval Bézier curve is presented
in Section 3. Next, in Section 4, boundary evaluations for
interval Bézier curves in 3-D are discussed. Finally, we
conclude the paper in Section 5.

2. Preliminaries

A scalar interval [a, b] is a closed set of real values of the
form [2]

la,b] = {xla = x = b} (1

where the following interval arithmetic operations are
defined by

[a,b] + [c,d] =[a + c,b + d], 2)
la,b] — [c,d]=[a —d,b — c], 3)
[a, b)-[c,d] = [min(ac, ad, be, bd), max(ac, ad, bc, bd)], (4)

[a,bl/[c,d] = [a, b]-[1/d, 1/c], (O €& [c,d]). 4)

A planar Bézier curve on the parameter interval [0, 1] is
defined as follows

P(1) =D PBI(), (6)
i=0

where n is the degree of the curve, P; is the control point and

n ..
Bi(t) = ( .)(1 -0t
4

is the i-th Bernstein basis function of degree n. Interval
Bézier curves are Bézier curves with vector-valued interval
control points. We here give the definition of a planar inter-
val Bézier curve.

Definition 1. A planar degree n interval Bézier curve
[P]()is defined by [1]:

P10y =D [P1B/(1), 0=i=1, @)
i=0

where B](f) is the ith Bernstein basis function of degree n,
the interval control points [P;] (i = 0, 1,..., n) are rectangles
in the plane which can also be degenerate intervals with
zero-width:

[P;] = ([a;, b1, [ci» di]), a; = b, ¢ =d,
(8)

i=0,1,..,n

Interval Bézier curves differ from classical Bézier curves in
that the control points are replaced by rectangles. For any
Bézier curve P(r) whose control points satisfy P; € [P;] for
i=0,1,...,n, we have P(r) € [P](¢); in other words, the
interval Bézier curve defines a region (a thin strip) in the
plane which consists of all the Bézier curves whose control
points satisfy P; € [P;] for i =0, 1,...,n. An example of
planar cubic interval Bézier curve is illustrated as Fig. 1.
Interval control points are shown by dark solid-filled rectan-
gles, and the interval Bézier curve is shown by light solid-
filled region.

After defining the interval Bézier curves, the problem at
hand is to compute and represent the geometry of the

[P,]

Fig. 1. A planar cubic interval Bézier curve.
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interval Bézier curve, i.e. to determine a representation for
the interval Bézier curve.

3. Boundary evaluation for 2-D interval Bézier curve

In this section we restrict our discussion to the planar
interval Bézier curves, the extension to three dimension is
straightforward in the next section.

The procedure we outline first identifies a set of curve
segments and line segments that could lie on the boundary
of the planar interval Bézier curve [P](¢) based on some
analysis, and later does a global trimming where the curve
segments not on the boundary are discarded.

Without loss of generality the region of the interval
Bézier curve lies in the right side when marching clockwise
along its boundary.

3.1. Curve and line segments on the boundary

Initially, in this section we will only consider the cases
that there are no self-intersections for [P](¢). Further details
of how to cope with the cases that [P](7) self intersects can
be found in later section.

Definition 2. Denote the upper, lower, left, right edge of
the interval point [P;] by

[P] = ([a;, b;]. dy), [P{] = (la;, b, c), [P = (as, [c;, di]),
[P;] = (bi’ [C,‘, di])a (9)

respectively. The four interval Bézier curves with degree n
as

n

[P = > [P1B} (1),

i=0

x=ud,lr, (10)

are respectively called upper, lower, left and right edge
curves. The trajectories for the four corner vertices of the
interval point [P;]

Pl = @(0),50), P = &), 50),

(11)
p"() = (). y(1),  p"(1) = ®0).,y(0)),

are called the upper-left, upper-right, lower-left, lower-right
vertex curves respectively, where

x()=> aBj(), X0 =) bBl®),
i=0 i=0
(12)
YO = Bl  §(6)=> dBi{®).
i=0 i=0
It can be seen that it is sufficient to determine the boundaries

of the four edge curves [P*](), [P?1(¢), [P'1(¢), and [P"](¢) in
order to determine the boundary of [P](7).

Definition 3. A point P = (x,y) € [P](r) is called a
boundary point, if every neighborhood of P does not entirely
lie in [P](#). A boundary point P is called

1. an upper boundary point, if for arbitrary € > 0, (x,y + €)
& [P1(0);

2. a lower boundary point, if for arbitrary € > 0, (x,y — €)
& [P1(1);

3. a left boundary point, if for arbitrary € > 0, (x — €,y) &
[P1();

4. a right boundary point, if for arbitrary e >0,
(x + €y) & [PI().

The sets of the upper, lower, left, right boundary points
of [P](#) are denoted by UpBn([P](¢)), LoBn([P](?)),
LeBn([P](?)), RiBn([P](t)), respectively.

Lemma 1. For a planar interval Bézier curve [P](¢) with
degree n, we have

UpBn([P1(1)) C UpBn([P"1(1)); (13)
LoBn([P](t)) C LoBn([P](1)); (14)
LeBn([P)()) C LeBn([P'(1)):; (15)
RiBn([P1(1)) C RiBn([P"1(1)). (16)

Proof. We only prove (13), the others are similar. Let

Q = (x0.y0) € UpBn([P](1)). a7)

There exists a Bézier curve P(»7) = (x(?),y(?)) € [P]()
passing through Q at some parameter value #, € [0, 1],
where

(x(0), y(0)) = (inB?(t), ZyiB;-’a)), (xi,y1) € [Pi],
=0

i=0 i

i=0,1,..,n (18)

If y;, < d,, for some index iy, then
Yo = Z yiBi (ty) + d; Bj (1)) > yo

i=0

i # iy
It contradicts Eq. (17) by the definition of upper boundary
point. Thus we have y; = d;,i =0, 1,---,n, i.e. Q € [P"](?).
Since Q is an upper point of [P](¢), it is so an upper point of

[P“1(r), i.e. Q € UpBn([P"](¢)). This completes the proof of
(13).
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Fig. 2. Boundary points of a planar cubic interval Bézier curve.

Remark 1. It should be noted that some boundary point
may be both the upper boundary point and the right bound-
ary point, etc. For example, in Fig. 2, Q, is only a lower
boundary point, but Q is both the upper and left boundary
point, Q3 is both the right and lower boundary point.

The geometric explanation for (13) is that the upper
boundary of [P](¢) is determined by the upper boundary of
[P“1(¢). The others (14)—(16) are similar.

Lemma 2. For the left and right boundary of [P"](z), we

have

LeBn([P“]()) C p“ (1) (19)
and

RiBn([P"](1)) C p“ (1. (20)
Proof. Let

Q = (x0,y0) = (Z x;B} (1), Zdﬁ?(m)) € LeBn([P"](1).
i=0 i=0

It can be seen that x; = a; (i = 0, 1,...,n) by the definition
of the left boundary. Thus Q € p”l(t), which concludes
LeBn([P*](2)) C p”l(t). The proof of (20) is similar (Fig. 3).

Definition 4.

1. Let p'(r) = (x(1),y' () and p*(t) = (x(2), y*(r)) be two
degree n Bézier curves with the same abscissa. If x(z)
attains a local extremum x, at some ¢ = f,, then pl(t)
and pz(t) both reach local extrema in the horizontal(x-
coordinate) direction. The two points (x(to),yl(to)) and
(x(tp), yz(to)) are called the corresponding local x-extre-
mum points.

2. If p'(®) = ('(0),y(1)) and p*(t) = (X*(1), y(t)) are two
degree n Bézier curves with the same ordinate. If y(z)
attains a local extremum y, at some ¢ = f,, then p](t)
and pz(t) both reach local extrema in the vertical(y-coor-

Fig. 3. The boundary structure of [P"](7).

dinate) direction. The two points (xl(to), y(ty)) and
(xz(to), ¥(ty)) are called the corresponding local y-extre-
mum points.

Lemma 3. Assume that [P*](¢) does not self intersect. The
line segments connecting the corresponding local y-extre-
mum(maximum/minimum) points of p“(r) and p“(¢) are
parallel to the x-axis. They are parts of the upper/lower
boundary of [P“](r).

Proof. Suppose that p“/(r) and p"“(¢) reach their local y-
maximum points Q and Q atr = to respectively (Fig. 3).
The line segment between Ql and Q" is parallel to x-axis as
p“(t) and p"(¢) have the same y-coordinates.

Let Q= (x",y") € Line(Q', Q", ¥ = 3(t),
x(ty) = x* = %(t,). Since the function
n
f@o, X1, x,) = > x:Bi (1)
i=0
is continuous with respect to Xxg,xy,...,Xx, and

flag,ay,...,a,) = x(ty), f(by,by,...,b,) = X(ty), so there
must  exist  (x(,X1,...%,) € [ag, byl @ [a1,01]1 D ... ®
la,,b,] satisfying f(x(,x],...,x,) = x". That is, there is a
Bézier curve

I NOE (in-‘B?(z),y(t))
i=0

passing through Q. As () reaches its local maximum at
fy, so p" (f) reaches its local y-maximum at Q. Therefore the
line segment Line(Q', Q") is the upper boundary of [P*](?).

The proof for the case that Q' and Q" are local minimum
is similar.

Remark 2. It should be noted that the line segment
Line(Q', Q") is in fact the envelope of the family of Bézier
curves in [P"](r). And at time ¢ = f,, the corresponding
member of the family of curves will just touch
Line(Q', Q") in some point. This may also be expressed by
saying that the line segment Line(Q', Q") is tangential to all
members of the family of curves.

Remark 3. It can be shown from the proofs of Lemmas 2
and 3 that the boundary of [P“](r) is made up of only two
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types of segments, as shown in Fig. 3. First, the line
segments connecting the corresponding local maximum/
minimum points are the upper/lower boundary of [P“](z).
Secondly, the curve segments of p“(r) and p“(r), which
may intersect each other, consist of the left and right bound-
ary of [P"](¢). That is, the boundary of [P*](¢) is made up of
segments of p“(r) and p"(r) divided by their local y-extre-
mum points and their intersections.

To investigate the boundaries of [Pd](t), [Pl](t) and
[P"]1(r), we should consider pdl(t) and pdr(t) as well. Using
similar analysis as above, we can obtain the similar conclu-
sions for the boundaries structure of [Pd](t), [Pl](t) and
[P"](r). From the symmetry standpoint it is no loss of gener-
ality, if we do not pursue them further. Now it is possible to
describe the boundary structure for the planar interval
Bézier curve as follows.

Theorem 1. Assume that [P](r) does not self intersect.
The boundary of interval Bézier curve [P](¢) consists of
the curve segments of p“(r), p* (1), p”(t) and p”(¢), the
line segments connecting the corresponding y-extremum
points between p“/(r) and p"“(¢), and between p™(r) and
pd’(t), and the line segments connecting the corresponding
x-extremum points between p“/(r) and p”(z), and between
p" () and p* (7).

3.2. Algorithm for boundary evaluation

In this section an algorithm for evaluating the boundary
of 2-D interval Bézier curve [P](?) is presented. We suggest
using an algorithm based on the tracing of the segments of
the vertex curves p“/(¢), p* (1), p(¢) and p” (¢), as well as
the line segments of their corresponding extremum points.
Here we call the extremum points and intersection points as
crucial points.

The tracing algorithm proceeds as follows. First find a
starting point on the boundary of the interval Bézier curve
[P](¢) (this starting point can be selected as some vertex of
d([Py]) lying on the boundary). Then, with the interval
Bézier curve to our right, we march along the corresponding
vertex curve until it reaches a crucial point. At that point, we
again continue to march along the next corresponding vertex
curve. This is repeated until we return to the starting point.

As we march along, we store the points and the vertex
curves in the order in which they are encountered. They
represent the boundary of the interval Bézier curve. Further-
more, we can present the boundary as a single closed
B-spline curve.

A sketch of the tracing algorithm follows:

Algorithm 1. Boundary evaluation for planar interval
Bézier curve [P](?).

Set po=p"®, p=p"0). p=p"(®, p3=p"0)
Calculate the intersections between p;and P+ iymods

(i=0,1,2,3), and record their correspondence; Calculate
the y-extremum points of p; and p;;; (i = 0,2), and record
their correspondence; Calculate the x-extremum points of p;
and P+ 1ymods (i = 1,3), and record their correspondence;
Arrange the parameters of the extrema and intersections
of p;(i=0,1,2,3) in sequence; Determine the starting
points A=A, on J([Py]) and its corresponding vertex
curves I Initialize boundary segment list ¥ = ¢;

do

Find the next crucial point B on I,

Add the curve segment from A to B on I'to V¥,

if (B is an extremum point of I')
Find the corresponding extremum point C and the
corresponding vertex curve A;
Add the line segment connecting B and C to V;
I'=A;A=C;

else if (B is an intersection point of I')
Find the corresponding vertex curve A;
I'=A;A=B5;

else if (B is on J([P,]))
Find the other starting vertex C on J([P,]) and the
corresponding vertex curve A;
Add the line segments from B to C on J([P,]) to V;
Ir'=A,A=C¢;

else if (B is on d([Py]))
Add the line segments from B to A, on J([Py]) to ¥;
A= Ao

while (A! = Ay);
Output: the B-spline boundary curve joining all the
segments of ¥ in sequence.

It should be noted that the intersection computations
between two Bézier curves are needed in Algorithm 1.
We use the Bézier clipping technique [24] for calculating
the intersections.

Example 1. A planar cubic interval Bézier curve is illu-
strated in Fig. 4. The corresponding y-maximum points A
and A, and intersection B; between the vertex curves p”[(t)
and p"’(¢) lie on the boundary. The corresponding y-mini-
mum points Ay and A, and intersection B, between the
vertex curves pdl(t) and pd’(t) lie on the boundary. The

Fig. 4. The boundary of a planar cubic interval Bézier curve.
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Fig. 5. The boundary of a planar degree 7 interval Bézier curve.

boundary of the interval Bézier curve is made up of 6 cubic
Bézier curve segments and 6 line segments.

Example 2. Fig. 5 shows a planar degree 7 interval Bézier
curve. The boundary of the interval Bézier curve is repre-
sented with 11 Bézier curve segments and 9 line segments.

3.3. Self-intersection elimination

One problem which may arise is that the interval Bézier
curve may intersect itself. Loosely speaking, this is likely
to happen if the curve passes close to earlier points, close
being interpreted as meaning within a distance less than
the size of the moving rectangle. It also happens if the
curve self-intersect.

Like other methods for trimming problem, it can be
solved by decomposing the interval Bézier curve into
several monotone components. Then we calculate the
boundary of each component using the previously outlined
algorithm and do the trimming procedure to obtain the final
boundary. Fig. 6 shows the trimming boundaries of two
interval Bézier curves that have self-intersections.

4. Boundary evaluation for 3-D interval Bézier curve

In this section we briefly discuss the boundary evaluation
for the interval Bézier curves in three-dimensional space. In
Ref. [25] it is noted that three-dimensional geometry is
considerably harder than two-dimensional geometry and
many two-dimensional algorithms do not extend naturally
to three or higher dimensions. We therefore expect that

Fig. 6. Trimming boundary of interval Bézier curve.

27\

b, .c,.e L’

[ 1

(0]

=~

X

Fig. 7. A 3-D interval control box.

boundary evaluation for 3-D interval Bézier curves are
more complex and difficult to obtain.

4.1. Surface patches on the boundary

Definition 5. A 3-D interval Bézier curve [P](¢) of degree
n is defined by

[PI() =D [PIB/() O0=i=1 @n
i=0

where the interval control points [P;] = ([a;, b,], [c;,d;],
[e;,f:D, i =0,1,...,n, are boxes in the space (Fig. 7).

A 3-D interval Bézier curve is defined by replacing the
control rectangles of the 2-D interval Bézier curve by boxes
in the space. A 3-D cubic interval Bézier curve is illustrated
in Fig. 8.

Denote the upper, lower, front, back, left, right face of the
interval point [P;] by

P11 = ([a;, il [c;ndi).f), P81 = (ay, bl [cin dil, e)),

[P/]= (b, [cindil lenfi),  [PY]= (ay [c;rdi), [ein i),
[P = ([a;, b, cilenfD),  [PI1=(la;, b, d;, [e;. f]),

i=0,1,...,n, respectively. We obtain 6 interval Bézier

Fig. 8. A cubic 3-D interval Bézier curve.
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curves with degree n as:

[P1() = > [PE1B(1), g =u.d.f.b,Lr. (22)
i=0

Definition 6. A point P = (x,y,z) € [P](#) is called a
boundary point, if every neighborhood of P does not entirely
lie in [P](#). A boundary point P is called

1. an upper boundary point, if for arbitrary € > 0, (x,y,z +
) & [P](1);

2. a lower boundary point, if for arbitrary € > 0, (x,y,z —
) & [Pl();

3. a front boundary point, if for arbitrary € >0, (x +
€,5,2) & [P1(0);

4. a back boundary point, if for arbitrary € >0, (x —
€,y,2) & [P1(®);

5. a left boundary point, if for arbitrary € >0, (x,y —
€,2) & [P](1);

6. a right boundary point, if for arbitrary € > 0, (x,y +
€.2) & [P](D).

The sets of the upper, lower, front, back, left, right
boundary points of [P](r) are denoted by UpBn([P](?)),
LoBn([P)(1)), FrBn([P1(?)), BaBn([P](?)), LeBn([P](r)),
RiBn([P](1)), respectively.

Lemma 4. For a space interval Bézier curve [P](¢) with
degree n, we have

UpBn([P1(1)) C UpBn([P"1(1)); (23)
LoBn([P](1)) C LoBn([P)(1)); (24)
FrBa([P)(1)) C FrBa([P'1(1)); (25)
BaBn([P)(t)) C BaBn([P"](1)); (26)
LeBn([P](1)) C LeBn([P'](1)):; 27)
RiBn([P)(1)) C RiBn([P"](1)). (28)

Proof. Similar to the proof of Lemma 1.

Denote the eight vertices of the control boxes by P! =
(b cinf). B = (bidinf). PP = (ardify). P} = (@cof),
P/ =(bicpe). P =(bndue). P} =(andye).
P/ = (a;,cie;), i =0,1,-,n.

We investigate the upper boundary of [P“](¢) in the

following. The left edge interval curve

[P0 = D (la;, bl cin B (0) (29)
i=0

is a degree n X 1 Bézier surface

n 1
Q'(s,n =) > QiBl()Bj ),

i=0 j=0

0=s1t=1, (30)

where Q}o = P?, and Q,-ll = P?, i=0,1,...,n Similarly, the
right, front and back edge interval curves are respectively
degree n X 1 Bézier surfaces as

n 1
Q5,0 =D > QiB{()Bj (),

0=s1=1, (31)
i=0 j=0
n 1
Q.0=> > QBI®B/®, 0=st1=1, (32)
i=0 j=0
n 1
Q.=> D QiB®B/(1), 0=s1=1, (33)

i=0 j=0

where Qf = P}, Qi = P}, Qo =P}, Q) = P;, Qj = P},
and Q?l = P?, i=0,1,--,n. It is easily seen that Ql(s, 1),
Qz(s, 1), Q3 (s, 1), and Q4(s, t) are 4 ruled surfaces.

Lemma 5. For the left, right, front and back boundary of
[P“1(r), we have

LeBn([P"](r)) C Q' (s, 1), (34)
RiBn([P*1(1)) C Q*(s, 1), (35)
FrBn([P*1(r)) C Q’(s, 1), (36)
and

BaBn([P"1(t)) C Q*(s, ). (37)

Lemma 6. Assume that [P"](¢) does not self intersect. The
rectangular patches made up of the corresponding z-extre-
mum lines of Q'(s,7), Q*(s,1), Q°(s,7), and Q4(s, ) are
perpendicular to the z-axis. They are parts of the lower/
upper boundary of [P"]().

The proofs of Lemmas 5 and 6 are similar to the proofs of
Lemmas 2 and 3, respectively, so we omit the details here.

Remark 4. It can be shown from Lemmas 5 and 6 that the
boundary of [P"](¢) consists of the trimmed patches of the
ruled surfaces Ql(s, 1), Qz(s, 1), Q3(s, 1), and Q4(s, t) as well
as the rectangular patches made up of their corresponding z-
extremum lines.
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Fig. 9. The trimmed curve CY(u) between Q'(s, 1) and Q/(s, 1) (a) intersection curve; (b) corresponding extremum line.

Similarly, we can describe the boundary structure for
[PY1(0), [P'1(1), [P"1(¢), [P'1(t), and [P"](»). It should further
consider the following degree n X 1 Bézier surfaces:

n 1
Q=Y > QiBi(B/(1), 0=s1=1,
=0 j=0 (38)

k=5,6,...,12,

where Qp = P}, Q) =P/, Q}, =P}, Q} = P{, Q) = P},
Ql71 = Pf’ Q?O = Pzﬁ’ thl = Pz7’ Ql90 = P?’ ngl = Pj"
Q¢ =P, Q' =P, Q4 =P, Qi =P, Qg =P,
Q,112 = PZ, i=20,1,...,n. The boundary structure for the 3-
D interval Bézier curve is described as follows.

Theorem 2. Assume that [P](¢) does not self intersect.
The boundary of [P](f) are composed of the trimmed
patches of the degree n X 1 Bézier surfaces Qi(s,?) and the
rectangular patches between the corresponding extremum
lines of Q'(s, 1), i =1,2,...,12.

4.2. Algorithm for boundary evaluation

We briefly describe a heuristic algorithm for calculating
the boundary of the 3-D interval Bézier curve [P](¢) in this
section.

By Theorem 2 we know the boundary of 3-D interval
Bézier curve [P](f) is composed of trimmed patches of
Bézier surfaces and rectangular patches. A trimmed Bézier
surface consists of two things: a tensor product Bézier
surface, and a set of properly ordered trimmed curves
lying with the parameter rectangle of the surface. The trim-
ming curve can be hooked up to another trimming curve or
to the boundaries of the surface. The trimmed surface
boundaries are then obtained by mapping the 2-D trimming
curves onto the surface.

First, we calculate the intersections between the degree
n X1 Bézier surfaces Q’.(s, Hi=1,2,...,12) as well as
their corresponding x-/y-/z-extremum lines. The intersection

curves and the extremum lines are both the trimmed curves
of the surfaces. The surface index i and j should be recorded
in the data structure of the trimmed curve Cij(u) if Cij(u) is
the intersection or the corresponding extremum line
between the surfaces Qi(s, ) and Q’ (s, H)(Fig. 9). The code
of C(u) also consists of corresponding information identi-
fying the manner in which the trimmed patches in Q'(s, 7)
and Q’ (s, 1) lie with respect to it. The trimmed curves in
parameter space [0, 1] X [0, 1] are all properly joined to
form the trimmed regions. Each of the ruled surfaces
Qi(s,7) is then subdivided into trimmed patches by the
trimmed curves. Please refer to Fig.10 for an illustration.

We suggest using an algorithm based on the tracing of the
trimmed patches of the surfaces Q"(s, Hni=1,2,...,12) as
well as the rectangular patches between their corresponding
extremum lines.

The tracing algorithm proceeds as follows: starting from
an initial trimmed patch on the boundary of [P](#)(this start-
ing patch can be easily determined at d([Pg]) or 4([P,])), we
march along the corresponding Bézier surface Q'(s, ) until
it reaches a trimmed curve. At that trimmed curve, we again
continue to march along the next corresponding surface.
This is repeated until we obtain the whole boundary patches.

The tracing procedure is performed in their parameter
spaces of Qi (s,) i = 1,2,...,12). It proceeds by maintain-
ing a ‘tracing-curve’ of the trimmed curves. The tracing-
curves are recorded as a list of trimmed curves on a stack.
The other trimmed curves in the trimmed region of the
current surface will be pushed into the stack. The trimmed

Fig. 10. The trimmed patches in the surface and its parameter domain.
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Fig. 11. The boundary of a cubic interval Bézier curve in 3-D.

region of the current surface is then stored as a part of the
boundary J([P](r)). The tracing-curve is then updated
popping from the stack, and the procedure repeated. The
procedure terminates when the stack is empty.

The trimmed curve is traced in parameter space, however,
the trimmed patches on the boundary J([P](¢)) are obtained
in model space. Along with tracing the patches, the algo-
rithm produces a compact database for browsing in the
boundary patches network, e.g. finding all neighbours of a
given boundary patch.

The main steps of the algorithm are as follows:

Algorithm 2. Boundary evaluation for 3-D interval Bézier
curve [P](?).

Calculate the intersections and the corresponding extre-
mum lines of Qi(s, 1, i=1,2,---,12; Store the trimmed
curves in the parameter domain of each surface Qi(s, 1)
and build their corresponding information; Determine the
starting tracing-curve and push it on the stack;

while (stack is not empty) do

Pop stack to get current tracing-curve and get the corre-

sponding surface;

if (the current tracing-curve has been traced) continue;

if (the current tracing-curve is an intersection curve)
Extract trimmed region over current surface’s
domain and store it;
Put the other trimmed curves on the boundary of the
region on the stack;

else // the current tracing-curve is an extremum line
Store the extremum rectangular patch;
Put the other extremum lines of the rectangle on the
stack;

Output all the trimmed patches and the rectangular
patches as the boundary of [P](z).

Example 3. A cubic 3-D interval Bézier curve is illu-

Fig. 12. The boundary of a degree 4 interval Bézier curve in 3-D.

strated in Fig. 11. The boundary is made up of 17 trimmed
Bézier surface patches and nine rectangles.

Example 4. Fig. 12 shows a degree 4 interval Bézier curve
in 3-D. The boundary is made up of 21 trimmed Bézier
surface patches and 10 rectangles.

5. Conclusions

This paper discusses the boundary evaluation for the
interval Bézier curves in 2- and 3-D. A reliable algorithm
for calculating the exact boundary of the 2-D interval Bézier
curve is presented. The boundary of the 2-D interval Bézier
curve is represented by a sequence of Bézier curve segments
and line segments in the order in which they are encountered
while traversing the boundary. Then the algorithm deter-
mines the boundary of an interval Bézier curve in a plane
by a single closed curve, which can be persented by a B-
spline curve. The boundary structure of 3-D interval Bézier
curve is also discussed. The boundary of 3-D interval Bézier
curve consists of trimmed degree nX 1 Bézier surface
patches and rectangular patches. And the algorithm for
evaluating the boundary of 3-D interval Bézier curve is
presented.

Our algorithm may be easily extended to interval rational
Bézier curves and interval NURBS curves. The only differ-
ence is the polynomial equations which determine the local
extremum points of curves are of higher degree and the
intersection calculation is more complex. Furthermore,
how to deal with self-intersection more efficiently is a
topic of future research. Finally, the boundary evaluation
for interval Bézier surface should be studied in the future.
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