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Variational Mesh Offsetting by Smoothed Winding

Number
Haoran Sun, Shuang Wu, Hujun Bao∗, and Jin Huang

Abstract—Surface mesh offsetting is a fundamental operation
in various applications (e.g. shape modeling). Implicit methods
that contour a volumetric distance field are robust at handling
intersection defects, but it is challenging to apply shape control
(e.g. preserving sharp features in the input shape) and to
avoid undesired topology changes. Explicit methods, which move
vertices towards the offset surface (with possible adaptivity), can
address the above issues, but it is hard to avoid intersection
issues. To combine the advantages of both, we propose a varia-
tional framework that takes mesh vertex locations as variables
while simultaneously involving a smooth winding-number field
associated with the mesh. Under various shape regularizations
(e.g. sharp feature preservation) formulated on the mesh, the
objective function mainly requires that the input mesh lie on
the offset contour of the field induced by the resulting mesh.
Such a combination inherits the ability to apply flexible shape
regularizations from explicit methods and significantly alleviates
intersection issues because of the field. Moreover, the optimization
problem is numerically friendly by virtue of the differentiability
of the field w.r.t. the mesh vertices. Results show that we can offset
a mesh while preserving sharp features of the original surface,
restricting selected parts to quadric surfaces and penalizing
intersections.

Index Terms—Surface offsetting, winding number, geometry
processing, variational, surface modeling

I. INTRODUCTION

S
URFACE offsetting is a fundamental operation in many

applications such as manufacturing, modeling, meshing,

etc. While mathematically, offsetting can be defined as the

contour of the signed distance field of a surface, practical ap-

plications often demand more nuanced behavior. For example,

the standard offsetting definition can be a good choice for

collision detection [1]. However, in other scenarios, such as

modeling, where designers often first design the surfaces of

one side and offset them to obtain solids [2], [3], they may

want to preserve the sharp features of the original surface.

In general, different applications impose distinct requirements

on the offsetting process. Please see Figure 2 and Figure 8 for

different varieties of offsetting used in previous methods.

In this paper, we focus on the offsetting of manifold and

oriented triangular surface meshes, a prevalent representation

for 3D shapes. Offsetting via directly optimizing or moving

vertices (with possible remeshing) of the explicit mesh were

extensively explored in earlier works [4]–[8]. These methods

are intuitive, but may easily produce intersection issues since

they ignore the surrounding ambient space. Consequently,
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Fig. 1: Our variational approach can offset a 3D surface (a)

into a new one (b) with the sharp features in (a) preserved.

a second category based on contouring volumetric implicit

fields, typically signed distance fields, has gained popularity

due to its inherent intersection-free robustness along with

contouring techniques such as Marching Cubes [9]. However,

flexibility is generally limited in the contouring procedure.

Achieving customizable results or controlling the topology

changes is challenging.

To bridge the gap between the flexibility of explicit methods

and the robustness of implicit approaches, we propose a novel

variational framework for surface offsetting. Our core idea is to

leverage the strengths of both representations simultaneously.

Similar to previous explicit methods, we treat the vertex

locations as the optimization variables, but use the implicit

field induced by the output mesh in the optimization objective

to incorporate information about the ambient space, thereby

helping to resist the intersection issues.

Such a framework requires the implicit field to be tightly

bound to the explicit mesh, i.e., differentiable w.r.t. the mesh

vertex locations. Moreover, the field should have behavior

similar to that of a distance field around the mesh and

properly encode intersection behavior. A promising candidate

is the recently proposed Gaussian-smoothed winding number

(GauWN) [10], which is the convolution of the winding

number field with a Gaussian kernel. However, it is only

efficient enough for 2D closed polygons. Thus, we adopt the

regularized Poisson kernel [11], which has been introduced

in graphics to define the regularized winding number for the

purpose of removing the singularity issues in point cloud

geometry in reconstruction applications [12]. In this paper, we
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prove that the regularized winding number is also equivalent

to convolving the winding number with the Gaussian kernel

and can be used here.

This hybrid variational framework allows us to perform sur-

face offsetting with unique advantages. By optimizing directly

on the mesh, we can easily incorporate customizable shape

regularizations, such as terms for preserving sharp features

or quadric fitting. Simultaneously, the guidance from the

differentiable implicit field ensures strong resistance to self-

intersections, even for complicated models or multi-component

surfaces undergoing coordinated offsetting. Our method op-

erates without requiring an explicit background grid for the

implicit field or additional effort to maintain consistency

between the field and the mesh. Instead, it synchronizes the

mesh evolution with the underlying smooth field informa-

tion automatically by construction. We demonstrate that our

method can reliably offset meshes with intricate details and

open boundaries, while also providing optional control over

topological adaptation.

In summary, the main contributions of this work are:

• A novel variational offsetting framework for 3D trian-

gular meshes (including open boundaries) that combines

the flexibility of explicit mesh optimization and the ro-

bustness inherited from an implicit smoothed generalized

winding number field.

• We reverse the common approach of optimizing vertices

toward the input mesh field’s outer (or inner) contour.

Instead, we introduce a more stable scheme in which the

inner (or outer) contour of the resulting mesh’s induced

field is required to fit the input mesh. In this formulation,

the ambient information of the resulting mesh becomes

available through its field. As a consequence of the op-

timization, the smoothed winding number field is driven

toward a state representing properly embedded surfaces,

thereby penalizing intersections.

• We show that a simple shape regularization term suffices

to preserve sharp features in the input mesh. An additional

example regularization technique (quadric fitting) is also

provided for more comprehensive shape control. We also

demonstrate the ability to offset multi-component meshes.

II. RELATED WORK

Our work builds upon advances in mesh deformation, off-

setting techniques, and the use of implicit fields, particularly

the winding number. We position our contribution relative to

these areas below.

A. Modeling and deformation

In shape modeling, particularly in shape deformation, sur-

face meshes are arguably the de facto representation. Many

variational approaches [13]–[15], that employ Laplacian or

other discrete differential operators on meshes, offer rich

features for regularizing the mesh and its elements, such as

feature preservation, high-quality mesh elements, etc. Beyond

variational approaches, various techniques also exist to evolve

a mesh through a flow (mainly for fairing) [16]–[18]. A com-

prehensive survey for such mesh-only techniques can be found

in the book [19]. Our method adopts a flow-based strategy to

offset the surface, with each step formulated as a variational

problem capable of handling various regularizations.

Numerous methods also exist for modeling shapes using

implicit fields. One representative technique is the level set

method [20], which constructs and edits a scalar field on a

background mesh, then defines the shape boundary as the

contour of the scalar field. These methods discretize the field

using a background mesh and are often referred to as Eulerian

methods [21].

The combination of these two approaches is not new,

particularly in simulation contexts. In fluid simulation, surface-

tracking methods [22] excel at capturing thin features but face

significant robustness challenges when handling topological

changes. To address this, implicit fields are often employed to

correct the mesh [23]–[25]. However, our approach only main-

tains a surface representation without requiring a background

mesh (except for an AABB tree for acceleration).

B. Offset and its related techniques

Offsetting a mesh can be viewed as a special modeling

and deformation task. Contouring a (signed) distance field

by marching cubes [9] is possibly the most intuitive and

straightforward way. However, it is well known that marching

cubes is not well-suited for handling sharp features. Dual

marching cubes [26] was proposed to handle sharp features,

but it may produce non-manifold meshes. Recently, methods

have been proposed to improve contour extraction specifically

for offsetting tasks. For example, [27] proposes an interesting

idea: once the topology of the mesh is correct, remeshing can

be applied to reduce the geometrical error of the offsetting,

so that the resolution of spatial discretization can be bounded.

[28] is based on another observation: the difficulties of con-

touring the signed distance field lie in the lack of sufficient

information about the distance field for the entire shape. To

address this, they propose to process each shape primitive

individually before merging the results.

(a) (b) (c)
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Fig. 2: Varieties of offsetting of the red shape. (a):

fillet-like offsetting (standard definition, volumetric con-

touring based methods). (b): chamfer-like offsetting ([8]).

(c): original-feature-preserved offsetting (Solidify modifier of

Blender [29]).

While such field-based (or background-mesh based) meth-

ods can be relatively robust, they are mainly suitable for equal-

distance offsetting and are difficult to extend to accommodate

customizable shape requirements. A very recent work [30]

is different: it can generate varying-distance offsets, but it
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Fig. 3: The gallery of our offsetting results. Red: input surfaces; Blue: offset surfaces.

still does not have the ability to apply various shape regu-

larizations (e.g. preserving input sharp features). On the other

hand, surface mesh-based methods are more flexible at this

point. For example, [8] can generate chamfer-like offsetting

instead of standard fillet-like offsetting by performing mesh

operations such as vertex relocation and splitting. The popular

modeling package Blender [29] also provides tools with non-

standard offsetting behaviors, including an “even thickness

Solidify modifier” that can preserve surface features in a

way similar to our method, demonstrating the demand for

flexible offsetting behaviors from designers. For 2D poly-

gons, there are straight-skeleton-based methods [31], [32]

that can generate offset curves with similar behaviors in the

inward direction. However, since explicit mesh representations

lack inherent awareness of the ambient space, handling self-

intersections (embedding issues) is challenging. Consequently,

methods like [33] are often employed as a post-processing step

to resolve intersections, but such pure mesh-based methods

are still not robust enough. Other alternative techniques like

IPC [34], [35] may also be used, especially considering that

the normal flow results in [35] show some similar effects of

offsetting. However, it is unclear how to define a proper energy

to drive the flow so that the mesh vertices get the desired offset

surface. It should be noticed that the normal flow in [35] is

regularized by Laplacian smoothing, so the distance between

the moved vertex and the input mesh may not be the specified

flow speed multiplying time step even in a single step. By

taking a mesh as the primary representation, our method gains

the ability to perform customizable offsetting, but a distance

field-like implicit field induced by the mesh is also used to

enhance robustness.

There are also some techniques related to offsetting, such as

shell construction [36] and boundary layer generation [37], but

they generally emphasize different requirements: desired mesh

structure (e.g. only containing prism elements) and quality of

the elements in the region bounded by the input mesh and the

offset one. Our target application, mesh offsetting, has no such

requirement, but focuses more on distance control, shape regu-

larization and intersection-free (i.e., globally intersection-free

instead of just local bijection). For example, [36] may result in

self-intersections though the shell map is still bijective locally.

A post-processing of intersection detection and experimental

shrinking may alleviate the issue, but it may change the shape

of the top surface in an undesired way.

C. Implicit field and the winding number

A core requirement for the implicit field within our varia-

tional framework is efficient differentiability w.r.t. mesh vertex

locations. While the study of implicit fields is a rich area, the

differentiability w.r.t. mesh vertices is not the main focus of

most existing work. For instance, the (signed) distance field

has been successful in the contouring-based methods, but it is

known to be only C0 continuous and not smooth for piecewise

linear surfaces [38], [39]. Its gradient w.r.t. the vertex locations

even changes sparsity pattern at points with more than one

nearest point on the surface. Recognizing the non-smoothness

issue, various methods have been proposed to construct

smoother implicit fields (e.g. [39]–[41]). However, efficient

evaluation of the gradient w.r.t. the vertex locations is generally

not the goal when they are designed. One notable exception is

the implicit moving least squares field (IMLS) [42], which can

be viewed as a smoothed SDF and has been employed in recent

work [43] for collision handling with such differentiability

properties used. But there is another important requirement

for the implicit field in our application: the ability of handling

intersections. Because SDFs are generally considered only

well-defined for intersection-free surfaces [44], this limitation
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forces [43] to rely on specialized carving techniques to address

self-intersection issues in collision applications.

Another widely used field is the winding number, which can

be viewed as the generalization of the indicator field with a

well-defined behavior for intersecting boundaries. It has been

successfully extended to 3D meshes, including those with open

boundaries as the generalized winding number (GWN) [45],

[46]. Applications in 3D geometry, such as robust tetrahedral

mesh generation [47], [48], have benefited greatly from these

advancements. The vanilla winding number field is piecewise

constant for closed boundaries, which means it cannot provide

distance information. Additionally, the gradient is either zero

or infinite. In response, [10] proposed convolving the field

with a Gaussian kernel for useful distance information near

the boundary and differentiability w.r.t. both the query point

locations and vertex locations. They found efficient numerical

methods for this Gaussian-smoothed winding number in the

2D closed boundary cases, using an extended form of the di-

vergence theorem. However, it is complicated and challenging

to extend that extended divergence theorem-based technique

to 3D cases.

Through a different approach, the regularized Poisson ker-

nel [11] was initially proposed to handle the singular inte-

grals on the surface. It was recently introduced to graphics

for defining regularized winding number [12]. They use the

properties of the regularized Poisson kernel to avoid singu-

larity when evaluating the field in point-cloud settings for

surface reconstruction applications. We will later show that

this formulation, which allows for efficient computation, is

equivalent to convolving the GWN with a Gaussian kernel. It

can thus be used as a signed distance field approximately near

the boundary, which nicely matches our requirements.

III. FRAMEWORK OF VARIATIONAL MESH OFFSETTING

Let F (·;V ) be a distance-like scalar field induced by a mesh

surface S(V ) containing vertices V = {vi}, where its gradient

near the mesh faces is similar to a signed distance field (up

to a constant scaling). An intuitive way to offset a surface is

to advect the vertices along the gradient of F :

v̇i = oi∇vi
F (·;V ), (1)

where oi ∈ R stands for the speed of offsetting, and ∇vi
is

the gradient operator at vi. Methods that move the vertices

along the normal work similarly, which just uses the signed

distance field of the current mesh as F . If oi is the same for

all vertices, this can be approximately viewed as moving the

vertices towards the o-contour of the input mesh’s implicit

field F (·;V ) in a single step. [10] takes this viewpoint, and

shows a variational way to advect the vertices V (k+1) towards

the o-contour described by {oi} in the previous field F (k) =
F (·;V (k)):

min
V (k+1)

∑

i

(

F (k)(v
(k+1)
i )−

[

F (k)(v
(k)
i )− oi

]

)2

. (2)

Similar to methods that use only the mesh representation,

Equation (2) has limitations in intersection handling as well.

Though it involves an implicit field (i.e., smoothed winding

number) here, this field only characterizes the ambient infor-

mation of the previous mesh with vertices {v
(k)
i } instead of

the advected one with vertices {v
(k+1)
i }. As acknowledged

in their paper [10], it is required to utilize the smoothed

winding number F (k+1) = F (·;V (k+1)) of the advected mesh

to prevent intersections. Moreover, it just asks v
(k+1)
i to lie on

the o-contour of F (k). Without sufficient regularization, v
(k+1)
i

is largely under-constrained, which results in a noisy mesh

(see Figure 4 for an illustration), even though the vertices do

lie on the o-contour. That is why an additional regularization

term
∥

∥V (k+1) − V (k)
∥

∥

2

2
is indispensable in [10] for such a

forward scheme.

(b) (c)(a)
1

Fig. 4: Under-constrained forward scheme vs. more stable

backward scheme for inward offsetting of a black circle.

The background displays the smoothed winding number field

with distance-like property associated with the input surface

in (a) and the result surfaces in (b, c). (a): A severely distorted

mesh can also minimize the forward scheme energy because

it just asks vertices of output mesh (cyan) to reach the target

contour of the input surface’s implicit field. (c): On the

contrary, the backward scheme asks the contour of output

surface’s implicit field to align precisely with the query points

on the input surface (cyan). As shown in (b), the distorted

mesh in (a) does not minimize the backward scheme energy.

A. Backward scheme

To address this issue, we propose advecting the mesh

vertices in a backward scheme: the o-contour of the advected

mesh should fit the previous mesh well:

min
V (k+1)

∫

s∈S(V (k))

(

[

F (k+1)(s)− o(s)
]

− F (k)(s)

)2

ds,

(3)

where F (k+1) is the implicit field induced by the advected

mesh containing vertices V (k+1). To make a clear comparison

to Equation (2), we temporarily take vertices in the previous

mesh as the quadrature points s to approximate the above

integral as

min
V (k+1)

∑

i

(

[

F (k+1)(v
(k)
i )− oi

]

− F (k)(v
(k)
i )

)2

. (4)

This formula looks similar to the forward scheme in Equa-

tion (2), but there are significant differences between them.

In the forward scheme, the field F (k) is fixed, and only the

query points V (k+1) are updated in this field. In the backward

scheme, the query points V (k) are fixed, and we update the

field F (k+1) by optimizing the advected vertices V (k+1). As
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demonstrated in Section V-A, the backward scheme is much

more stable than the forward one when using only a few

quadrature points (i.e., triangle barycenters). Besides, when

using the following Gaussian-smoothed winding number, the

backward scheme implicitly penalizes intersections, as ex-

plained in the following section.

B. Smoothed winding number as the implicit field

Besides the distance-like property, to make the problem easy

to solve, it is better to use a field that can be effectively dif-

ferentiated w.r.t. the vertices. The Gaussian-smoothed winding

number Wσ in [10] matches the requirements, and is a good

candidate for the implicit field. It is defined as:

Wσ(q;S(V )) = (w∗Gσ)(q) =

∫

R3

w (y)Gσ(q−y) dy, (5)

where w is the winding number field of the surface S(V ); Gσ

is the Gaussian kernel. For a detailed analysis of the distance-

like behavior of its spatial gradient near the boundary, we refer

the reader to [10, Sec. 4.5].

Compared to other distance-like fields, some of which may

be even differentiable as well, there is a crucial advantage to

using this field: being a convolution of the winding number

field, it remains well-defined for intersecting surfaces. As

discussed in Section V-B, properly using it can eliminate the

need for additional collision handling during optimization.

However, if one uses fields that are only well-defined for

intersection-free surfaces, it becomes necessary to include

additional intersection handling to keep the shapes generated

during the optimization free of intersections.

Input −→ Output

1

Fig. 5: Robustness when intersections happen. Being able

to tolerate intersections is crucial for a robust offset method.

For the input shape having severe intersections, our method

can still offset it along with the effect of (locally) shrinking

the intersected regions (e.g. the regions in blue circle).

To utilize this ability of the smoothed winding number,

one could follow [10] to add a penalty to the backward

scheme Equation (4). However, such a penalty is generally not

necessary in our method, which greatly improves efficiency. In

the following, we show that the carefully designed backward

scheme implicitly penalizes intersections.

For an intersection-free surface S , any point s ∈ S must

satisfy limϵ→0+ w(s + ϵn) = 0 and limϵ→0− w(s + ϵn) =
1 [10]. After convolution smoothing, these values in the

smoothed winding number field are around 0.5, but crucially

still within the range [0, 1]. Conversely, near intersection

regions, the winding number values deviate significantly from

this range, taking values such as · · · ,−2,−1,+2,+3, · · · .
The optimization in Equation (3) requires that field values

W
(k+1)
σ (s) at input surface points s ∈ S(k) (which are near the

output surface S(k+1) in such a geometry flow) should equal

W
(k)
σ (s) + o(s). By appropriately selecting o, the target value

can be kept within [0, 1] (see Section A.4 in the supplementary

material). Thus, the optimization effectively penalizes field

values outside this range, pushing them back toward valid

values and consequently reducing intersections.

Though the backward scheme cannot guarantee that the

resulting mesh to be intersection free, its ability of penalizing

intersections helps to resolve minor intersections possibly

occurring in the deformation process (see Figure 7). The stress

test in Figure 5 further demonstrates the robustness of our

method when the shapes have serious intersections.

C. Shape regularization for sharp feature preserving

Now we get an objective function in Equation (3) (denoted

as EW ) to offset the mesh, which also incorporates intersection

handling. By virtue of mesh representation, one can apply

various mesh-based shape regularizations ER easily to match

the requirements arising from different applications:

min
V (k+1)

EW (V (k+1)) + ER(V
(k+1)), (6)

Unlike the forward scheme in [10], it is not necessary to apply

strong “smoothness” or “stability” regularizations to overcome

the under-constrained issue, so the resulting shape can be more

tightly controlled by ER without being significantly affected

by additional regularizations.

Here we propose a simple shape regularization that pre-

serves sharp features of the input surface: For each pair of

adjacent faces fi and fj sharing an edge, we add the following

term to make the angle between the normals of the two faces

close to the input one:

Esharp(V
(k+1)) =

∑

⟨fi,fj⟩

(〈

n
(1)
i ,n

(1)
j

〉

−
〈

n
(k+1)
i ,n

(k+1)
j

〉)2

.

(7)

IV. NUMERICAL METHOD

In this section, we will discuss how to compute the

smoothed winding number and implement the offsetting al-

gorithm. Further details can be found in Section A in the

supplementary material.

A. Computation of the smoothed winding number

It is not practical to compute the smoothed winding number

field Wσ directly using the convolution definition in Equa-

tion (5). An extended divergence theorem is used in [10] to
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transform the convolution into a boundary integral for 2D

closed polygon curves. However, this strategy cannot be easily

extended to 3D triangular meshes, and is infeasible for open

boundaries.

But fortunately, the Gaussian smoothed winding number

corresponds exactly to the boundary integral of the regularized

Poisson kernel [11], which has been used in point cloud re-

construction under the name regularized winding number [12].

To make this point clear, we start from the definition of

generalized winding number [45], [46] of a surface S ⊂ R
3:

w (q) =

∫

S
∇xG(q,x) · n dx, (8)

where q is the query point, G is the Green’s function of the

Laplace operator and n is the unit normal vector.

Substituting the definition of w (y) (Equation (8)) into

Equation (5) yields:

Wσ (q) =

∫

R3

Gσ(q− y)

[
∫

S
∇xG(y,x) · n dx

]

dy. (9)

By changing the order of integration, we have

Wσ (q) =

∫

S
n ·

[

∫

R3\{x}
Gσ(q− y)∇xG(y,x) dy

]

dx

=:

∫

S
n ·X(q,x) dx.

(10)

This derivation transforms the volumetric convolution (Equa-

tion (5)) into a boundary integral over the surface S . The

core task now is to evaluate the vector kernel X(q,x), which

represents the convolution of the Green’s function gradient

∇xG(y,x) with the Gaussian kernel Gσ(q− y) w.r.t. y. The

following theorem (proved in Section B in the supplementary

material) shows the RWN field [12] integrated from the

regularized Poisson kernel [11] is equivalent to the Gaussian

convolved generalized winding number field.

Theorem 1. X(q,x) has the analytical form of the regu-

larized Poisson kernel [11] used by the regularized winding

number (RWN) [12]:

q− x

2πr3
(rgσ(r)− Φσ(r)), (11)

where r = ∥q − x∥, gσ is the 1-dimensional Gaussian

kernel, and Φσ is the error function Φσ(r) =
∫ r

0
gσ(t) dt =

1
2erf

(

r√
2σ

)

.

As a consequence, the integral Equation (10) can be com-

puted by applying a simple numerical quadrature method on

the boundary.

Chen et al. [12] used this smooth field, but did not provide a

formulation of the gradient w.r.t. the mesh vertices. Following

the idea of [10], we give an efficient way to compute this

derivative in Section A.1 in the supplementary material.

B. Offsetting algorithm and energy discretization

In the optimization, we discretize the energy Equation (3)

as

min
V (k+1)

∑

si∈S(V (k))

|si|

(

[

W (k+1)
σ (si)− oi

]

−W (k)
σ (si)

)2

.

(12)

si and |si| denote the barycenter of i-th triangle in S(V (k))
and the area of the triangle respectively. The number of si is

roughly twice the number of vi in Equation (4).

In all the following results, the weight wsharp in the total

regularization term ER = wsharpEsharp is 105|f | where |f | is

the average triangle area at the k-th iteration. Of course, one

can use a more accurate quadrature method for better accuracy.

In this paper, we just use the simple one in Equation (12).

ALGORITHM 1: Offsetting algorithm

Input: S(V (1)); // the initial surface

Input: kmax ; // the number of offsetting

steps

k ← 0;

while k < kmax do

V (k+1) ←
argminV (k+1) EW (V (k+1)) + ER(V

(k+1));
V (k+1) ← tangential relaxation(V (k+1));
k ← k + 1;

end

The whole offsetting pipeline is summarized in Algorithm 1.

The nonlinear optimization problem in each step is solved

by the Levenberg-Marquardt method (see Section A.2 in

the supplementary material). After each step, we perform a

tangential relaxation to keep the mesh elements in a decent

quality. Note that this relaxation tries to preserve the current

shape. Otherwise, the resulting shape may deviate from the

desired one specified by the shape regularization. For instance,

replacing the tangential relaxation by common mesh smooth-

ing will smooth the sharp features in an unexpected way.

Please refer to Section A.5 in the supplementary material for

the details.

V. JUSTIFICATIONS AND PERFORMANCE

In this section, we will show some experiments to jus-

tify our technical choices and evaluate the performance. All

experiments regarding timing were conducted on a desktop

computer with an AMD Ryzen™ 9 5900X processor running

at 4.4 GHz. The smoothed winding number and its derivatives

are computed using 20 threads parallelization.

A. Comparison of backward and forward schemes

As discussed before, the forward scheme Equation (2) is not

stable due to the under-constrained issue. One may think that

it can be easily alleviated by using more quadrature points,

but the following experiment shows that this approach is not

very effective. In Figure 6, we use triangle barycenters as the
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The �eld of input

Backward

Forward
1

Fig. 6: Comparison of the forward scheme and the back-

ward scheme. The input surface consists of two contacted

components. Both schemes are applied for inward offsetting

which should separate the two components. The shape regular-

ization is deliberately omitted to highlight their fundamental

differences. The results clearly demonstrate the superior sta-

bility of the backward scheme.

quadrature points in both the forward and backward schemes.

Though the quadrature points are nearly doubled compared

to using mesh vertices, the forward scheme is still unstable,

which produces noisy shapes, while the backward scheme

has no such artifacts. The results of the forward scheme

may improve by using many more quadrature points, but this

obviously increases the computational cost. More importantly,

the forward scheme brings intersections, whereas the backward

scheme successfully generates an offset surface without any

intersections.

B. Rationale for selecting the smoothed winding number

For the distance-like field F , there could be different choices

as long as it is efficient enough for optimization. It would be

better to use a field capable of intersection handling. In this

section, we provide a comparison of the smoothed winding

number and the smoothed signed distance field IMLS [42],

which was recently used for collision handling [43].

Signed distance fields are well-defined only for intersection-

free surfaces, so optimization frameworks that rely on them

typically require complicated handling mechanisms such as

interior-point methods (i.e., explicit collision detection and

resolution). The IMLS [42] smoothed from the SDF, while

having better differentiability, inherits this drawback from

(a) smoothed winding number (b) implicit moving least square

(c) implicit moving least square, slight intersection
1

Fig. 7: Behaviors of different implicit fields. As a smoothed

SDF, the result from implicit moving least squares [42] is not

well-defined when there are intersections (even very slight

ones), and will introduce spurious contours. However, the

smoothed winding number can still give a reasonable field

for such regions.

the signed distance field. As shown in Figure 7, the IMLS

field cannot identify intersection regions, and therefore does

not provide a proper gradient to push penetrated parts away.

In contrast, the smoothed winding number, which combines

distance information with the winding number, gives the de-

sired gradient. Furthermore, the implicit moving least squares

field generates spurious contours even with slight intersec-

tions, necessitating explicit collision detection mechanisms.

The smoothed winding number elegantly overcomes these

limitations, making it more suitable and easier to use for

offsetting tasks with its robustness in handling intersections.

C. Performance of offsetting

The computation of the smoothed winding number and

the sparse matrix decomposition in the Levenberg-Marquardt

optimization constitute the most computationally intensive

components of our method (see Table I). Additional per-

formance measurements for the offsetting results presented

in Figure 3 are provided in Table 1 in the supplementary

material. As our approach is based on a geometry flow,

the computational time directly correlates with the offsetting

distance, which determines the number of required steps. Our

experiments reveal small differences between results obtained

using a few large offset steps and those using many small

steps (see Figure 9). It also implies that the deviation from

the expected offset accumulates slowly over iterations. As

possible future work, one could measure the distance between

the current mesh and the input one, and apply an additional

offset step with a proper offsetting speed oi for each vertex vi

to compensate. Consequently, we fixed the expected offsetting

parameter ô to 0.2 across all other results presented in this

paper (see Section A.4 in the supplementary material).
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InputFPO
Inward

PCO
Inward

Ours
Inward

Ours
Outward

FPO
Outward

PCO
Outward

Minimum Angle
(degree)

Intersections
(pairs / triangles)

78 / 1131529

(94 / 989889)* (271 / 1186885)*

56 / 311809 6 / 64993 0 / 64993 10 / 147937 380 / 1418717

1

Minimum Angle
(degree)

Intersections
(pairs / triangles)

274 / 1196825

(137 / 1033677)* (166 / 1343705)*

114 / 270777 10 / 52721 0 / 52721 0 / 185385 340 / 1564261

1

Minimum Angle
(degree)

Intersections
(pairs / triangles)

9 / 72329

(2 / 58897)* (218 / 1840621)*

6050 / 665593 0 / 30337 0 / 30337 0 / 319913 428 / 2105621

1

*: The official implementation of PCO will generate nearly coincident vertices. To reduce its influence, we also report the number of intersection pairs after
merging vertices whose distance is within 1‱ of the diagonal length of the bounding box using the vtkCleanPolyData filter of VTK [49].

Fig. 8: Comparison with volumetric-based methods. The recent volumetric-based methods FPO [27] and PCO [28] focus

on standard offsets, and try to preserve sharp features of the contour. PCO better preserves the features, whereas FPO

generates smoother normal distributions. Sharply different from their results, our method preserves the sharp features in

the input surface, which is difficult for volumetric-based methods. The number of intersected triangle pairs is reported by

TetGen [50]. PCO will output polygon meshes instead of triangle meshes. Therefore, we perform a triangulation with the

vtkDataSetTriangleFilter filter of VTK [49] before evaluating the intersection and element quality.
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0.0014135206022556075)

[0.0014135197942567936,
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1

Fig. 9: Large offset steps and small steps. A few steps of large offset (blue) can make the results similar to those from many

steps of small ones (red). “Hausdorff error” is the lower bound and upper bound of the two-sided Pompeiu-Hausdorff distance

normalized by the bounding box diagonal length, reported by [51]. The error between the two results increases slowly with

the offsetting iterations, but can be compensated by an addition step of offsetting.

k
Number of Evaluation Time / s
V G F V G F Step

1 2 398 970 9 372 720 20 29.11 0.26 21.92 63.09

2 2 845 290 11 158 000 24 33.62 0.31 26.28 74.51

3 2 956 870 11 604 320 25 34.93 0.33 27.24 77.10

4 2 510 550 9 819 040 21 29.45 0.28 23.34 65.50

5 2 845 290 11 157 925 24 33.15 0.32 26.11 73.50

6 2 956 870 11 604 242 25 34.36 0.33 27.10 76.30

7 2 845 290 11 157 925 24 32.39 0.32 26.19 73.09

8 2 956 870 11 604 242 25 33.54 0.33 30.17 78.72

9 2 845 290 11 157 925 24 32.55 0.32 26.35 73.79

10 2 510 550 9 818 974 21 28.71 0.28 27.12 68.72

TABLE I: The cost of each offset step in case S of Figure 3.

Left: “V” and “G” are the number of smoothed winding

number value computations and the gradient (w.r.t. a vertex)

computations respectively, while “F” is the number of matrix

factorizations in the Levenberg-Marquardt method (i.e., num-

ber of iterations in each offset step). Right are the total time

for “V”, “G”, “F” and the whole step respectively.

VI. RESULTS

Here, we provide some results to demonstrate the advan-

tages of our method along with comparisons to representative

offsetting methods. Some extensions of our method are at the

end of this section.

A. Comparison with volumetric-based offsetting ([27], [28])

A standard offset surface can be viewed as a contour

of a signed distance field. Volumetric field-based offsetting

approaches (e.g., FPO [27] and PCO [28]) are widely used

for this purpose. These methods also talk about “feature

preservation”: to preserve the sharp features in the contour

of the distance field (not the sharp features in the input

shape, see Figure 8). The concept of feature preservation in

our method is different. Our approach ensures that the offset

surface maintains the sharp features present in the original sur-

face, or even certain algebraic surface properties (e.g., quadric

surfaces, see Section VI-D1). This type of feature preservation

is particularly valuable in industrial design applications. To

evaluate our method, we tested it on meshed CAD models

randomly sampled from the ABC dataset [52], with results

presented in Figure 3. All experiments used a Gaussian kernel

parameter of σ = 0.005, with models normalized such that

the major axis of the bounding box equals 1.

Unfortunately, in the experiments, all of FPO, PCO and

ours generated self-intersected meshes. As we have described,

our method can penalize intersections but cannot prevent

intersections (see Section VII for discussion about factors that

may lead to intersections). On the other hand, while a basic

volumetric-based method that only performs marching cubes

can guarantee the output surfaces to be intersection-free, we

found the official implementations of these more advanced

methods generate self-intersected meshes. The element quality

(minimal angle) of the meshes is also reported in Figure 8,

which shows that our method can generate meshes with similar

element quality as FPO.

Unlike classical offsetting problems, to keep the sharp

features of the input surface, the offsetting distance is not

uniform. The distribution of these offsetting distances is il-

lustrated in Figure 10, showing generally uniform distances

in smooth regions while varying appropriately near sharp

features.

Another important feature of our method is that it maintains

homeomorphism between the original and offset surfaces,

whereas typical volumetric field-based methods may alter the

mesh connectivity and even surface topology. This homeo-

morphism preservation is particularly beneficial for applica-

tions such as padding layer (or boundary layer) generation

(see Section VI-D2).

B. Comparison with pure explicit offsetting (Blender [29])

Among offsetting techniques based on explicit mesh rep-

resentation, the built-in Solidify modifier in Blender [29] (a

popular open-source software for 3D modeling) shares some

similarities with our method. This modifier directly displaces

mesh vertices to create the offset surface. Furthermore, the

modifier includes an option (“Constraints” thickness mode)

that aims to preserve sharp features of the original surface.

However, the Solidify modifier operates as a purely explicit

method, lacking inherent awareness of the ambient space.

Consequently, it is likely to generate intersections for non-

trivial shapes. Common failure cases include regions with
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Fig. 10: Distance distribution. The distances between the

vertices of the offset surface and the input surface are not

constant due to the requirement of feature preservation, but

the distances in smooth regions are generally uniform and

dominate the distribution.

closely spaced parts, outward offsets at the concave corners,

and inward offsets at the convex corners (see Figure 11). Typ-

ically, fixing these issues requires extensive manual cleanup.

In contrast, our method, guided by the differentiable smoothed

winding number field, inherently incorporates spatial informa-

tion, which handles such challenging cases automatically.

A recent preprint [53] and its former version [54] also find

the offsetting positions using explicit mesh representation and

can generate similar results to ours with the initial features

preserved. We compared with the method PFP [54], which

provides publicly released code. As shown in Figure 1 in the

supplementary material, PFP fails to preserve the input sharp

features in this experiment.

C. Offsetting multipart, intersected and open boundary sur-

faces

Some shapes are composed of multiple separated parts. Our

method can easily offset such shapes as a whole and still keep

the parts separate by virtue of the surface representation and

winding number (see Figure 12). Of course, one can also fix

a few parts and just offset the others, though such results are

not provided here. Such a behavior of coordinated offsetting

Ours Blender

In
w
ar
d

O
u
tw

ar
d

1

Fig. 11: Comparison with Blender [29]. Blender’s Solidify

modifier, similar to our method, can preserve features of the

original surface during offsetting (using “Constraints” thick-

ness mode). However, as a purely explicit method lacking am-

bient space awareness, it is prone to generate self-intersections

on non-trivial shapes. For instance, it brings defects for closely

placed surface parts (Top, blue circle), outward offsetting at

the concave corners (Top, red frame) or inward offsetting at the

convex corners (Bottom, red frame). But our method handles

these cases robustly because of its ambient space awareness

obtained from the implicit field guidance.

is very difficult to achieve for volumetric field-based methods

and pure explicit ones.

Non-closed surfaces themselves are useful in many applica-

tions. For example, offsetting non-closed surfaces is a common

task in industrial design where designers may first design a

surface and then offset it to obtain a solid model. This task is

not trivial for volumetric field-based methods. However, our

method can handle this task naturally, as the smoothed winding

number can be applied on open surfaces as shown in Figure 13.

D. Extensions

We also explore the potential of our method in other

scenarios.

1) Additional shape regularization – quadric surface fitting:

Using the explicit surface representation enables us to apply

various shape regularizations flexibly and easily. With this

ability, one can try to regularize a part of the surface as planar,

cylinder, Bézier surface, or other parametric ones. Here, we

provide an example of shape regularization other than the one

for sharp feature preserving in Section III-C: fitting the vertices

to a quadric surface (see Figure 14).
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1

Fig. 12: Coordinated offsetting a model with multiple

parts assembly. The input surface contains five connected

components, contacted at the initial states. Our method offsets

all the parts together coordinately. We show the disassembled

model translucently.

1

Fig. 13: Offsetting an open boundary surface. The gen-

eralized winding number has a contour smoothly extending

the input surface. Its gradient direction aligns with the surface

normal at the open boundary. The smoothed one has similar

behavior and provides a reasonable direction. Therefore, our

method can directly offset open boundary surface. Red: input

surface. Blue: offset surface.

We first decompose the mesh surface into patches {Pi},
which can be parts from the input CAD model. Then, all the

vertices in each patch are fitted to a quadric surface:

v
⊤Av + 2v⊤B + C = 0, (13)

where A ∈ R
3×3, B ∈ R

3, C ∈ R are the parameters of

the quadric surface. As A is symmetric, there are in total 10
parameters qi ∈ R

10 for each patch Pi:

Ai =





qi,1 qi,2 qi,3
qi,2 qi,4 qi,5
qi,3 qi,5 qi,6



 , Bi =





qi,7
qi,8
qi,9



 , Ci = qi,10.

(14)

We can then define a series of energy terms as the shape

regularizations:

Quadric position fitting energy. The energy term for fitting

the vertices to the quadric surface:

Eqpos =
∑

Pi

∑

vj∈Pi

∥

∥v
⊤
j Aivj + 2v⊤

j Bi + Ci

∥

∥

2
. (15)

★

★

Input w/o quad. reg.

quadric residual
w/o quad. reg.

quadric residual
w/ quad. reg.

w/ quad. reg.

1

Fig. 14: Quadric fitting as additional shape regularization.

Quadric regularization is applied to the two surface patches

marked with ⋆. The regularized patches are maintained to be

quadric surfaces during the offsetting.

Quadric regularization energy. The energy term for avoid-

ing trivial solutions:

Eqreg =
∑

Pi

(

√

∥Ai∥
2
F + 2 ∥Bi∥

2
− 1

)2

. (16)

We set the weights wqpos = 1e10|f |/|V | and wqreg =

1e9|f ||Pi|/|V | for each patch Pi in Figure 14, where |V | is

the number of all vertices and |Pi| is the number of vertices

in patch Pi.

2) Padding layer generation: Our method keeps the con-

nectivity of the input surface. Therefore, it is possible to

generate the padding layer for the input surface using a

swept-volume-like method as shown in Figure 15. We offset

a quadrangle mesh for a few steps, then connect the offset

vertices to form the padding layer. Note that the tangential

relaxation method is not applied in this case, as it may perturb

the locations of the vertices, especially near the singularities,

which may lead to inverted elements in the padding layer. Of

course, to apply our idea for high-quality boundary-layer gen-

eration, more detailed control (e.g., thickness and distortion)

of the volumetric mesh between the top and bottom meshes

should be provided.
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Fig. 15: Padding layer generation. Our method can maintain

a one-to-one mapping of the vertices from the input surface to

the offset surface. This allows us to offset a quadrangle mesh

to obtain a hexahedral padding layer.

VII. CONCLUSION

We propose to offset a mesh surface by a hybrid representa-

tion for 3D objects, which uses the boundary surface mesh as

the primary structure, supplemented by an associated smooth

field. The field is defined by convolving the generalized

winding number field of the surface mesh with a Gaussian

kernel, and is differentiable w.r.t. both spatial locations and

mesh vertices. Utilizing this differentiability, we develop a

versatile offsetting technique that accommodates various shape

regularizations. More importantly, this hybrid representation

can help control intersection issues without explicit intersec-

tion detection and handling, and it shares similarities with the

2D counterpart [10].

Input Output

1

Fig. 16: Limitations due to connectivity. As we only use a

simple tangential relaxation, triangles may flip due to the con-

nectivity limitation. One may use a more advanced remeshing

algorithm to avoid this issue.

Although our method and its current implementation show

good behavior in our experiments, there are still limitations

and can be further improved.

1) Intersections: Our method may produce intersections

due to the following reasons:

• As explained before, our method only penalizes inter-

sections implicitly through an energy term involving the

smoothed winding number. This penalty may not be

strong enough compared with heavily weighted shape

regularizations. Besides, the energy is discretized by a

simple quadrature, which may miss intersections.

• In regions with small local feature sizes (e.g., sharp cor-

ners and thin plates), the smoothed winding number with

a large Gaussian kernel approximates the SDF poorly and

may even be unreliable for inside/outside classification

(see [10]).

• The tangential relaxation may introduce flipped triangles

(see Figure 16) due to the connectivity limitation.

Therefore, while deep intersections are generally avoided,

shallow intersections may still occur. To alleviate the issue,

one can adjust the weights, the quadrature scheme, and the

radius of the Gaussian kernel, along with mesh adaptivity.

To further reduce intersections and even guarantee an

intersection-free outcome, one can use fTetWild [48] as a post-

processing step, as suggested by PCO [28], if connectivity

does not need to be preserved. Since the possible intersections

are usually shallow, the recent non-interior-point collision-

resolving method [44] may also be used as a post-processing

step when the input mesh is intersection-free and can be

tetrahedralized. Interior-point methods such as IPC [34] or [35]

may also be used along with our backward scheme, which is

an interesting direction for future work.

2) Non-CAD models: Our method is designed for triangu-

lated CAD models, which are composed of smooth patches

with sharp features. In Figure 17, we show some results of

applying our method to general models. For models with high-

frequency details, it is hard to preserve the dihedral angles

during offsetting; thus, the optimization gets stuck at small

offsets due to the current shape regularization. Besides, the

tangential relaxation easily introduces overlapping triangles

on such models. To apply our method to such models, better

regularization energy and element quality handling is required.

3) Extensions to other explicit shape representation: To

apply the idea in this paper to arbitrary polygon meshes, point

clouds, or even B-spline surfaces, the key is to compute the

smoothed generalized winding number reliably and efficiently.

Using the quadrature of the regularized Poisson kernel should

be possible if the error is acceptable. The remaining task is

to compute the derivatives w.r.t. the parameterization of the

shape, i.e., the vertex locations for polygon meshes, the point

locations for point clouds, and the control points for B-spline

surfaces.
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✦

In this supplementary material, we provide some details
and additional results of the method.

APPENDIX A

IMPLEMENTATION DETAILS

In this section, we provide the details of the implementation
of our method.

A.1 Numerical methods for the smoothed winding

number and its gradients

A.1.1 Gradients

The field value computation in our paper is the same as [1],
but [1] does not give the formula for the derivative computa-
tion. Here, we extend the method of gradients computation
from [2] to the 3D case instead of computing the exact
gradients of this field.

For the triangle face f with vertices v1, v2, and v3,
assuming W f

σ (q) to be the contribution of f to the overall
smoothed winding number field, we compute its gradients
w.r.t. the vertex locations as

∂

∂vi

W f
σ (q;v1,v2,v3) =

∫

f

Gσ(q− x)
∂d(x)

∂vi

dx, (A1)

where d(x) is the signed distance from x to the plane that f
lies on, its gradients being

∂d(x)

∂vi

=
nn⊤

2|f |
(x− vj)× (vk − vj), (A2)

where |f | stands for the area of the triangle f , n is the unit
normal of f , and i, j, k is the cyclic permutation of 1, 2, 3.

Note that the symbol W f
σ by itself does not have an exact

meaning. Only its gradients as a whole are defined and can
be accumulated over all the faces to obtain the gradients of
the smoothed winding number field.

When the surface is simple and closed (without self-
intersections), the gradients above equal the exact gradients
of the smoothed winding number field. When the surface
has open boundaries, this formulation only captures the

The authors are with State Key Lab of CAD and CG, Zhejiang University,
Hangzhou, 310027, China. E-mail: {hrsun, shuangwu2002}@zju.edu.cn,
{bao, hj}@cad.zju.edu.cn.
Corresponding author: Hujun Bao.

local jump of the winding number along the normal di-
rection of the surface and ignores the gradient influences
introduced by the smoothness of the generalized winding
number. This behavior is more desirable in our applications.

A.1.2 Numerical method

The integral can be computed by numerical quadrature
efficiently. Following [3], we sample 6 quadrature points

{xf
k}with weights {wf

k} on each face f . Then, the smoothed
winding number field in Equation (10) in the main paper can
be approximated as

Wσ (q) ≈
∑

f∈F

6
∑

k=1

wf
knf ·X(q,xf

k), (A3)

and the gradients Equation (A1) are computed by

∂

∂vi

Wσ (q) ≈
∑

f∈N (vi)

6
∑

k=1

wf
kGσ(q− x

f
k)

∂d(xf
k)

∂vi

, (A4)

whereN (vi) is the one-ring neighborhood of vertex vi. The
same as [2], the gradients w.r.t. spatial location are simply:

∂

∂q
Wσ (q) = −

∑

i

∂

∂vi

Wσ (q) . (A5)

In contrast to [2], we use a more common BVH construction
like [4] for acceleration instead of using a special BVH
construction to meet their closed-boundary requirements.
More details can be found in Section A.3.

A.2 Nonlinear optimization solver

For the optimization problem (Equation (6) in the main pa-
per), we use the Levenberg-Marquardt algorithm, which is
a common damped Gauss-Newton algorithm. The damping
factor λ is updated by the following rule:

λ←

{

λ/2 if E(k+1) < E(k),

λ× 3 if E(k+1) ≥ E(k).
(A6)

A step is accepted if E(k+1) ≤ 1.05E(k), i.e., a slight increase
of the energy is allowed to increase the convergence speed.

To reduce the computational cost of matrix factorization
and allocation, in each offset step, we fix the sparsity pattern
of the Jacobian matrix. Although the derivative at sample



2

point s is non-zero for all the vertices because of Gaussian
convolution, it decays fast. So as an approximation, we only
compute the derivative of the smoothed winding number
for each sample point s w.r.t. at most 8 nearest vertices
within 10σ selected at the beginning of the step, thus the
sparsity pattern of the Jacobian matrix is fixed in each offset
step.

A.3 BVH acceleration

For the input triangle mesh, the exact smoothed winding
number field can be evaluated by summing over all faces

Wσ (q) =
∑

f∈F

∫

f

nf ·X(q,x) dx, (A7)

leading to a complexity of O(|F |). Therefore, we adopt the
similar BVH-based approximation as [4] when evaluating
the smoothed winding number field and its gradients.

Each BVH node is associated with a cluster of triangles
enclosed by its bounding box, the set of triangles denoted as
B. The cluster is represented by the area-weighted barycen-
ters of the triangles:

p =
∑

f∈B

|f |cf
/

∑

f∈B

|f |. (A8)

When the query point q is far away from the BVH node,
we use the first order Taylor expansion at the cluster center
p:

n ·X(q,x) ≈n ·X(q,p)

+ (n⊗ (x− p)) · ∇xX(q,p).
(A9)

The exact form of ∇xX(q,p) is

∇xX(q,p) =
1

4πr3
(I−3r̂⊗r̂)Ψ(r)+Gσ(q−p)r̂⊗r̂, (A10)

where r̂ = (q − p)/r, and Ψ(r) = 2(Φσ(r) − rgσ(r)).
However, since Ψ(r) ≈ 1 and Gσ(q − p) ≈ 0 when r is
large, we use a simpler and more efficient form as

∇X(q,p) ≈
I − 3r̂⊗ r̂

4πr3
, (A11)

i.e., the same form of the GWN [4].

When the query point q is far enough away from the
node, i.e., r is larger than β (β = 1.75 in our implementation)
times the diagonal length of its bounding box, we use the
far-field approximation

WB
σ (q) =





∑

f∈B

|f |nf



 ·X(q,p)

+





∑

f∈B

|f |nf ⊗ (cf − p)



 ·
I − 3r̂⊗ r̂

4πr3

(A12)

for values. Otherwise, we adopt quadrature rules to evalu-
ate the integrals within each triangle.

A.4 Setting of {oi}

Simply setting oi to a constant for all si in Equation (12) in
the main paper is not good enough, as the minimizer of

(

[

W (k+1)
σ (si)− oi

]

−W (k)
σ (si)

)2

(A13)

may be a value W
(k+1)
σ (si) > 1 or W

(k+1)
σ (si) < 0, which

we will not accept as it indicates an embedding with issues.
Therefore, we set oi by the following simple heuristic:

oi = clamp
(

W (k)
σ (si) + ô, 0.05, 0.95

)

−W (k)
σ (si), (A14)

where ô is the global expected offset, and we use ô = 0.2 by
default.

A.5 Tangential relaxation

In our implementation, the following simple tangential re-
laxation from [5] is used.

For a corner vertex, i.e., a vertex connected by more
than two feature edges (we use the CAD patch boundaries
as feature edges; they can also be defined by a dihedral-
angle threshold), we fix such vertices during the tangential
relaxation.

For a vertex v on sharp edges, i.e., a vertex connected by
two feature edges, we first find a smoothed location v̂, then
project it to the sharp direction:

v← v +

〈

v̂ − v,
v+ − v−

∥v+ − v−∥

〉

, (A15)

where v̂ = 1
|e−|+|e+| (|e−|m− + |e+|m+) and m−,m+ are

the midpoints of the next and previous sharp edges, and
|e−|, |e+| are the lengths of the next and previous sharp
edges.

For a non-feature vertex v, we first find a smoothed
location v̂, then project it to the tangent plane:

v← v̂ − ⟨v̂ − v,n⟩ , (A16)

where v̂ = 1∑
|fi|

∑

|fi|bi, bi is the barycenter of the i-th
triangle incident to v and n is the vertex normal.

APPENDIX B

PROOFS OF THEOREM 1 IN THE MAIN PAPER

The bivariate vector field X(q,x) is defined as

X(q,x) =

∫

R3\{x}
Gσ(q− y)∇xG(y,x) dy. (A17)

We need to prove that the above equals to Equation (A25).

Lemma 1. X(q,x) satisfies

∇q ·X(q,x) +Gσ(q− x) = 0. (A18)

Proof. This lemma has appeared in [1, Equation (12), (47) -
(49)]. It can also be proved in more detail as follows.
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To avoid the singularity of the Green’s function, we write
X(q,x) as

X(q,x) =

∫

R3\{x}
Gσ(q− y)∇xG(y,x) dy

= lim
r→0

R→+∞

∫

Ω(x,r,R)
Gσ(y − q)∇xG(y,x) dy

=: lim
r→0

R→+∞

X̃(q,x),

(A19)

where Ω = Ω(x, r, R) = {y ∈ R
3 | r ≤ ∥y − x∥ ≤ R}.

By taking the divergence w.r.t. q and using the symmetry of
both Gσ and G, we have

∇q · X̃(q,x) = ∇q ·

∫

Ω
Gσ(y − q)∇xG(y,x) dy

=

∫

Ω
⟨∇qGσ(y − q),∇xG(y,x)⟩ dy

=

∫

Ω
⟨∇Gσ(y − q),∇yG(y,x)⟩ dy.

(A20)

Since G(y,x) is harmonic in Ω, by applying Green’s first
identity, we have

∇q · X̃(q,x) =−

∫

Ω
Gσ(y − q)∆G(y,x) dy

+

∮

ΓR

Gσ(y − q)∇yG(y,x) · n dy

+

∮

Γr

Gσ(y − q)∇yG(y,x) · n dy

=:0 + IR + Ir,

(A21)

where ΓR and Γr are the boundary spheres of Ω at R and r
respectively.

For IR, we have

|IR| =

∣

∣

∣

∣

∮

ΓR

Gσ(y − q)
(y − x)

4π∥y − x∥3
·

x− y

∥y − x∥
dy

∣

∣

∣

∣

=
1

4πR2

∮

ΓR

Gσ(y − q) dy

=
1

4πR2

∮

ΓR

C exp

(

−
∥y − x+ x− q∥2

2σ2

)

dy

≤
1

4πR2

∮

ΓR

C exp

(

−
(R− ∥x− q∥)2

2σ2

)

dy

= C exp

(

−
(R− ∥x− q∥)2

2σ2

)

,

(A22)

so IR → 0 as R→ +∞.

For Ir , we have

Ir =

∮

Γr

Gσ(y − q)
(y − x)

4π∥y − x∥3
·

x− y

∥y − x∥
dy

= −
1

4πr2

∮

Γr

Gσ(y − q) dy,

(A23)

which leads to

lim
r→0

Ir = −Gσ(x− q) = −Gσ(q− x), (A24)

thus Equation (A18) holds.

Proof of Theorem 1 in the main paper. Recall Equation (11) in
the main paper, i.e., the regularized Poisson kernel of [6],

q− x

2πr3
(

rgσ(r)− Φσ(r)
)

, (A25)

Note that the singularity of Equation (A25) at q = x is
removable.

We first show that X̃(q,x) is curl-free:

∇q × X̃(q,x) =

∫

Ω
−∇Gσ(y − q)×∇xG(y,x) dy

=

∫

Ω

Gσ(y − q)

4πσ2∥y − x∥3
(y − q)× (x− y) dy

= (q− x)×

∫

Ω′

Gσ(y + x− q)

4πσ2∥y∥3
y dy,

(A26)

where Ω′ is a spherically symmetric region obtained by
translating Ω by −x. The vector-valued integral is parallel
to (q− x) by symmetry, thus X̃(q,x) and X(q,x) are both
curl-free, and Equation (A25) is also curl-free because it is a
radial vector field.

Since X(q,x) vanishes at infinity, according to the
Helmholtz theorem, the curl-free solution to Equation (A18)
is unique, so it is sufficient to verify that Equation (A25)
satisfies Equation (A18) by direct computation. Observing
the term q−x

2πr3 is divergence-free for all q ̸= x, we have

∇q · (A25) =
q− x

2πr3
·
q− x

r
rg′σ(r)

=
1

2πr

(

−gσ(r)
r

σ2

)

= −Gσ(q− x), q ̸= x,

(A27)

and by continuity, the above also holds for q = x.

APPENDIX C

ADDITIONAL RESULTS

In this section, we provide additional results, including
comparison with PFP (Figure 1), timing (Table 1) and com-
parison of different smoothed winding number computa-
tion methods (Section C.2).

C.1 Extensions - Topology changes

C.2 Comparison of smoothed winding number compu-

tation

While the formulation based on the extended divergence
theorem in [2] can also be applied to 3D, an efficient numer-
ical method for the 3D case is not yet found. One reason
is that their formulation prevents the easy usage of numer-
ical quadrature methods. To show this, we use numerical
quadrature to replace the original quasi-analytical one in [2]
which uses Gaussian kernel integral intensively, and com-
pare it with our method using the RWN [1] formulation. As
shown in Figure 2, this method is much faster in 3D.

To make this point clearer, we also backport the RWN
formulation to 2D (see Section C.2) and compare it with [2]
and its quadrature version. From the results shown in Fig-
ure 2, we can see that the error of the smoothed wind-
ing number computed by our method decreases quickly
with an increasing number of quadrature points, while
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# ABC Index Direction |V | |F |
Number of Evaluation Time / s

Value Gradient Factorize Value Gradient Factorize Total
A 0006 Inward 3629 7258 4 137 060 16 257 920 270 20.59 0.47 30.50 70.06

B 0093 Inward 3221 6454 2 994 656 11 720 464 217 11.31 0.34 11.86 36.40

C 0168 Inward 5021 10 046 5 183 736 20 333 104 243 32.85 0.58 36.05 92.50

D 0168 Outward 5021 10 046 4 058 584 15 832 496 187 26.23 0.44 29.76 74.10

E 0144 Inward 3660 7324 3 544 816 13 878 690 227 21.79 0.39 24.78 62.81

F 0206 Outward 9237 18 470 7 424 940 28 960 960 186 57.87 0.81 59.03 151.71

G 0093 Outward 3221 6454 2 620 324 10 223 136 188 13.28 0.30 14.69 39.46

H 2762 Outward 8746 17 500 7 735 000 30 240 000 206 68.19 0.88 70.19 176.13

I 0144 Outward 3660 7324 2 841 712 11 065 040 179 20.23 0.32 20.80 53.95

J 1525 Outward 8392 16 972 9 470 376 37 198 037 264 97.64 1.04 96.60 239.17

K 2762 Inward 8746 17 500 9 870 000 38 780 000 267 86.06 1.09 89.39 224.49

L 0137 Inward 8721 17 502 8 961 024 35 144 016 241 64.64 1.00 56.90 165.94

M 0017 Inward 3803 7350 3 601 500 14 112 000 230 13.12 0.41 24.88 56.74

N 0137 Outward 8721 17 502 8 645 988 33 883 872 232 89.88 1.00 67.09 199.24

O 5066 Outward 6931 13 862 7 291 412 28 611 168 248 47.10 0.80 47.69 127.96

P 0017 Outward 3803 7350 3 322 200 12 994 800 211 16.02 0.38 31.55 66.50

Q 6818 Outward 14 356 28 708 14 124 336 55 349 024 231 130.86 1.56 99.74 303.47

R 5066 Inward 6931 13 862 6 681 484 26 171 456 226 42.09 0.74 39.52 111.39

S 0181 Inward 27 891 55 790 27 671 840 108 455 313 233 321.80 3.08 261.82 724.55

T 0181 Outward 27 891 55 790 27 225 520 106 670 480 229 319.59 3.07 243.73 701.48

TABLE 1: The timing of the results shown in Figure 3 in the main paper. “Value”: computing the value of the smoothed
winding number. “Gradient”: computing the gradient of the smoothed winding number w.r.t. a vertex. “Factorize”:
factorizing the sparse matrix in the Levenberg-Marquardt method.

the extended-divergence-theorem-based method [2] needs
a much larger number of quadrature points to achieve the
same accuracy. We also observe that the original numerical
method of [2] is still the best choice for closed 2D polygons.
However, the RWN formulation still has the advantage of
handling open-boundary cases.

2D backport of RWN formulation

The Green’s function in 2D is

G(x,y) =
1

2π
log ∥x− y∥, (A28)

and the winding number of a curve Γ is defined as

w (q) =

∫

Γ
∇xG(q,x) · n dx

=

∫

Γ

x− q

2π∥x− q∥2
· n dx

(A29)

The smoothed winding number in the 2D case yields

Wσ (q) = (w ∗Gσ)(q)

=

∫

Γ
n ·X(q,x) dx,

(A30)

where

X(q,x) = ∇xG(q,x)

(

1− exp

(

−
∥x− q∥2

2σ2

))

. (A31)

For a polygonal curve Γ, we have

Wσ (q) =
∑

γ∈Γ

∫

γ

n ·X(q,x) dx

≈
∑

γ∈Γ

∑

k

wγ
kn ·X(q,xγ

k),
(A32)

where (xγ
k , w

γ
k) denote the Gauss–Legendre quadrature

points and weights on the line segment γ.
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Fig. 1: Comparison with PFP. We are aware of the
preprint [7], which can be seen as a direct derivation of the
previous preprint PFP [8], with the similar local quadratic
optimization and dynamic programming for vertex offset-
ting positions but an improved mesh extraction after that
in the pipelines. However, as there is only an official im-
plementation of PFP, we compare our method with it. PFP
can generate similar results to ours with the initial features
preserved. Unlike Blender in Figure 11 in the main paper,
PFP can handle the closely placed surface parts (blue) by
a different strategy to ours that adapts the topology. It can
also be observed that their local optimization may generate
incorrect offsetting positions in some cases (red).

1
1 1

2 2

3

3

3

2

A A B B C

CBA

1

1 1 1

2

2 2

3

3

3CB

A

A A B B C C

1

Fig. 2: Comparison of the smoothed winding number
computation with [2]. We compute the smoothed wind-
ing number at the vertices of 100 × 100 × 100 (3D) and
100 × 100 (2D) grids. Involved methods are: ours (compu-
tation using the regularized winding number), [2] (com-
putation using the extended divergence theorem, quasi-
analytical) and [2] (computation using the extended di-
vergence theorem, quadrature). For quadrature, there are
1, 4, 7, 13, 19, 27, 37, 48 quadrature points per triangle and
1, 3, 5, 7, 9, 11, 13, 15, 17, 19 quadrature points per segment.
Field and error distribution are shown. Error is the L2 norm
against green framed as the ground-truth in 3D, and the
orange point in 2D. BVH is not used for all the methods.


