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e (Mathematical) Optimization

minimize  fy(x)
subject to fi(x) <0, i=1,...,m
gilx)=0, i=1,...,p

» x € R" is (vector) variable to be chosen
» fy is the objective function, to be minimized
» fi,...,fn are the inequality constraint functions

> g1,...,8p are the equality constraint functions

KAt R a] LA 9 iR/ ETR) R

https://web.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf
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Example

HET 4R, 2. ASHTR, £757°= - REEA,. BRfEE, HBEUEXE
ERFAERTRIGE, I8XRE~R, 2. ASHTEREE), IFERFERER?
H Z [ BEMRKE
A 2 3 i 100kg
B 3 3 2 120kg
7 407T 457 247C

MaXy, x, x,40x1 + 45x5 + 24x3

(2x1+3x2+x3<100
Sta3x1+3x2+2x3<5120
x120,x220,x320




Example

* Poisson image editing

clomng scamless cloning

min [/Q V£ —v]? with £|0 = f*s0
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- SR

mAa, WHED, R¥EX

- fan:
« a=FJAJ(E], b= k%R
« a=HHIZ AL b=RBEIRT_AL
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B T —RIIMIWME(a;, b)), SEREEX?
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« NEGEHEITHEEESE—MFRIRESHILS (model fitting)
BZ 3 (regression)
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« IN_FF/i% - m/IMEEFIRZE (Mean Square Error, & FRMSE)

N

x = argminy,(b; — al x)?

BRE:r=b—ajx
CBEME:R=[r,-n|

@& TPoivtdata

Residuals
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LM X llp= [Sxy?
l

- MEXBIFRXIEE

MSE ZEFRERER = [ry, -, 1,]" BIL2SEEHIFES

MSE =l R II5
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bi =aix+n,n~ G0,0)

¢ —I/EI\/T'_EXX/FII,?—TE:BEU(GL', bl)E@EIﬁE'ISE :

. AT )2
P[(az,bz)|x] — P[bz _ CL;FQL‘] X eXp_(bz a; .CU)

202

e PEEMIN Sy ¢« LIFABEL / LIFAME (likelihood)
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« PR ARy, MBS A ARSI

P[(al, bl)(ag, bg)‘ﬂj]

=] [ Pl(ai, bi)lz] 1ma;, b FI S ik
:{[Ifﬂm——afx]

(b; — al x)* Az — bl|3
ocexp—zz( a’z ZU) :exp—H L H2

202 2072
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& = arg max P|(a1,b1) (a2, b2)...|x]

| Az — b|5
202

arg min || Az — b||5
€T

arg max exp —
X

- BN FRIRI T RS BIG RS BIAAfE



JE MR/ N3
—fREIEEMER: b= f,(a)

M b = Jalar)
R(x) = :

bn o f:l?(a”n»)
- BALUAEITE8TF B/ MEMSE

| —

i = argmin | R()]3
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cex : Ax = bEAAREIHNMNFT=H
« R [R]EN

min |x|;
X

s.t. Az = b
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o 5 LE 0] TN A BT IR
fBlan : MR/

x = argmin || Ax — b |15
X
RIE A AT &M A IREREE (BARERER TxK S 90)

ATAx = ATh
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- JBASRES: SH—FEYEBIRRERT FENTEEAINL

F(xg) > F(z1) > ... > F(xg) >
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*X < Xo %#)IR1E

* while not converge
* p « descending direction(x) %THAE &7 R
* o « descending_step(x,p) RIETEDL K
'Xx X+ ap %EHL=

« UITHE T 5247
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https://www.khanacademy.org/math/multivariable-
calculus/applications-of-multivariable-derivatives/quadratic-
approximations/v/what-do-quadratic-approximations-look-like



https://www.khanacademy.org/math/multivariable-calculus/applications-of-multivariable-derivatives/quadratic-approximations/v/what-do-quadratic-approximations-look-like
https://www.khanacademy.org/math/multivariable-calculus/applications-of-multivariable-derivatives/quadratic-approximations/v/what-do-quadratic-approximations-look-like
https://www.khanacademy.org/math/multivariable-calculus/applications-of-multivariable-derivatives/quadratic-approximations/v/what-do-quadratic-approximations-look-like

Preliminary: 23 =

/

‘7,_,1

o Z N

1
F(zp + Az) =~ F(zg) + JpAx + §A.§CTHFACC

https://www.khanacademy.org/math/multivariable-

calculus/applications-of-multivariable-derivatives/quadratic-
approximations/v/what-do-quadratic-approximations-look-like
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» XS B FREREF (X)X o LT B TaylorfRFT

F(xo+ Ax) = F(zg) + JpAx

. %]FAX < OEY]-:
RREAIES TFFE (AxZEREB/N)
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* F(xo + Ax){alHd FIRREEIR
- BAXHABS -] (RESEAR) 18R

Vara olES
« 5%
*X < Xp
* while not converge

x «x—aJt

BEATREETFS L
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& KHVAE

REhZIBEFRaBIREL  ¢(a) = F(x+ch), xandhfixed, a>0.
a K/, REUERLAR

— FEE XA

a XX, ¢(a) > ¢(0) y = ¢(0) /
— FBEiRNa

a #ZFATF o (a)BIminimizer
— AlEZHaE

y =¢()




& KHVAE

KRBT
1,555 (AR N\

2.

A

HE

« YIMAK a = BREIE
« /N a BE

¢(a) < ¢(0) +y9'(0)a

PHEENX: mELIE, adTha

y = ¢(0) /

/ = (o)

¢(0) +yo'(0)a

o

¢(0) + ¢'(0)as

hiRE X
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« TEAREREE =S TARRFNE
- AEMEE
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« IR A

« TEAREREE =S TARRFNE
- AEMEE

« TREAR A H4e”

 FLiR = MRIVEES LIS, LIfEES
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(z,y) =aTy=0 (z,y)a=2"Ay=0
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« ZREMAEBIRIEC LW
o R 8 RFTBIFEIRT M FHEN
« —ZBYEKZLOE ?
« AZXRELRLL
o ZPATaylorBFF

1
F(xp + Ax) = F(xg) + JpAx + §AJZ‘THFAZC

Y

HAT1ZEMA
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* X < Xg
*p — —Jr(x) /] WIEHRRARBE A
* while not converge

X< XxX+ap

(=JFCOD)y
{D.P)HE

\

FAER#BIHessianiE 5 £ 4

*p e —JF(x) - p
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« BEFTARITZER]LE B
*pe——Jf+PBp

« BEYIEHE
* Fletcher-Reeves/Polak-Ribiere/...

* B =0 : MBERIGIEFF IR BRI R RBELAN
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 LERETRIERRE

« TR

« xUEMEYELE
o 4 AR RE IR AL ?
* Newton-Rapsonj% =
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- MABMEH _MSE (HR) ER

« TEX ) B T P T
1

F(xp + Ax) = F(xg) + JpAx + §AJZ‘THFALL‘

« SRIBS/MEF (x + AX)H0AX
HrAz + Jg: =0

- BAENIETSE (4
Ax = —Hp'Ji
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« TERR(ERISBI P RSN
- BEEERAERINER

« TREI: Hessian ITTEERK
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= 2T A
- FIFEE SR R =N S

e =
x = argmin || R(x) II5
X

o« XRFAT—FMEU:
|R(z + Az)|3 = || R(zx) + TrAZ|)3
= |R(z1)||2 + 2R(z1) T Jr Az + AxT JL TpAx
« RTSRATHIAXKHE
JpJrAx + JE R(x1) =0
« IUTBETSME:
Ax = —(rJr) "R R(x)



= AT HIE

- XU TS E:
x = —(rJr) RR(xx)
— U ]R) 1]F
o XFELATRE -

« UL Ax = —HF YT
- SEAIR AR R UHessiankEF4EH

« TR
« FNEEHessian, BRITE
- TERIR

« TRAY

* NRJp xR, EESTEFRE



Levenberg-Marquardt

s LMiEEE “IEN{E" =

XA

Ax = —(JgJr + AD) ™R R(xy)

« SFLEA > 0, Ji]p + AI—E2IFEH



Levenberg-Marquardt

Ax = —(JiJp + ADYER(xy,)

* \RYRIER
1 - oo BETNEL, HEKESE

e 1 > 0 : Gauss-Newton £

* AR
- BIRIEAE
- HTRERAEAT, Al
- MTPEARIEEA, A1



Levenberg-Marquardt

Xy =¢
« BEIR (A7)
o IZEIER (A )
- FE (JF)r + AIREIEE)
o LM = T+ B A 17



Constrained optimzation

c FEZEHIRK
HE LRI

Constrained optimization

In mathematical optimization, constrained optimization (in some contexts called constraint optimization) is
the process of optimizing an objective function with respect to some variables in the presence of constraints on
those variables. The objective function is either a cost function or energy function, which is to be minimized,
or a reward function or utility function, which is to be maximized. Constraints can be either hard constraints,
which set conditions for the variables that are required to be satisfied, or soft constraints, which have some
variable values that are penalized in the objective function if, and based on the extent that, the conditions on
the variables are not satisfied.

Contents

Relation to constraint-satisfaction problems
General form

Solution methods

Equality constraints
Substitution method
Lagrange multiplier

Inequality constraints
Linear programming
Nonlinear programming
Quadratic programming
KKT conditions
Branch and bound
First-choice bounding functions

Russian doll search

Bucket elimination

See also
References
Further reading

https://en.wikipedia.org/wiki/Constrained_optimization
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\Optimum /

Local Optima /
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* Convex optimization

X2

ndenberghe

convex

Optimization

https://web.stanford.edu/class/ee364a/
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B0 - Ax = b HZ R NTFTE2E
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o L2IEM : min|lAx — b||% + Allx]|2
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Probability
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Random Variable
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- ot xRYBERTSLaplacen

P(x) = HP(ZIZ‘Z) X exp ———

- B504, biFxHEIRIIRE

P(x|A.b) = P(A,b|lx)P(x)
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- EENAFH FHIRA I BRI R ERASIRMERG1T

P(A,b|z)P(x)
P(A,b)
= arg max P(A,b|lz)P(x)

arg max P(x|A, b) = arg max

| Az —b||3 |z |1
202 r

, 20
= arg min | Az — b5 + T]:Uh

— arg max exp —
X



L11E 0|

cLSEE : Il x 1= Xlx;
l

« LIIEN : min||Ax — b||5 + Allx]l;
X

o L11E M) B LLIEXZS B #4515




=ML

- SERILTSEEUENHL
- METAEFREE DR

- RRMIERIL > RIS
. S TEMHLAIA > B S BE

11



IER{BESEEE
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/ inliers

outlier
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« GINEEREp (residua) & || residuall|,
* p(—x) = p(x)

* argminp(x) =0
op’(x)ZOC}X:O
« 0(p(x)) < o(llxll,)
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Leart-squares Least-ahsolute L1 — La Least-power Fair
o
pfunction gfunction pfunction pfunction pfunction
Huber Cauchy Geman-McClure ‘Welsch Tukey
pfunction pfunction plunction plunction p-function
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« Huber function: XiRE(FRLIEIESE

m Square
m Huber

B 72 /2 z| <k
plz) = { k(e — k/2) 2] > k
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RANSAC

- [RTY &HRE, MEEMCIERRHERSE
 RANSAC: Random Sample Concensus
- HRIERNAEBEEN S A
- ZIDERE
e InlierfI 72 /2 2H L, outlierfI D BB EHA[FE
« R R AT RE R A S B ITIRE




Robert Collins
CSE486, Penn State

Ransac Procedure

Count =4
Count =6
Count =19
Count =13
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